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ABSTRACT

Compressed sensing allows perfect recovery of a signal thatis
known to be sparse in some basis using only a small number
of measurements. The results in the literature have focused
on the asymptotics of how many samples are required and the
probability of making an error for a fixed batch of samples.
We investigate an alternative scenario where observationsare
available in sequence and can be stopped as soon as there is
reasonable certainty of correct reconstruction. For the ran-
dom Gaussian ensemble we show that a simple stopping rule
gives the absolute minimum number of observations required
for exact recovery, with probability one. However, for other
ensembles like Bernoulli or Fourier, this is no longer true,and
the rule is modified to trade off delay in stopping and proba-
bility of error. We also describe a stopping rule for the near-
sparse case which tells when enough observations are made
to reach a desired tolerance in reconstruction. Sequentialap-
proach to compressed sensing involves the solution of a se-
quence of linear programs, and we outline how this sequence
can be solved efficiently.

Index Terms— Sequential compressed sensing

1. INTRODUCTION

In compressed sensing (CS) a few random measurements of a
signal are taken, and the signal is recovered using sparse rep-
resentation algorithms such as theℓ1-basedbasis pursuit [1].
This is most useful when the cost of taking measurements is
much larger than the computational overhead of recovering
the signal, hence minimizing the number of required mea-
surements is a primary concern. Existing analytical results
provide guidelines on how many measurements are needed
to ensure exact recovery with high probability, but these are
often seen to be pessimistic [1, 2] and rely on information
about the sparsity of the unknown signal. We consider an
alternative scenario where one is able to access observations
in sequence and perform computations in between observa-
tions. Exact recovery may now be possible from the smallest
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required number of observations without anya-priori knowl-
edge about how sparse the underlying signal is. This, how-
ever, requires a computationally efficient decoder which can
detect exactly when enough samples have been received.

We first consider the case when noiseless measurements
are taken using the random Gaussian ensemble, and we show
that performing a simple check yields such a decoder. In par-
ticular, at timeM the decoder solves for

x̂M = arg min ||x||1 s.t. a′
ix = yi, i = 1, ..,M (1)

In case of one-step agreement, i.e.x̂M = x̂M−1, the decoder
declareŝxM to be the reconstruction and stops requesting new
measurements. In Section 2 we show that this decoder gives
exact reconstruction with probability one.

The sequential stopping rule can also be used with other
measurement ensembles, such as random Bernoulli and the
ensemble of random rows from a Fourier basis. However, in
this case the stopping rule no longer has probability zero of
making an error. We modify the rule to take this into account:
now we wait untilT subsequent solutionŝxM , ..., x̂M+T all
agree. In Section 3 we show that in the Bernoulli case the
probability of making an error using this stopping rule de-
cays exponentially withT allowing trade-off of error proba-
bility and delay. In Section 4 we consider the near-sparse case
where the signal mostly has small but non-zero components.
We describe when to stop requesting measurements to have
the error in the reconstruction below a desired tolerance.

We propose an efficient way to solve the sequential prob-
lem in Section 5. Rather than re-solving the linear program
from scratch after an additional measurement is received, we
use an augmented linear program that uses the solution at step
M to guide its search for the new solution. We show that this
significantly reduces computational complexity.

2. STOPPING RULE IN THE GAUSSIAN CASE

We now analyze the sequential CS approach with the Gaus-
sian measurement ensemble. Suppose that the underlying
sparse signalx∗ ∈ R

N , hasK non-zero components (we
denote the number of non-zero entries inx by ‖x‖0). We
sequentially receive random measurementsyi = a′

i
x∗, where

ai ∼ N (0, I) is a N -vector of i.i.d. Gaussian samples. At
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Fig. 1. A new constraint is added:a′
M+1x = yM+1. Prob-

ability that this hyperplane passing throughx∗ also passes
throughx̂M is zero.

stepM we solve the basis-pursuit problem in (1) using all the
received data. Results in compressed sensing [1, 2] indicate
that after receiving aroundM ∝ K log(N) measurements,
solving (1) recovers the signalx∗ with high probability. This
requires the knowledge ofK, which may not be available, and
only rough bounds on the scaling constants are known. Our
approach is different - we compare the solutions at stepM
andM + 1, and if they agree, we declare correct recovery.

Proposition 1 If x̂M+1 = x̂M in the Gaussian measurement
ensemble, then x̂M = x∗, with probability 1.

Proof. Let y1:M , [y1, ..., yM ]′, andAM , [a′
1, ...a

′
M

]′.
Suppose that̂xM 6= x∗ andy1:M = AM x̂M . We also have
y1:M = AMx∗, so bothx∗ andx̂M belong to the(N − M)-
dimensional affine space{x | y1:M = AMx}. The next
measurement passes a random hyperplaneyM+1 = a′

M+1x
∗

throughx∗ and reduces the dimension of the affine subspace
of feasible solutions by1. The nullspaceNull(AM+1) =
Null(AM ) ∩ Null(aM+1). SinceaM+1 is random, and in-
dependent of previous samplesa1, ...,aM , the probability that
x∗−x̂M falls in the lower-dimensional subspaceNull(AM+1)
is 0. See Figure 1 for illustration.�

Clearly, if we obtain̂xM = x∗, then the solution will not
change with additional samples:x∗ is always in the feasible
set, and the feasible set is shrinking with each new sample. In
the Gaussian case the stopping rule can be simplified further:
if x̂M has fewer thanM non-zero entries, then̂xM = x∗.

Proposition 2 If ‖x̂M‖0 < M , then x̂M = x∗ with prob. 1.

Proof. Let A = AM to simplify notation. ThenA is
M × N , with M < N . The key fact about random Gaussian
matrices is that anyM × M submatrix ofA is non-singular
with probability 11. Let I be the support ofx∗, i.e. I =
{i | x∗

i
6= 0}. Suppose that there is another sparse feasible

1This is easy to see: fixT ⊂ {1, ..., N} with |T | = M . Then probability
thatATM

∈ span(AT1
, ..., ATM−1

) is zero, asATM
is a random vector

in R
M and the remaining columns span a lower-dimensional subspace.
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Fig. 2. An example with the Gaussian measurement ensem-
ble. N = 100, andK = 10. Top plot:‖x̂M‖0. Medium plot:
‖x̂M‖1. Bottom plot:‖x∗ − x̂M‖2.

vectorx̂ 6= x∗ with supportJ , such that|J | < M . There are
two possibilities:I ⊂ J andI 6= I ∩ J . We show that in
both caseŝx 6= x∗ can occur only with probability zero.

First supposeI ⊂ J . Then x̂ − x∗ ∈ Null(A), and
support of̂x−x∗ is a subset ofJ , hence it is smaller thanM .
But that means that fewer thanM columns ofA are linearly
dependent, which only happens with probability zero.

Now if I 6= I ∩ J , then the probability thaty = Ax∗

falls into span(AI∩J ) is zero, as it is a smaller dimensional
subspace ofspan(AI). Thus with probability1 there is only
one solution with‖x‖0 < M , namelyx∗. �

Consider an example in Figure 2 withN = 100, andK =
10. We keep solving (1) until agreement,x̂M = x̂M+1. The
top plot shows that‖x̂M‖0 increases linearly withM until
M = 35, at which point it drops toK = 10 and we have
x̂M = x∗. The middle plot shows the monotonic increase in
‖x̂M‖1 (as the feasible set is shrinking withM ). The bottom
plot shows the error-norm of the solution,‖x̂M − x∗‖2. On
average it tends to go down with more observations, but non-
monotonically. AfterM = 35 the error becomes zero.

3. STOPPING RULE IN THE BERNOULLI CASE

Now suppose that the measurement vectorsai have equiprob-
able i.i.d. Bernoulli entries±1. A difference emerges from
the Gaussian case: the probability that allM × M subma-
trices ofAM are non-singular is no longer0. This makes it
possible (with non-zero probability) for̂xM+1 to agree with
x̂M whenx̂M 6= x∗, and for erroneous solutionŝxM to have
cardinality less thanM . We modify the stopping rule to re-
quire agreement for several steps - success is declared only
when lastT solutions all agree. We show in proposition 3
that the probability of error decays exponentially withT . We
use the following Lemma from [3]:

Lemma 1 Let a be an i.i.d. Bernoulli vector with a ∈ {−1, 1}N .
Let W be a deterministic d-dimensional subspace of R

N , 0 ≤



d < N . Then P (a ∈ W ) ≤ 2d−N .

We are now ready to establish the following claim:

Proposition 3 Consider the Bernoulli measurement case. Sup-
pose x∗ is in general position (e.g. has i.i.d. Gaussian en-
tries). If x̂M = x̂M+1 = ... = x̂M+T , then x̂M = x∗ with
probability greater than 1 − 2−T .

Proof. Suppose that̂xM 6= x∗. Denote the support ofx∗

andx̂M by I andJ respectively, and denotei-th column of
AM asAM

i
. We havey1:M = AMx∗ = AM x̂M , i.e.

∑

i∈I

AM

i x∗
i =

∑

i∈J

AM

i x̂M

i , (2)

Sincex∗ is in general position, then
∑

i∈I
AM

i
x∗

i
is a general

point in the span of{AM
i

, i ∈ I}, and hence, it can be shown
thatspan(AM

i
, i ∈ I) ⊂ span(AM

i
, i ∈ J ) with probability

1. Let L = ‖x̂M‖0, and letAL containL linearly indepen-
dent rows ofAM

J . NowAL

J is a squareL×L invertible matrix.
The matrixAL

I∪J has rankL, as the span ofAL

I belongs to
span ofAL

J .
Now suppose we receive an additional measurement, and

it still holds thaty1:M+1 = AM+1x̂M . This can happen
in two cases: either the part of the new row[aM+1]I∪J is
linearly dependent on rows ofAL

I∪J , or it is linearly inde-
pendent, but̂xM − x∗ still falls into Null(AM+1), which is
a smaller dimensional subspace ofNull(AM ). The second
case happens with probability0: suppose thatAL+1

I∪J
has rank

L + 1 (hereAL+1 is formed by appending rowaM+1 to AL).
Then some column ofAL+1

I
does not belong tospan(AL+1

J
).

Sincex∗ is in general position, thenAL+1x∗ 6= AL+1x̂M .
So it remains to analyze the possibility thataM+1 is lin-

early dependent on the previousM measurements in locations
I ∪J . Using Lemma 1 this happens with probability at most
1/2: sinceI 6= J , |I ∪ J | ≥ |J + 1|. Hence, after waiting
for T steps the probability that allT new measurements are
linearly dependent on the firstM is 2−T . �

We now pursue an alternative line of analysis, similar to
that of Proposition 2. For the Bernoulli case,‖x̂M‖0 < M
does not implŷxM = x∗. However, we believe that ifN221−M

≪ 1, thenx̂M = x∗ with high probability. Since the elements
of ai belong to finite set{−1, 1}, anM×M submatrix ofAM

can be singular with non-zero probability. Surprisingly, char-
acterizing this probability is a very hard question. It is conjec-
tured [3] that the dominant source of singularity is the event
that two columns or two rows are equal or opposite in sign.
This leads to the following estimate (hereXM is M × M ):2

P (detXM = 0) = (1 + o(1))M221−M (3)

However the very recent best provable bound on this probabil-
ity is still rather far:P (detXM = 0) = ((3

4 +o(1))M ) [3]. If

2Probability that two columns are equal or opposite in sign is21−M , and
there areO(M2) pairs of columns.

we assume that the simple estimate based on pairs of columns
is accurate, similar analysis shows that the probability that a
random±1 M ×N matrix withM ≪ N having allM ×M
submatrices non-singular is(1 + o(1))N221−M .

4. NEAR-SPARSE SIGNALS

In practical settings, e.g. when taking Fourier and wavelet
transforms of smooth signals, we may only have approxi-
mate sparseness: a few values are large, and most are very
small. Results in the CS literature assume power-law decay
of entries ofx∗ (upon sorting) and show that with roughly
O(K log N) samples,x̂M in (1) will have similar error to
that of keeping theK largest entries inx∗ [1]. We consider a
different line of analysis that does not assume a model of de-
cay, and that compares subsequent solutions (in our sequential
setting) to bound the reconstruction error.

We consider GaussianAM for this section. The stop-
ping rule from Section 2 is vacuous for near-sparse signals,
as ‖x∗‖0 = N and all samples are needed for perfect re-
covery. We modify the rule to stop whend(x̂M+T , x̂M ) =
‖x̂M+T , x̂M‖2 is sufficiently small, and show that this guar-
antees that the error in the approximationd(x̂M ,x∗) is at a
desired tolerance.

Consider Figure 1 again. Solution̂xM+T lies on the hy-
perplaneHM+T , {x | yi = a′

i
x, i = 1, ..,M + T}. Let

θT be the angle between the line connectingx∗ with x̂M , and
HM+T . We have

d(x∗, x̂M ) =
d(x̂M ,HM+T )

sin(θT )
≤

d(x̂M+T , x̂M )

sin(θT )
(4)

θT is a random variable - the angle between a fixed vector in
R

N−M and a randomN − (M +T ) dimensional hyperplane.
We next analyze the distribution ofθT , which allows to infer
when the reconstruction errord(x∗, x̂M ) is small enough.

Let L = N − M . In the Gaussian case (due to invariance
to orthogonal transformations) it is equivalent to consider the
angleθ between a fixed(L − T )-dimensional subspaceH
and a random vectorh in R

L. Let H be the span of the last
L − T coordinate vectors, andh be i.i.d. Gaussian. Then:

1
sin(θ) =

√

∑L

i=1 x2
i

/
√

∑T

i=1 x2
i
.

Using the properties ofχL, χ2
L

, and inverse-χ2
L

distribu-

tions [4] and Jensen’s inequality, we haveE[ 1
sin(θ) ] ≥

√

L

T

(we also haveE[ 1
sin(θ) ] ≈

√

L

T
as shown in Figure 3), and an

upper bound on the variance:3

V ar

[

1

sin(θ)

]

≤
L − 2

T − 2
−

L

T
(5)

3ConsiderE[sin(θ)2] =
“

P

T

i=1 x2
i

”

/‖x‖2
2. We haveE[

x
2
i

‖x‖2
2

] = 1
L

(Dirichlet dist.), soE[sin(θ)2] = T

L
. Using Jensen’s ineq. with

p

1/x,

E[1/ sin(θ)] ≥
q

L

T
. Finally,E[ 1

sin(θ)2
] = L−2

T−2
(for T > 2).
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Fig. 3. Mean estimate (top) and standard deviation bound
(bottom) of 1

sin(θ) vs. averages over 2500 samples.L = 100.

In Figure 3 we plot the mean estimate and the standard
deviation bound forL = 100 and a range ofT . We compare
them to sample mean and standard deviation of1

sin(θ) based
on 2500 samples. They give very good approximation for
most of the range ofT > 2. Standard deviations quickly fall
off with T , giving tight confidence intervals (by Chebyshev
ineq. p(|a − E[a]| ≥ kσa) ≤ 1

k2 ). We can use this to gauge
the reconstruction error: ifd(x̂M , x̂M+T ) is small, then we
have a confidence interval on how small isd(x̂M ,x∗).

5. EFFICIENT SEQUENTIAL SOLUTION

The main motivation for the sequential approach is to reduce
the number of measurements to as few as possible. Yet, we
would also like to keep the computational complexity of the
sequential approach low. Instead of re-solving the linear pro-
gram (1) after each new sample, we would like to use the solu-
tion to the previous problem to guide the current problem. We
now investigate a linear programming approach to accomplish
this. In related work, [5] proposed to use Row-action methods
for compressed sensing, which rely on a quadratic program-
ming formulation equivalent to (1) and can take advantage of
sequential measurements.

We can not use the solution̂xM directly as a starting point
for the new problem at stepM + 1, because it in general will
not be feasible. In the Gaussian measurement case, unless
x̂M = x∗, the new constrainta′

M+1x̂
M = y(M + 1) will be

violated. One way to handle this is through a dual formula-
tion, but we instead use an augmented primal formulation [6].

First, to model (1) as a linear program we use the standard
trick: definex+

i
= max(xi, 0), x−

i
= max(−xi, 0), andx =

x+ − x−. This gives a linear program in standard form:

min1′x+ + 1′x− (6)

y1:M =
[

AM − AM
]

[

x
+

x
−

]

, and x+,x− ≥ 0

Next we need to add an extra constraintyM+1 = a′
M+1x

+−
a′

M+1x
−. Suppose thata′

M+1x̂
M > y(M + 1). We add an
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Fig. 4. A comparison of the number of simplex iterations
when solving (1) from scratch (LP1) and using the solution at
stepM − 1 (LP2). Plot shows # iter. vs.M , over100 trials.

extra slack variablez to the linear program, and a high posi-
tive costQ onz. This gives the following linear program:

min1′x+ + 1′x− + Qz (7)

y1:M =
[

AM − AM
]

[

x
+

x
−

]

, and x+,x− ≥ 0

yM+1 = a′
M+1x

+ − a′
M+1x

− − z, and z ≥ 0

Now usingx̂M andz = a′
M+1(x̂

M )+ − a′
M+1(x̂

M )− −
yM+1 yields a basic feasible solution to this augmented prob-
lem. By selectingQ large enough,z will be removed from
the optimal basis (i.e.z is set to0), and the solutions to this
problem and the(M +1)-th sequential problem are the same.

We test the approach on an example withN = 200, K =
10, and100 trials. In Figure 4 we plot the number of itera-
tions of the simplex method required to solve the problem (1)
at stepM from scratch (LP1) and using the formulation in (7)
(LP2). To solve (6) we first have to find a basic feasible solu-
tion (phase 1) and then move from it to the optimal BFS. An
important advantage of (7) is that we start with a basic feasi-
ble solution, so phase 1 is not required. The figure illustrates
that for largeM the approach LP2 is significantly faster.
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