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Abstract

Compressed Sensing aims to capture attributes of a signal using very few
measurements. The Restricted Isometry Property is the condition that the
sensing matrix acts as as near isometry on all k-sparse signals. Candeés and
Tao showed that this condition is sufficient for sparse reconstruction and that
random matrices, where the entries are generated by an iid Gaussian or Bernoulli
process, satisfy the RIP with high probability. This approach treats all k-sparse
signals equally likely, in contrast to mainstream signal processing where the
filtering is deterministic, and the signal is described probabilistically. In the
mainstream framework the sensing matrix is deterministic and it is required
to act as a near-isometry on k-sparse vectors with high probability. This
paper provides weak conditions that are sufficient to show that a deterministic
sensing matrix satisfies this Statistical Restricted Isometry Property (STRIP).
The proof is elementary and avoids intricate combinatorial arguments involving
coherence of orthonormal bases. The new framework encompases many families
of deterministic sensing matrices, including those formed from discrete chirps,
Delsarte-Goethals codes, and Extended BCH codes. It is resilient to noise, and
generalizes to k-compressible signals, where only k entries are significant, and
the magnitude of all remaining entries is close to zero.

1. Introduction

The central goal of compressed sensing is to capture attributes of a signal using very few
measurements. In most work to date, this broader objective is exemplified by the important special
case in which a k-sparse vector  in RC with C large is to be reconstructed from a small number
N of linear measurements with k¥ < N < C. In this problem, the measurement data is a vector
y = ®x, where ® is an N x C matrix called the sensing matrix. The two fundamental questions
are construction of suitable sensing matrices ® and efficient reconstruction of & from y. Note
that work of Kashin [Kas] and Gluskin [Glu] on approximation theory implies that 2 (k log %)
measurements are required for sparse reconstruction. Also of interest are the introduction of noise
into the measurement process, and the generalization of the reconstruction problem to encompass
k-compressible signals, where only k entries are significant, and the magnitude of all remaining
entries is close to zero.

The work of Donoho [Don] and of Candes, Romberg and Tao [CT], [CRTb], [CRTa] provides
fundamental insight into the geometry of sensing matrices. The Restricted Isometry Property
(RIP) formulated by Candes and Tao is that the sensing matrix acts as a near isometry on all
k-sparse vectors, and this condition is sufficient for sparse reconstruction. We will use RIP-1 to
indicate isometry with respect to the ¢1 metric, which provides performance guarantees on sparse



reconstruction algorithms that are based on linear programming. When % and/or % are small,
deterministic sensing matrices with the RIP property have been constructed using methods from
approximation theory [DeV] and coding theory [Ind]. More attention has been paid to probabilistic
constructions where the entries of the sensing matrix are generated by an i.i.d Gaussian or Bernoulli
process. These sensing matrices are known to satisfy the RIP with high probability [Don], [CT] and
the number of measurements NV is klog (%) Constructions of random sensing matrices of similar
size that have the RIP, but require a smaller degree of randomness are given by several approaches

including filtering [BHR™], [TWD™] and expander graphs [GLR], [BGI™"], [IR], [JXHC].

Random sensing matrices are easy to construct and achieve the RIP with high probability but suffer
from two important drawbacks. First, efficiency in sampling comes at the cost of complexity in
reconstruction as is shown in Table 1. Second, all k-sparse signals are treated as equally likely,
in contrast to many of the most valuable approaches in sensor signal processing, which capitalize
on prior probability distributions or other side information about where the signal of interest
resides within the signal space. The strength of algorithms such as Basis Pursuit [CRTb] or
Matching Pursuit [GSTV] is sparse reconstruction that is resilient to noise. However performance
guarantees are predicated on the RIP and there is no known algorithm for verifying whether a given
sensing matrix has this property. Performance analysis of sparse reconstruction for sensing matrices
constructed using expander graphs is asymptotic, the constants are large, and the algorithms are
mostly not straightforward to implement.

The role of random measurement in compressive sensing is analogous to the role of random
coding in Shannon theory. Here reliable communication is achieved by deterministic codes with
fast encoding and decoding algorithms that are designed to improve typical rather than worst case
performance. Coding theory provides an approach to the design of deterministic sensing matrices
[SBB], [AT]. The strength of this approach is fast algorithms for sparse reconstruction and for
Reed Solomon constructions [AT], the roots of the reconstruction algorithm go back to 1795
and the work of de Prony on interpolation in the complex domain [dP], [Wol]. Reed Solomon
reconstruction uses the input data to construct an error-locator polynomial and the roots of this
polynomial identify the signals appearing in the sparse superposition. However the correspondence
between the coefficients of a polynomial and its roots is not well conditioned, making it very
difficult to deal with compressible signals and noisy measurements.

This paper introduces a method of constructing deterministic sensing matrices that are guaranteed
to act as a near-isometry on k-sparse vectors with high probability, and this geometric property
will be referred to as the Statistical Restricted Isometry Property (STRIP). We suppose that the
columns of the sensing matrix form a group under pointwise multiplication, that all row sums
vanish, and we require only a simple upper bound on the expected absolute value of the sum
of the entries in a column of the sensing matrix. Our framework is very general and includes
sensing matrices for which the columns are discrete chirps either in the standard Fourier domain
[AHSC] or the Walsh-Hadamard domain [HCS]. Numerical results in these papers had suggested
that chirp sensing matrices satisfied the STRIP property; and we provide a very simple proof that
avoids reasoning about coherence of collections of mutually unbiased bases (cf. [GH]). A point
of comparison with random Gaussian sensing matrices is that the eigenvalues of the chirp matrix
are, on average, closer to one by more than a standard deviation. The chirp sensing matrices
are representative of a much broader class where columns in the sensing matrix are obtained
by exponentiating codewords in a linear code. Note that binary chirps are defined by quadratic
functions over the binary field but can be viewed as a linear code over Z,, the ring of integers
modulo 4 [JKCT]. Note also that in the binary case, the column sums take the form N — 2w
where w is the Hamming weight of the exponentiated codeword, and that a similar interpretation
is possible for codes that are linear over Z4. Hence the upper bound connects the geometry of the
code domain as captured by the weight enumerator of a code with the geometry of the complex
domain.

Tables 1 and 2 summarize properties of different approaches to reconstruction of k-sparse signals of
length C via randomized and deterministic matrices respectively. The proof that chirp codes satisty
the STRIP property is given at the end of Section 2. Detailed analysis of the nonlinear decoding
algorithm will appear elsewhere, but in this case it is possible to strengthen the STRIP property.
The reconstruction algorithm involves pointwise multiplication of the k-sparse superposition with
a shift of itself, followed by the Fourier / Walsh Hadamard transform, and the STRIP property



Table 1. Properties of k-sparse reconstruction algorithms that employ random sensing

matrices with N Rows and C Columns. Note that explicit construction of the expander

graphs requires a large number of measurements, and more practical alternatives are
random sparse matrices which are expanders with high probability.

Approach Number of Complexity | Compressible Noise RIP
Measurements N Signals Resilience
Basis Pursuit klog (%) c3 Yes Yes Yes
(BP) [CRTb]
Orthogonal Matching klog®(C) k*log®(C) Yes No Yes
Pursuit (OMP) [GSTV]
Group Testing [CMO6] klog™(C) klog®(C) Yes No No
Expanders (BP) [BGI™] klog (%) c? Yes Yes RIP-1
Expander Matching klog (%) Clog (%) Yes Yes RIP-1
Pursuit(EMP) [IR]
CoSaMP [NT] klog (£) Cklog (%) Yes Yes Yes
SSMP [DM] klog (%) Cklog (%) Yes Yes Yes

Table 2. Properties of k sparse reconstruction algorithms that employ deterministic
sensing matrices with N Rows and C Columns. Note that for LDPC codes k < C. Note
also that RIP holds for random matrices where it implies existence of a low-distortion
embedding from /5 into ¢;. Guruswami et al. [GLR] proved that this property also holds for
deterministic sensing matrices constructed from expander codes. It follows from Theorem
2.4 in this paper that sensing matrices based on discrete chirps and Delsarte-Goethals
codes satisfy the STRIP.

Approach Number of Complexity Compressible Noise RIP
Measurements [N Signals Resilience
Low Density
Parity Check Codes klogC ClogC Yes Yes No
(LDPC) [SBB]
Reed-Solomon k k2 No No No
codes [AT]
Embedding ¢ into k(log C)>Toelos® c? Yes No No
¢1 (BP) [GLR]
Extractors [Ind] kCo® kC° @ 1og(C) No No No
Discrete chirps [AHSC] NG kN log N Yes Yes STRIP
Delsarte-Goethals 2Vios€ EN log? N Yes Yes STRIP
codes [HCS]

holds for all offsets and every Fourier / Walsh-Hadamard coefficient. Note that the number of
measurements N is 2" and that the number of codewords in the second order Reed Muller code
is 27 =2 . This is exponentially large, but there is a chain of Delsarte-Goethals codes, each linear
over the ring of integers modulo 4, that makes it possible to match the dimension of the input
data to the size of the code. It is of course always possible to randomly pad input data with zeros

to match the number of columns in the sensing matrix.

2. The STRIP and Simple Sufficient Conditions on Deterministic Sensing
Matrices

Let ® be a deterministic sensing matrix with N rows and C columns, and let ‘() denote the
entry in row x and column i. We make two simple assumptions :

1) the columns of ® form a group U under pointwise multiplication,
2) the rows of ® are orthogonal, and all row sums are equal to zero.



It follows from condition (1) that all entries of ® are unimodular, i.e for any row x and column
i, |¢*(x)] = 1. Also, it follows from conditions (1) and (2) that the normalized columns ﬁ(p

form a tight frame with redundancy %, that is ®®T = CIn . Since, if ®®T = CIy« N, then

Zso = Cdi.
Hence for any vector v

D ole) I =D (ol ) (@ o) = Zw = C{vIv) = C||v||*.

As a result, if the normalized columns \/—ﬁgo form a tight frame with redundancy % then
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We now show that the sensing matrix ® preserves the norm of any k-sparse input signal « to
within a small fraction. This is the Statistical Restricted Isometry Property or STRIP.
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Our model for the signal is that the positions of the entries are chosen randomly, and the values
of the entries are chosen adversarially or arbitrarily. Let 7 = (7;) be a random permutation of the

columns of . Setting f(x) = ﬁ Zle a;¢™ (x) we calculate the expected value and variance

of || fI|>.
We have

N k
TS INCEEESY (Z o +\P<x>) m
=1 x t=1

where U(z) = Zj# Qo™ (x)¢m ().

Note that the expectation E[||f||?] is over all admissible choices of columns ¢™ based on the
random permutation 7. The first term in (1) is independent of the choice of columns and is just
Z _, |j|?; The following lemma shows that the second term is bounded in absolute value by
CIIOLII2

Lemma 2.1. Let w be a random permutation of {1,--- ,C}, ® be the matrix satisfying the two

conditions given above, and let o be a k-sparse signal in RS such that the positions of the k
non-zero entries are chosen according to the random permutation . Then

N(k—1) N
—ﬁHO‘H2 < Er (DY) aang™ (x)emi(x) SGC HaHZ
T j#
where the expectation is taken over all possible random permutations .

Proof. Since 7 is a random permutation, the choice of coefficients o is independent of the choice
of columns ¢™7 so by linearity of expectation,

ZZO‘JQW Zajal

T jFi J#i

> i (x)p

z)] . )

Hence, we should calculate

D eTi(x)e



Since the columns of the matrix form a group under poinwise multiplication, equation (2) can be
rewritten as

JNT"

J'#0

D¢ (@ ] 3)

x

We can simply use the method of double counting for calculating equation (3). Since the row
sums of ® are all equal to zero, the sum of all entries of ® is zero, hence the average of the
column sums over all except the identity column is g—_Nl Hence,

Zz%algo Zajal

T j#L J#L
Applying the Cauchy-Schwartz inequality, we obtain
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J,e=1
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which immediately implies

k—1 1 I — 1
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The following Theorem is a direct consequence of Lemma 2.1.

Theorem 2.2. Let w be a random permutation of {1,--- ,C}, ® be the matrix satisfying the two
conditions given above, and let o be a k-sparse signal in R€ such that the positions of the k
non-zero entries are chosen according to the random permutation . Then

(1= 5=1) ol < B 1£17) < (14 527 ) e

Now we compute the variance of || f||2. We have

17114 = Z|f )2 |f (x
= Zf )f(@) f(a) f(a')

z,x’

k k
= Z (Z |l |* + U () ) (Z Iat2+\lf<x’>> 5)

z,x’ t=1

where W(z) = 3., oaip™ (2)

In order to prove the statistical restricted isometry property (STRIP), we need to bound the
expectation E[||f||*] taken over all admissible choices of columns ¢™. The first term in (5) is

2
independent of the choice of columns and is just (2521 \aj|2) . Hence the remaining terms
constitute the variance V||| f||?].

The second term in (5) is given by

Z|O‘J|2 ZaaaZZSO

J#i




The choice of coefficients «; is independent of the choice of columns ©Fi% 50 by linearity of
expectation, we should calculate

Ejzi

D e (x)w] : 6)

Let C be the number of column vectors in . Then we can rewrite (6) as

1
———T ! 7
ce—1 (g;hegg ) (7)
g#h

where 17 is the row vector of length 2™ with entries indexed by index binary m-tuples z and
every entry equal to 1. The initial factor is just the frequency with which any admissible pair
(g, h) is chosen. The next Lemma employs elementary group theory to bound this summation.

Lemma 2.3. The map G x G — G given by (g,h) — gh™! is a homomorphism and
> gh™'=-cI (8)

g,heg
g#h

Proof. Every element of G except the identity appears exactly C times in the left hand sum. Since
all row sums of the sensing matrix vanish, the sum of the all element of the group is zero. This
means that sum of all except the identity element should be —1 which completes the proof. [

It follows from the Lemma that

1 B N
m[lT( > g Y] < o1 )

g,h€g
g#h

and hence
k
2 __ o N 2(k—1)
Er N2 Z‘aﬂz ZajaiZSO J(x)W”(x) < m||a”4
Jj=1 VE T ( )
The third term in (5) is given by
1 —_— = T — s —
5 2 O aasdie™ (@) g ()™ (2o (a!)
x,x’ jFi
s#t

and again we calculate the expectation over choices of admissible columns. There are several
cases.

Case 1: The indices j, i, s,t are all distinct.

We calculate
Ejtitostt Z @™ ()T ()™ (") ()

by rewriting as

17 Bt -HTq 10
g#h vFw,g,h



Now since
S wwt = —c1, (11)
v

removing all terms (g, *), (h,*), (x,g7 %), (*,h~1) from ((11)) and adding back in the terms

(g,h~ 1), (h,g~1) that have been removed twice, we count each element other than gh~' and
hg~! exactly C — 4 times and obtain

Z vw = —(C—4)1+ gh™' + hg™?

U;éqg,ﬂg,h
w#g,h
Hence Equation. (10) becomes
1 T -1 -1\T
1" (gh ™) (—(C—4)1 h h 1. 12
CC D - 392’; (gh™") (—(C—4)1+gh™" +hg™") (12)
g#h

Observe that if S, = > g(x)h~'(z) then we can write S, 5 = 17 (gh~') then
San=1"(gh™")(gh™""1

and
ISg w> =1 (gh™")(hg™H)"1
and it is obvious that |S, ,|? = |S h| So equation (12) can be written as

1
C(C—1)(C—2)(C—3)

NC(C—4)+ > (S2,+1Sanl”) | - (13)
h
oh

We can apply the hypothesis on column sums and obtain

2
Eg.h~ue [\Sg,h|2} = Efue Ule’ ] = Eruc |Z of ()| | <N.
g7#h F#0 i#0 -
Hence (13) is bounded above in absolute value by
NC(C—-4)+2C(C—-1)N
CC-1)(C—-2)(C-3)
As a result
1 W e 3(k — 1)2 .
Ex ﬁ; ; OO Qs QP J(x)sﬁ ’(x)SD (.’IJ )30 t(x) < m”d” .
” #s#t

Case 2: The indices j, 1, s,t take on 3 distinct values.

There are two subcases. The first subcase is

Ej it distinet KZ@ > (Zso >>1 (14)

which we rewrite as
T

—ZIT > gh™ > hwt| 1L (15)
C( n _2 hGQ g#h w#g,h

Now
Z hw™' = —(14 hg™)

w#g,h



and so (15) is bounded above in absolute value by

1 _
m |1T Zgh 1T1|+Z|1T gh~ )(hg 1)T1|

g,h
975}1 g#h
< CN%2+C(C—-1)N
- CC-1(C-2)"
which gives
L — T 7 T (! N\ (! 2(k_1) 4
- e J T4 i Tt < .
Br | |37 2 2 aymaadne™ @ (@)e™ (@ @) || < g llal

x,x’ jAEIEL

The analysis of the second subcase

e (07 (i)

is very similar. All that changes is that the terms gh™! are replaced by hg 1 so that the terms

[1(gh~")(hg™")"1]| are replaced by 1(hg~')(hg~')"1. But since |S,x|> = |S7,| the upper
bound on absolute value stays the same.

Case 3 The indices 3,1, s,t take 2 distinct values.

<Z<P ) (Zw - ))] (16)

We calculate

Ejzi
which we rewrite as )
—— S 1T (hgY)(gh™
aren DO I
g¥h
This quantity is bounded above in absolute value by
c(C-1)
—~N. 17
c(C-1) 17
Note that
2
k k k k
DolaPlal = Dl | =D eyl < k=1 Joyl* < (k= D"
Gri=1 j=1 j=1 j=1
JFi
As a result

1 —_— N—— s kE—1
B, || ¥ X ajmaaen @@ @) @)ee@)|| < S et as
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ﬁ D 1 (hg ) (hg™ "L, (19)

g,
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The second subcase is

Ejzi

which we rewrite as



and since
2

k k
doajar=|> af] =) layl' < Zla]\“ =D,
j=1 j=1

gi=1 j=1
Jj#i

the upper bound (18) stays the same. Now we are ready to prove the following theorem.

Theorem 2.4 (Statistical restricted isometry property (STRIP)). Let ® be a deterministic N x C
sensing matrix such that

1) The columns of ® form a group Uc under pointwise multiplication.
2) the rows of ® are orthogonal, and all row sums are equal to zero.

Let o be a k-sparse signal where the positions of the k non-zero entries are equiprobable. Given a
S with1 > 6> (k—1)/(C—1), then with probability 1 — [2k/N + (2k+7)/c—3)] /[6 — (k=D)/(c—1)]

(1=8)[lal]* < [|®a]|* < (1 +6)|lal*.
Proof. Let y = ®a. By Theorem 2.2 we have
k—1 1
1—— 2<E 1+ — 2,
(1- 521 ) el < Bl < (14 52 ) la

We have also shown that

Bl - llellt < m—slell + googag el + weoglalt+ il

2% 9 .
< —_— -

. (269 s e 20k=1) RN
o+ (5 + g ) ol = + 25 =Pl = (=5 ) Tl
2k 2k—|—7
< (5t 20)

Now, using Chebyshev’s 1nequahty we have

r lI? - B2 2 (6 - 5= ) el
| (

(3% + —%’“”) ]

(6 5=2) lladit

If k <c1N/(logC/N +1) and C > ¢, N for some ¢1,cp > 0 and 3 > 1, then

which implies

Varl[ly|l*]

IN

Pr [[[lyll* = llel[*| = llal*]

IN

2c1 2C1N—7f€;r7
+1 (k+1)(c2NP=3)
Pr[[[[yl|* = [lal[*] > dllal[’] < = =

2
(5 o 3111)
261
02(8—1)log N

as N — oo,

where k = (8 — 1)(log N + log ¢a).

Remark 1 If the tight frame condition of Theorem (2.4) is weakened to
2

E,cu, < N2 for some 0 < € < 1,




(seta+¥)
(6-&=1)°
Remark 2 It is shown in [BDDWO7] that with high probability, N x C compressive sensing
matrices with entries that are independent random Bernoulli and Gaussian random variables obtain
k-RIP for k < ¢yn/(logC/N + 1), for some ¢; > 0. Taking k as such and further assuming that
C > ¢o NP, for some ¢y > 0 and (G > 1, in theorem 2.4 we proved that
2 2 2 2¢1

Pr (|l = el = dllol”] ~ 55—y
We have found in practice that for compressive sensing matrices with columns selected from
second order Reed-Muller functions Pr [|[|y[|? — ||e||?| > 6||cv||?] has much faster decay with N
than suggested by this bound.

then the proof given above leads to the success probability 1 —

as N — oo,

3. Resilience to Noise

3.1. Noisy Measurements

In this Section, we consider deterministic sensing matrices satisfying the hypothesis of Theorem
2.4, and show resilience to independent identically distributed (iid) Gaussian noise that is
uncorrelated with the measured signal.

Theorem 3.1. Let ® and « be such that

(1 =0)?lal? < [[@all® < (1 +8)*[[al*. 1)
for some 0 < 6 <1 and let f = P+ v, where the noise samples v(x) are iid complex Gaussian
random variables with zero mean and variance 202. Then, for e >0,

(L= —e)lal? < IfIP < (1+6+e)?[lall, (22)
with probability greater than
[ / TS sy / TS (14 54y gy
(N =D\ Je . ’
where S = ||a||? /202
Note we have introduced the square of (1+9) in (21) which is inconsequential for the bound but
leads to a neater result.

Proof: First consider the probability that ||f|| exceeds the upper bound in (22). Writing
B, = (14 4)||a|| and g = Pa, this is

1 1 )
> - _ _
Pr(lfll = Bu+ ellaf) (2mo?)N /f>Bu+6||a P < 202 17 =gl ) ¥

1 1 ,
= ro?)? /szu-‘r&llae p< 202 (/1= ) ) d
1

1 2
- xp [ —— —B,)?) dar.
< G / P p( o (1] )) 7

Then writing f = (B, + y||a||)n, for y > 0, and carrying out the resulting surface integration
over unit vectors 71, we obtain

2N poo
pr(lfl 2 Bu+<llal) < 22— [T (B2 ) 140y
- (2mo2)N ). 202 ’
where Qon_1 = 27 /(N — 1)! is the surface area of the unit (2N — 1)-sphere. In a similary
way, with By = (1 — 9)||«]],

Pr(|[f]] < Be —elal]) <

1 1 2
—_— Xp | —=— - B d
e A P p( L n) "

QonallalPN 170 llell” , 2N -1
= eV eXp | — 55y (1-0-y) dy,

where we have made the change of variable f = (B, — y||a|[)ne, for 0 <y <1 —4.



3.2. Noisy Signals

If the signal o is contaminated by noise then the measurements are given by

y=da+ du, (23)
where p is complex multivariate Gaussian distributed, with zero mean and covariance
E(pp') =20%Icyc. (24)
The reconstruction algorithm needs to recover the signal from the noisy measurements
y=rf+v, 25)
where v = ®p is complex multivariate Gaussian distributed with mean zero and covariance
E(vv') = 207001, (26)

The deterministic compressive sensing schemes considered in this paper have some advantage over
random compressive sensing schemes in that ®®' = £y, v and consequently E(v(z)v(z')) =

2 . . .. .
2‘;,06 (x — '), i.e., the noise samples on distinct measurements are independent.

If we had unlimited computational power there would be little to distinguish compressive sensing
schemes which satisfy RIP or STRIP in terms of statistical performance of reconstruction.
However computational power is always limited and consequently one would like to develop
reconstruction algorithms which are both fast and statistically robust. The advantage of the
deterministic compressive sensing schemes described here is that f is a linear combination of
functions which have a great deal of structure and this can be exploited in developing such
algorithms (for examples see [HCS], [AHSC]). Random schemes, by their very nature, do not
have this property.

4. Families of Deterministic Sensing Matrices

The hypotheses of Theorem 2.4 are relatively weak and there are many families of deterministic
sensing matrices that satisfy the STRIP.

Discrete Chirps: Let k be a prime and let w be a primitive (complex) k" root of unity. A length
k chirp signal takes the form

r mm+rm2

() = ww where =0, 1, -+, k—1

2
where m is the base frequency and r is the chirp rate. It is clear that the chirp signals form the
columns of a sensing matrix that satisfies the hypotheses of Theorem 2.4. Note that the purpose
of the initial phase is to make all row sums vanish. Applebaum et al. [AHSC] have analyzed an
algorithm for sparse reconstruction that exploits the efficiency of the FFT in each of two steps:
the first to recover the chirp rates and second to recover the chirp frequency. Their paper uses the
Gerschgorin Circle Theorem to prove that the RIP holds for sets of vk columns.

Kerdock, Delsarte-Goethals and Second Order Reed-Muller Codes: These codes were
originally constructed as nonlinear binary codes defined by collections of quadratic forms (see
[Ker], [DG], also [MS], chapter 15). Hammons et al. [JKC™] then showed that each of these
codes arises as the binary image under the Gray map of a linear code over Z4, the ring of integers
modulo 4. Codewords are determined by triples (P, b, ¢) where P is an m X m binary symmetric
matrix, b is a binary m-tuple, and € = 0, 1, 2 or 3. The entries of the codeword ¢(P,b,¢) are
indexed by binary m-tuples & according to the rule

c(P,b,e) = xPxT + 2bxT + ¢ 27)

where all arithmetic takes place in Z4, the ring of integers modulo 4. There are (m-+1)/2 Delsarte-
Goethals codes DG(m + 1,r) of length N = 2™ over Z4. The Kerdock code is DG(m + 1,0),
the second order Reed Muller code is DG (m + 1, 1), and the codes are all nested, so that
DG(m+1,r) is contained in DG(m+1,r+1) forr=0,1,---, mTH The Delsarte-Goethals
codes determine nested sets of binary symmetric matrices (m + 1,r), each closed under addition
modulo 2, with the property that for any distinct pair of matrices P, Q in (m + 1,r), the rank



of the binary sum P + Q@ is at least m — 2r. There are 22" +2+™" codewords in DG(m + 1,7)
determined in part by the 2("+t1) matrices in Q(m + 1,7), and since the first 2r + 1 rows of
any pair of binary symmetric matrices in Q(m -+ 1,r) are distinct, this is best possible. Sets of
matrices that are extremal with respect to rank distance appear in early work of Gabidulin [Gab]
and more recently in the construction of space-time codes for wireless communication (see [LK]
and references therein) where they provide a mechanism for translating constraints in the binary
domain into lower bounds on diversity protection in the complex domain.

Two columns of a sensing matrix should not differ by a scalar factor, but the constant ¢ =
0, 1, 2, or 3 appearing in (27) produces sets of four exponentiated codewords where any pair
differ by a 4*" root of unity. Therefore we define a collection of exponentiated codewords pF*®
with exactly one representative from each set as follows:

SDP,b( ) _ Zwt(dp)+2u)t(b) Pz’ +2bxT , where z € Z72n

The index P ranges over binary symmetric matrices in the Delsarte-Goethals set Q(m +1,r) and
d p denotes the main diagonal of P. If we fix a matrix P, then the 2™ exponentiated codewords
©Fb that are obtained by varying b form an orthonormal basis I'p. This basis is obtained by
postmultlplymg the Walsh-Hadamard basis by the diagonal matrix with entry i*F% in position
x. These bases are in one to one correspondence with cosets of the first order Reed-Muller code
in DG(m + 1,7). Coherence between bases I'p and I' indexed by the matrices P and Q
respectively depends on the rank R of the binary difference P 4 Q (see Lemmas 4.2 and 4.3
below and [CCKS] for an alternative proof that uses properties of the symplectic group Sp(m, 2)).
Any vector in one of the orthonormal bases has inner product 2~ /2 with 2% vectors in the other
basis and is orthogonal to the remaining vectors in that basis. The next lemma is well known, but
the proof is non-standard and makes a useful connection to exponential sums.

Lemma 4.1. The diagonal dp of a binary symmetric matrix P is contained in the row space of
P.

Proof. We suppose that there is no solution to the equation zP = dp and show that the vector
(i’”P mT) is orthogonal to every vector in the Walsh-Hadamard orthonormal basis. Set

S — ((imeT) , (izme>) _ ZinwT+2me7

then
S2 _ § imeT+yPyT+2b(cc+y)T

z,Y
= E :l-(w+y)P(m+y)T+mPyT+2b(ac+y)T

z,y

Changing variables to z = = @ y and y gives
Z 2PzT Z (dp+zP)y

and since there is no solution for zP = dp we have S = 0. O
Lemma 4.2. If S = Y _i®P=" +202" tpen cither S = 0 or

2 _ -z Pzl 42b2] 92m—-R
92 — ;s Pz +2bz; 92m ,
where z1 P = dp and R is the rank of the binary symmetric matrix P.

Proof. As in the proof of Lemma 4.1
Z 2P2T Z (dp+zP

The solution to the equation zP = 0 form a vector space ' and for all e, f € F

ePel + fPfT = (e+ f)P(e+ £)T (mod 4.)



Hence
52 — 2m§ :Z-(z1+e)P(z1+e)T+2(z1+e)bT
eckE
_ 2miz1Pz1‘F+2z1bT§ ,L'ePeT+2ebT

eckE

The map e — ePe’ is a linear map from E to Z, so that the numerator e Pe® + 2eb’ also
defines a linear map from E to Zs. If this linear map is the zero map then

52 _ 22m—Riz1 Pzl +2b2]

and if it is not zero then S = 0. ]
Lemma 4.3. If S =3 @Pe 262" ypon the expected value

S| = 2m.

BEperp |

Proof. In the proof of Lemma 4.2, there are 27 choices for b such that e — ePe” + 2eb” is
the zero map. Hence
QR 2m—R m
Beezy (IS = 5572 =2
regardless of the rank of P. |
Lemma 4.4. Let G = G(m, i) be the set of column vectors pF® where

. . T T
(pP’b(ZC) _ Zu/it(dp)+2wt(b)Z:an +2bx ’ for = Z;n,

where b € Z5' and where the binary symmetric matrix P is drawn from a Delsarte-Goethals
ensemble DG(m,i). Then G is a group under pointwise multiplication.
Proof. We have

(pP,b(l,)(pP/,b/ (33) _ iwt(dp)+wt(dP/)+2wt(b@b’)im(P—&-P’).tT—Q—Q(b@b’).tT.

Write P + P’ = (P @ P’) + 2Q (mod 4) where Q is a binary symmetric matrix. Observe that
20Qx” = QdeT (mod 4), where the diagonal dg = dp * dp- is the pointwise product of dp
and dp:. Thus

Pb P b
R CO R €)
i([wt(dp)ert(dP/ )+2wt(dp +dp )] +2wt(bBY Bdp*dp:)) Z-m(PEBP')wTJrQ(bEBb'Ede*dP/ YT

P

as required. (]

PO P bpb' ddp+dps (:c)

Duals of Extended Binary BCH Codes: If e = 2¢ + 1, then all nonzero weights in the extended
binary BCH code of length 2™ with designed distance e, except for wt(1) = 2™, are contained
in the interval [2m~! — (t —1)2°%,2™~1 + (¢t — 1)2% |. This follows from the Carlitz-Uchiyama
bound (see [MS], Chapter 9). Hence we may construct sensing matrices that satisfy the hypotheses
of Theorem 2.4 by exponentiating codewords from these codes. Note that for odd m, the weight
distribution of these codes coincides with that of certain Gray images of linear codes defined over
Zy4, but the codes are inequivalent (see [CM95]). The column ¢ of the sensing matrix indexed
by the codeword ¢ is given by

©°(j) = (=1)>¢(~1)% where j =0,1,---,2™ — 1

where b is a binary vector that is not orthogonal to the code.
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