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Abstract. The dynamic MR imaging of time-varying objects, such as beating hearts
or brain hemodynamics, requires a significant reduction of the data acquisition time
without sacrificing spatial resolution. The classical approaches for this goal include parallel
imaging, temporal filtering, and their combinations. Recently, model-based reconstruction
methods called k-t BLAST and k-t SENSE have been proposed which largely overcome the
drawbacks of the conventional dynamic imaging methods without a priori knowledge of the
spectral support. Another recent approach called k-t SPARSE also does not require exact
knowledge of the spectral support. However, unlike the k-t BLAST/SENSE, k-t SPARSE
employs the so-called compressed sensing theory rather than using training. The main
contribution of this paper is a new theory and algorithm that unifies the abovementioned
approaches while overcoming their drawbacks. Specifically, we show that the celebrated
k-t BLAST/SENSE are the special cases of our algorithm, which is asymptotically optimal
from the compressed sensing theory perspective. Experimental results show that the new
algorithm can successfully reconstruct a high resolution cardiac sequence and functional
MRI data even from severely limited k-t samples, without incurring aliasing artifacts often
observed in conventional methods.
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1. Introduction

Dynamic MRI is a technique to monitor dynamic processes such as brain hemodynamics and

cardiac motion. Fast imaging sequences, such as echo-planar imaging (EPI) [1] or balanced

steady state free precession (bSSFP), have been widely used in practice for this purpose [2, 3].

EPI employs a series of bipolar readout gradients to generate a train of gradient echoes

so that zigzag k-space trajectories can be sampled under the envelop of a free-induction

decay (FID). Hence, EPI is commonly used for functional MR imaging. However, the use

of EPI alone sacrifices the image quality to achieve high temporal resolution. The ultrafast

sequence called balanced SSFP or TrueFISP is now a standard acquisition pulse sequence for

cardiovascular MR due to its high blood signal-to-noise ratio (SNR) and blood-myocardium

contrast-to-noise ratio (CNR) [3, 4]. However, for the left ventricular (LV) function study,

8-12 slices from the LV base to the apex with temporal resolution better than 60msec are

often necessary [4]. Therefore, even with an ultrafast sequence, such as bSSFP or TrueFISP,

the total volume acquisition within a single breath-hold is still challenging [4].

Parallel imaging methods can be used to improve the temporal resolution of a dynamic

MRI. For example, SMASH (SiMultaneous Acquisition of Spatial Harmonics)[5], SENSE

(SENSitivity Encoding) [6], PILS (Partially Parallel Imaging with Localized Sensitivities)[7],

and GRAPPA (GeneRalized Autocalibrating Partially Parallel Acquisitions)[8] reduce the

scan time by skipping the phase encoding steps. In the reconstruction phase, SENSE

restores the original images from a set of aliased images by solving the linear sensitivity

equation, whereas SMASH and GRAPPA calculate the missing k-space data directly using

coil sensitivity to avoid aliasing. In principle, the data acquisition time for parallel imaging

can be reduced up to the number of RF coils.

The method called UNFOLD (UNaliasing by Fourier-encoding the Overlaps Using the

temporal Dimension)[9] is another method for fast data acquisition. More specifically,

UNFOLD obtains the Fourier data in a k-t-space in a sheared grid pattern, in which the

phase encoding in k-space is shifted for every frame. This results in the repetition of the

support region in x-f-space, and the original image can be reconstructed using a spatio-

temporal filter. Theoretically, the optimal UNFOLD design problem can be formulated as

the spatio-temporal sampling problem in the k-t space under the so-called time sequential

sampling (TSS) constraint [10]. Willis and Bresler [11] showed that a high temporal and

spatial resolution with a multifold reduction in the acquisition rate can be achieved using a

lattice sampling schedule as long as the spectral supports are known.

Researchers have tried to combine UNFOLD with parallel imaging for even faster

scanning or reduced artifacts. For example, TSENSE [12] combines UNFOLD with SENSE

in such a way that any residual artifacts are temporally frequency-shifted to the band edge

and thus may be further suppressed by temporal low-pass filtering; whereas UNFOLD-

SMASH [13] obtains the additional phase encoding lines using SMASH, after which images

are reconstructed using UNFOLD. A generalization of the optimized time sequential sampling

theory by Willis and Bresler [11] for the phase array coil data acquisition has recently been
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independently proposed by Sharif et al [14] and Kim et al [15]. The noticeable difference of

the new methods from [11] is that these methods allow aliasing in the x-f domain in designing

a sampling lattice. The aliased x-f image is then converted into the final aliasing free x-f image

by exploiting the coil sensitivities. In theory, the maximal achievable acceleration factor can

be up to the parallel imaging acceleration factor multiplied by that of the optimized time

sequential sampling. However, the main technical difficulties of these algorithms are that

1) the x-f supports are not usually band-limited and that 2) the exact knowledge of the x-f

supports are difficult to obtain.

Recently, model based approaches called k-t BLAST and k-t SENSE have been proposed

which largely overcome the shortcomings of the existing algorithms [16, 17, 18, 19]. The k-

t BLAST and k-t SENSE take advantage of a priori information about the x-f support

obtained from the training data set in order to enhance the image resolution during data

acquisition time. Unlike the other methods, k-t BLAST and k-t SENSE do not require

precise knowledge of the spectral support. Furthermore, the signal does not need finite

support. Even if the spectral supports overlap due to aliasing, a priori information from the

training data can be used to remedy the aliasing artifacts. Significant quality improvements

have been reported compared to the conventional methods. Furthermore, using regular

lattice sampling patterns, fast implementation is possible.

Other interesting dynamic MR imaging approaches are closely related to the recent

theory of the “compressed sensing” in the signal processing community [20, 21], for example,

k-t SPARSE [22]. According to the compressed sensing theory, perfect reconstruction is

possible, even from samples dramatically smaller than the Nyquist sampling limit, as long

as the non-zero spectral support is sparse and the samples are obtained at random locations

[20]. Even if the signal is not sparse, we can still recover the significant features of the signals

if the signals are compressible. Furthermore, optimal sparse solutions can be obtained using

computationally feasible L1 minimization algorithms, such as the basis pursuit, matching

pursuit methods, etc., rather than resorting to computationally expensive combinatorial

optimization algorithms [20, 21]. Hence, the compressed sensing theory has great potential

to solve imaging problems. The k-t SPARSE successfully employed the compressed sensing

theory for cardiac imaging applications by transforming the time varying image using a

wavelet transform along the spatial direction and the Fourier transform along the temporal

direction [22]. The compressed sensing idea has been also used for the MR angiography

problem as well [23]. However, the main drawback of k-t SPARSE is the computational

burden. Furthermore, due to the total variational regularization used in [22, 23], cartoon-

like artifacts are often observed. Related regularization based algorithms have been also

presented to reduce the temporal aliasing artifacts using regularization techniques [24].

One of the main contributions of this paper is the new algorithm called k-t FOCUSS (k-t

space FOCal Underdetermined System Solver (FOCUSS)) that unifies the abovementioned

approaches while overcoming their drawbacks. We show that our k-t FOCUSS is

asymptotically optimal from a compressed sensing perspective and the celebrated k-t BLAST
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and k-t SENSE are the special cases of k-t FOCUSS.

The basis of k-t FOCUSS is another important class of sparse reconstruction algorithm

called the FOCal Underdetermined System Solver (FOCUSS) [25, 26, 27]. FOCUSS was

originally designed to obtain sparse solutions by successively solving quadratic optimization

problems and has been successfully used for EEG source localization [25, 26]. More

specifically, FOCUSS starts by finding a low resolution estimate of a sparse signal, and then

this solution is pruned to a sparse signal representation. The pruning process is implemented

by scaling the entries of the current solution by those of the solutions of previous iterations.

Hence, once some entries of the previous solution become zero, these entries are fixed to zero

values. As a consequence, we can obtain a sparser solution with more iterations. During the

pruning process, the entries corresponding to the zero values on the original spectral support

converge to zero. Hence, one of the important requirements of FOCUSS is the existence of

a reasonable low-resolution initial estimate which provides the necessary extra constraint to

resolve the non-uniqueness of the problem.

FOCUSS is a nice fit to the dynamic MRI. First, the training data or interleaved

low frequency k-t samples can provide the low-resolution initial estimate essential for

the convergence of FOCUSS. Second, FOCUSS incorporates the sparseness as a soft-

constraint, whereas the conventional basis pursuit or orthogonal matching pursuit impose

the constraint as a hard-constraint. The hard sparseness constraint may be not suitable

for dynamic MRI since the abrupt changes of the image values introduce visually annoying

high frequency artifacts as reported in k-t SPARSE, especially when combined with total

variation regularization [22]. The reconstruction image using FOCUSS, however, does not

exhibit these behaviors since the non-zero image values are gradually suppressed. Third,

FOCUSS can be very easily implemented in a computationally efficient manner using

successive quadratic optimization. This is quite a big advantage over the other sparse

optimization algorithms, such as basis pursuit or matching pursuit approaches. Finally,

FOCUSS asymptotically achieves the optimal solution from the compressed sensing theory

point of view. Experimental results demonstrate very quick convergence of the k-t FOCUSS

to accurate solutions, even from highly sparse k-space samples.

This paper is organized as follows. Section 2 provides a detailed discussion of

k-t FOCUSS. In Section 3, the implementation issues of k-t FOCUSS are discussed.

Our experimental results and discussion are presented in Sections 4 and 5, respectively.

Conclusions are given in Section 6.

2. Theory

2.1. Problem Formulation

Consider the cartesian trajectory. The readout direction is along the ky axis, and kx denotes

the phase encoding direction. The samples along the readout direction are fully sampled

within TR. Let σ(x, t) denote the unknown image content (for example, proton density,
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T1/T2 weighted image, etc.) on x at time instance t. Then, the k-space measurement

υ(k, t) at time t is given by

υ (k, t) =

∫
σ(x, t)e−j2πkxdx =

∫ ∫
ρ(x, f)e−j2π(kx+ft)dxdf , (1)

where ρ(x, f) denotes the 2-D spectral support in the x-f domain, and we use the following

Fourier transform along the temporal direction:

σ (x, t) =

∫
ρ(x, f)e−j2πftdf . (2)

Let ρ[nx, nf ] denote the discretized (x, f)-image on x = nx∆x, nx = 1, 2, · · · , Nx

and f = nf∆f, nf = 1, 2, · · · , Nf , where ∆x and ∆f denote the sampling steps for

x and f , respectively. Then, the k-space measurement υ[nk, nt] at the k-space location

k = nk∆k, nk = 1, · · · , Nk and the time instance t = nt∆t, nt = 1, · · · , Nt can be

approximated by the 2-D discrete Fourier transform:

υ [nk, nt] = ∆x∆f

Nx∑
nx=1

Nf∑
nf=1

ρ[nx, nf ]e
−j2π(nknx∆k∆x+nf nt∆f∆t) . (3)

According to the Nyquist sampling limit theory, to obtain an aliasing free image, the interval

∆k on k-space should be ∆k ≤ 1/(Nx∆x). In the same way, to reconstruct a time varying

image without temporal aliasing, we need ∆t ≤ 1/(Nf∆f). Hence, at the Nyquist sampling

rate, we have

υ [nk, nt] =
1

∆k∆tNxNf

Nx∑
nx=1

Nf∑
nf=1

ρ[nx, nf ]e
−j2π(nknx/Nx+nf nt/Nf ) . (4)

In matrix form, Eq. (4) can be represented by

υ = Fρ , (5)

where υ and ρ denote the stacked k-t space measurement vectors and the x-f image,

respectively, and F denotes the 2-D Fourier transform along x-f direction. Here, it is

important to note that the temporal Fourier transform Eq. (2) corresponds to a sparsifying

operator of periodic motions, such as cardiac motion since the corresponding spectrum is

the line spectrum from the Fourier series rather than the continuous spectrum. For general

motions, there may exist more efficient transform to sparsify the signal, which will be

discussed later.

Our main goal is to reduce the number of samples in the k-t space without sacrificing x-f

image quality by taking advantage of the sparsity of x-f support. Here, recent theory of the

compressed sensing (CS) [20, 21, 28, 29, 30] can be applied. The compressed sensing theory

tells us that the perfect reconstruction of ρ is possible from the noiseless k-t space samples

that are dramatically smaller than the Nyquist sampling limit as long as the non-zero support
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of ρ is sparse and the k-t samples are obtained at random. More specifically, if ρ is nonzero

at the unknown M locations, then the number of required k-t space measurement, K, can

be dramatically smaller than the x-f domain pixel number, N = NxNf , and it is possible

to design K = O(M log(N)) number of measurements to obtain the perfect reconstruction

of ρ with overwhelming probability by solving a L1 minimization problem§. Second, if

K = O(M log6(N)) discrete measurements in k-t space are noisy and their magnitudes

are upper-bounded by the input noise power ε, then with overwhelming probability the

reconstruction error is still upper bounded by ε multiplied with a finite constant. This

concept can be effectively applied to dynamic MR imaging since only limited frequency

components have significant values on x-f support of a dynamic sequence. Hence, we can

expect the graceful degradation of the reconstruction image quality if the compressed sensing

approach is applied for dynamic MR imaging problems.

Perhaps the most important implication of the compressed sensing theory is that the

optimal sparse solution satisfying the abovementioned properties can be obtained by solving

the L1 minimization [20, 21]. More specifically, the optimal dynamic MR imaging problem

from the compressed sensing perspective can be stated as follows:

minimize ||ρ||1
subject to||υ − Fρ||2 ≤ ε (6)

where || · ||1 and || · ||2 denote the L1 and L2 norm, respectively, and ε denotes the noise level.

2.2. Derivation of k-t FOCUSS

As explained before, the idea of compressed sensing is not new in the MR community. The

k-t SPARSE [22] successfully employed the compressed sensing theory for cardiac imaging

applications by transforming the time varying image using a wavelet transform along the

spatial direction and the Fourier transform along the temporal direction. However, our

compressed sensing approach is very different from [22] and is much closer to k-t BLAST and

k-t SENSE. This is because the basis of our approach is another type of sparse reconstruction

method called the FOCal Underdetermined System Solver (FOCUSS) [25, 26, 27].

FOCUSS is an algorithm designed to obtain the sparse solutions to the underdetermined

linear inverse problem given by [26, 27]

υ = Fρ . (7)

The solution of Eq. (7) is not unique; hence, the minimum norm solution is the most widely

accepted. The minimum solution, however, does not provide a sparse reconstruction and

has the tendency to smooth out the energy [26, 27]. Now, let us consider the following

optimization problem:

find ρ = Wq (8)

§ The O(·) denotes the “big O” notation to describe an asymptotic upper bound.
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where ρ is an unknown x-f support, W is a weighting matrix, and q is a solution of the

following constrained minimization problem:

min ||q||2, subject to ||υ − FWq||2 ≤ ε . (9)

The constrained optimization problem can be converted into the un-constrained optimization

problem using the Lagrangian multiplier, providing a cost function:

C(q) = ||υ − FWq||22 + λ||q||22 (10)

where λ denotes the appropriate Lagrangian parameter. The optimal solution minimizing

Eq. (10) is then given by

ρ = Wq

= ΘFH
(
FΘFH + λI

)−1
υ (11)

where Θ = WWH . In a slightly different formulation, ρ is initialized with non-zero values

ρ̄. In this case, the cost function Eq. (10) can be modified into the following form:

C(q) = ||υ − Fρ̄− FWq||22 + λ||q||22 (12)

where ρ = ρ̄ + Wq, and the optimal solution is then given by

ρ = ρ̄ + ΘFH
(
FΘFH + λI

)−1
(υ − Fρ̄) . (13)

The novelty of FOCUSS algorithm comes from the fact that the weighting matrix W

can be continuously updated using the previous solution (hence, Θ = WWH is updated

accordingly). More specifically, if the (n− 1)-th iteration of the image estimate is given by

ρn−1 = [ ρn−1(1), ρn−1(2), · · · , ρn−1(N) ]T , (14)

where N is the total number of data on x-f space, then the n-th iteration of FOCUSS can

be calculated by the following procedure [27]:

(i) Compute the weighting matrix Wn:

Wn =




|ρn−1(1)|p 0 · · · 0

0 |ρn−1(2)|p · · · 0
...

...
. . .

...

0 0 · · · |ρn−1(N)|p


 , 1/2 ≤ p ≤ 1 . (15)

(ii) Compute Θn = WnW
H
n .

(iii) Compute the n-th FOCUSS estimate:

ρn = ΘnF
H

(
FΘnF

H + λI
)−1

υ. (16)

or, in another form:

ρn = ρ̄ + ΘnF
H

(
FΘnF

H + λI
)−1

(υ − Fρ̄) . (17)
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(iv) If it converges, stop. Otherwise, increase n and go to Step 1.

In order to understand why FOCUSS can provide a sparse solution, consider the n-th

FOCUSS estimate of the weighting matrix, Wn. Then, Eqs. (8) and (9) can be equivalently

represented by

min ||W−1
n ρ||22, subject to ||υ − Fρ||2 ≤ ε (18)

Now we set p = 0.5 for Eq. (15). Then, we have the following asymptotic relation:

||W−1
n ρ||22 = ρHW−H

n W−1
n ρ

= ρH




|ρn−1(1)|−1 0 · · · 0

0 |ρn−1(2)|−1 · · · 0
...

...
. . .

...

0 0 · · · |ρn−1(N)|−1


 ρ

∼
N∑

i=1

|ρn−1(i)| as n →∞

= ||ρ||1 (19)

where ∼ implies the asymptotic equality as n →∞. This implies that the FOCUSS solution

is asymptotically equivalent to the L1 minimization solution when p is set to 0.5. At this time,

L1 is defined as the sum of the absolute values of the whole data. Since the L1 minimization

is the preferred optimization method for compressed sensing [20], the FOCUSS solution will

asymptotically converge to the optimal solution from compressed sensing perspective by

setting p = 0.5. Furthermore, according to [26], for 0.5 ≤ p < 1, the FOCUSS provides

sparse solutions.

In summary, FOCUSS starts by finding a low resolution estimate of the ρ(x, f)

to initialize the Wn matrix at n = 0, and this solution is pruned to a sparse signal

representation. The pruning process is implemented by scaling the entries of the current

solution by those of the solutions of previous iterations [26]. Therefore, a good initial

estimate of ρ(x, f) is an important factor to guarantee the performance of the algorithm.

In our implementation of k-t FOCUSS for dynamic MRI, we employ the random sampling

pattern with more samples around low frequency region. Hence, the initial estimate can

be easily obtained from the zero-padded direct Fourier inversion result without additional

training data. Of course, an additional training set could be also used for the initial estimate

of W0.

Recall that the k-t BLAST algorithm is given by [16]

ρ1 = ρ̄ + Θ0F
H

(
FΘ0F

H + λI
)−1

(υ − Fρ̄) (20)

where Θ0 is the diagonal covariance matrix obtained from the training data set and ρ̄

corresponds to the DC component (i.e. f = 0) in the x-f image. Comparing Eq. (20) with

Eq. (17), we find that the conventional k-t BLAST is indeed the first iteration of our k-t

FOCUSS algorithm when the p value of Eq. (15) is set to 1 and the ρ̄ is initialized using
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the temporal average (DC) values. Other advantages of our algorithm over k-t BLAST are

summarized as follows:

(i) Our k-t FOCUSS is asymptotically optimal from the compressed sensing perspective.

However, k-t BLAST does not minimize the L1 norm, hence it is not optimal from the

compressed sensing perspective.

(ii) Instead of using p = 1 value for the diagonal matrix Θ0 as in k-t BLAST, our k-t

FOCUSS can choose any values between 0.5 and 1. It turns out that p = 0.5 is usually

the best choice that guarantees the stability and improved reconstruction quality.

2.3. k-t FOCUSS for Parallel Imaging

The extension of k-t FOCUSS to parallel imaging is quite straightforward. Recall that the

measurement from a parallel coil is given by the 2-D Fourier relationship:

υ [nk, nt] =
1

∆k∆tNxNf

Nx∑
nx=1

Nf∑
nf=1

si[nx]ρ[nx, nf ]e
−j2π(nknx/Nx+nf nt/Nf ) i = 1, · · · , Nc (21)

where si[nx] denotes the i-th coil sensitivity at x = nx∆x and Nc is the number of coils. In

matrix form, Eq. (21) can be represented by

υi = FSiρ (22)

where Si denotes the diagonal matrix composed of the i-th sensitivity si[nx]. Then, the cost

function of the n-th FOCUSS iteration becomes

C(q) =
∥∥∥υ̂ − F̂Wnq

∥∥∥
2

2
+ λ||q||22 (23)

where F̂ and υ̂ are given by

υ̂ =




υ1

...

υNc


 , F̂ =




FS1

...

FSNc


 . (24)

Then, the optimal n-th k-t FOCUSS update is given by

ρn = ΘnF̂
H

(
F̂ΘnF̂

H + λI
)−1

υ̂ (25)

where Θn = WnW
H
n . Furthermore, if we initialize ρ with ρ̄, we have

ρn = ρ̄ + ΘnF̂
H

(
F̂ΘnF̂

H + λI
)−1 (

υ̂ − F̂ρ̄
)

(26)

Again, the first iteration of Eq. (26) corresponds to k-t SENSE.

A slightly different, but computationally more efficient implementation of the k-t

FOCUSS for parallel imaging can be obtained by separately applying k-t FOCUSS for each

coil. More specifically, the algorithm is given by
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(i) For each coil measurements υi, apply the k-t FOCUSS to obtain the i-th estimate

ŷi = Siρ̂, where i = 1, · · · , Nc.

(ii) From ŷi, i = 1, · · · , Nc, find the least square estimate ρ̂:

ρ̂ =

(
Nc∑
i=1

SiS
H
i

)−1 (
Nc∑
i=1

SH
i ŷi

)
(27)

2.4. k-t FOCUSS using KLT/PCA

Even though our k-t FOCUSS has been developed using the temporal Fourier transform given

in Eq. (2), a more general transform could be employed. The temporal Fourier transform is

effective in sparsifying the signal when the image follows the periodic motion. However, for

the objects with more general motion, other transforms may be more efficient in sparsifying

the signal.

In the image and signal processing literature, an important transform for data

compression is the Karhunen-Loeve transform (KLT), or the Principle Component Analysis

(PCA) [31]. Unlike the Fourier transform, the KLT/PCA is a data dependent transform.

More specifically, let σx denote the discretized time varying proton density at x as follows:

σx =
[

σ(x, ∆t) σ(x, 2∆t) · · · σ(x,Nt∆t)
]T

∈ CNt (28)

Then, the covariance matrix Cx of σx can be expanded as follows:

Cx =
Nt∑

k=1

λkψkψ
H
k (29)

where {λk}Nt
k=1 and {ψk}Nt

k=1 are the eigenvalues and the corresponding orthonormal

eigenvectors (or principle components) of Cx [31]. Using Eq. (29), we can create the following

expansion [31]:

σx =
Nt∑

k=1

ρx
kψk . (30)

for some expansion coefficients ρx = {ρx
k}Nt

k=1. It is well-known that the KLT/PCA is the

optimal energy compaction transform and that most of the energy is compacted in a small

number of expansion coefficients [31], which is an ideal property from the compressed sensing

perspective.

Note that the principle components {ψk}Nt
k=1 in Eq. (30) are data dependent, hence

they are, in fact, varying with respect to the specific x position. However, estimating

autocovariance for each x position is a very underdetermined problem due to the limited

number of measurements. Hence, assuming that the motion of the moving parts are about

the same for all x position, we can estimate the autocovariance function using measurements

from all x’s. More specifically, in our k-t FOCUSS implementation, the low resolution initial
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image can be easily obtained from training or interleaved low frequency k-space samples. This

information is used to estimate the covariance matrix Cx. Then, the principle component

{ψk}Nt
k=1 can be readily obtained using eigen-decomposition. It is important to note that

even though principal components are obtained from low spatial resolution images, the

temporal changes are not smoothed at all because we use fully sampled data along temporal

direction within limited low spatial frequency k-space in order to obtain full set of principal

components. Therefore, the KLT/PCA keeps any high temporal frequency information.

After obtaining the expansion Eq. (30), the remaining part of our k-t FOCUSS algorithm

is exactly the same as the temporal Fourier transform. More specifically, the unknown image

vector to reconstruct is the KLT coefficients given by

ρ =
[

ρ∆x ρ2∆x · · · ρNx∆x
]T

∈ CNxNt×1. (31)

and the mapping F of Eq. (7) is given by the composite mapping of 1-D DFT matrix with

the eigenvector basis from KLT/PCA. Hence, we will not elaborate on the details of the

implementation to avoid any duplicated explanation. In Section 4, we will show that the KL

transform is very effective for functional MRI analysis.

3. Implementation Issues

In [19], the influence of the training set quality in the k-t BLAST was discussed in detail.

The key observation was that the training set needs not produce a high resolution covariance

matrix estimate, and a low resolution estimate is sufficient. Such observations in [19] can

be easily explained from a FOCUSS point of view. Our previous analysis showed that Θ in

the k-t BLAST comes from the reweighted norm concept in the FOCUSS rather than the

covariance matrix. Since FOCUSS is a pruning algorithm that prunes a low resolution image

to a sparse image by reweighting the image using the previous reconstruction results, we do

not need a high resolution initial estimate of a x-f image.

Figure 1 illustrates an example of the k-t sampling pattern used in our paper. We

generated samples according to a random distribution since the basic assumption of the

compressed sensing is the use of a random sampling pattern. In order to obtain a low

resolution initial estimate without an additional training phase, a zero mean Gaussian

distribution is used to generate a random sampling pattern with more frequent k-space

samples at the spatial low frequency regions.

The whole flow chart of our k-t FOCUSS algorithm is illustrated in Figure 2. Here, the

temporal average contribution is first subtracted from k-t samples, which are then converted

to the x-f domain using the Fourier transform. The weighting matrix W at the first iteration

is then obtained from the low resolution initial estimate of x-f support using Eq. (15). In

principle, any power factor between 0.5 ≤ p ≤ 1 could be used for Eq. (15). However,

extensive simulation shows that the solution for p = 1 is too sparse, and p < 0.5 does

not effectively remove the aliasing pattern from the random sampling pattern. Hence, the
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choice of p = 0.5 seems to be optimal in many applications. After the weighting matrix is

constructed, a FOCUSS iteration step is performed. The newly calculated FOCUSS estimate

of x-f support is then again used to recalculate the W matrix. These steps are successively

applied to obtain consecutive k-t FOCUSS estimates.

As discussed in the previous section, the KL transform can be used as a sparsifying

transform. In this case, Figure 2 should be changed accordingly to reflect that the ρ is no

longer in the x-f domain. However, all the remaining reconstruction flowchart is exactly the

same.

4. Experimental Results

4.1. In Vivo Cardiac Cine Imaging

4.1.1. Methods For in vivo experiments, we have acquired 25 frames of full k-space data

from a cardiac cine of a patient using a 1.5 T Philips scanner at Yonsei University Medical

Center. The field of view (FOV) was 345.00× 270.00mm2, and the matrix size for scanning

was 256× 220, which corresponds to 220 phase encoding steps and 256 samples in frequency

encoding. In these experiments, the phase encodings direction is horizontal. The slice

thickness was 10.0 mm, and the acquisition sequence was steady-state free precession (SSFP)

with a flip angle of 50 degree and TR = 3.45msec. The heart frequency was 66 bpm, and the

retrospective cardiac gating was used. The magnitude image of this reconstructed complex

valued cardiac cine from the full k-space samples is used as a ground-truth reference image

to evaluate the reconstruction quality of k-t FOCUSS.

In the first simulation, we extracted 55 phase encodings from the full 220 phase encodings

using the Gaussian random sampling pattern, which corresponds to the reduction factor of

four. Since the downsampling was done using actual k-space measurement data, no Hermitian

symmetry was assumed. This allows us to evaluate the effects of phase variations during

the MR acquisition. Additionally, we have tested our k-t FOCUSS algorithm from a higher

reduction factor like 8x or 16x acceleration. Also, for these higher reduction factors, we

apply parallel imaging version of k-t FOCUSS to improve the results.

4.1.2. Results We have analyzed the reconstruction performance of k-t FOCUSS with

iterations. Since the downsampling is along the phase encoding direction, the aliasing

patterns along horizontal direction were observed when the cardiac cine was reconstructed

using the zero-padded Fourier transform (see Figure 3(b)). When our k-t FOCUSS algorithm

is applied to these images, more iterations significantly improve the image quality, but

after the fifth iteration, little improvement was observed, indicating that k-t FOCUSS has

converged (see Figures 4(c)-(d)). We have also illustrated the corresponding x-f supports in

the right column of Figures 3 and 4. The original x-f support is sparse. The estimated x-f

support for the fifth iteration of k-t FOCUSS is sparse and clearly catches the significant

part of the true x-f support.Additionally, we have also illustrated reconstruction results using
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the sliding window method with the window size of four in Figure 4(a). The sliding window

method was implemented as follows. First, to fill out the missing k-space samples for each

frame, the k-space data in neighboring frames were used. The window was centered on the

current frame, and the nearest k-data from the current frame within the window were used

to fill out the missing k-space samples on the current frame. After applying this procedure

for every frame, we were able to reconstruct the time varying image sequences. As shown in

Figure 4, our k-t FOCUSS results outperform it.

In order to show the difference clearly, we have calculated the difference images between

the original cardiac cine and the reconstruction results from the down sampled data.

Figure 5(a) shows the difference images between the original and reconstructed images from

the sliding window methods using the window size four. The aliasing artifacts along phase

encoding direction are observed. Figure 5 (b) shows the difference images between the

original and the first iteration of k-t FOCUSS. Here, the artifacts are still strong along

phase encoding direction. We can also observe that the artifacts at the cardiac boundary are

significant due to temporal blurring. However, at the fifth iteration of k-t FOCUSS, as shown

in Figure 5(c), the residual energy along the heart boundaries and aliasing artifacts along

phase encoding direction were mostly suppressed. To quantify the improvement, the frame-

by-frame normalized MSE plots are calculated and illustrated in Figure 6. The normalized

MSE is defined by

normalized MSE =
||ρ− ρTrue||22
||ρTrue||22

(32)

where ||·||2 denotes the L2 norm and ρ and ρTrue represent the estimated- and the true (x, f)

images, respectively. Clearly, more iterations consistently reduce the MSE for all frames, and

the k-t FOCUSS results outperform that of sliding window method with the window size of

four.

Our k-t FOCUSS algorithm has been also applied for a higher acceleration factor. As

shown in Figure 7(a), excellent reconstruction quality was observed with 8-fold acceleration.

However, for 16x acceleration, we started to see reconstruction artifacts over all the images

(see Figure 7(c)). However, these artifacts are efficiently suppressed using parallel coils (see

Figures 7(b)(d), respectively). In order to quantify these artifacts, we have also plotted an

MSE for each time frame in Figure 8. As expected, more iterations result in reconstruction

quality improvements, and parallel coils reduce the reconstruction errors.

For comparison, we have also illustrated the conventional k-t BLAST results with a

lattice sampling pattern in Figures 9(a) and (b). Clearly, at the same acceleration factor,

the wrap-around aliasing artifacts are observed in k-t BLAST reconstruction using a lattice

sampling pattern. Of course, with the careful design of a lattice sampling pattern and

sequence timing, the aliasing artifact in the k-t BLAST could be removed [16, 18]. However,

our k-t FOCUSS is robust to sequence timing and does not need the careful design of a

sampling pattern thanks to the power of the random sampling scheme.
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4.2. fMRI Experiments

4.2.1. Methods The fMRI (functional MRI) is a technique that monitors brain

hemodynamics. When a person is thinking or doing something, the nerve cells of his/her

brain are activated by consuming oxygen in the blood. This phenomenon results in changes

in the magnetic state of hemoglobin. As a consequence, we can detect a slightly different

magnetic resonance signal of blood in the brain.

For fMRI study, we designed a right finger tapping experiment using a block paradigm.

The goal of this experiment was to figure out which part of brain is activated when the right

finger moves. We asked a subject to tap the right finger when a “tap” sign appeared, and

stop tapping when a “stop” sign was presented. These tasks were periodically performed

ten times. Each right finger tapping task was performed during 21 seconds, and the resting

period between successive right finger tapping tasks was 30 seconds. Informed consent was

obtained from each volunteer. In vivo brain data were acquired using a 3.0T MRI system

manufactured by ISOL technology of Korea. A birdcage RF head coil was used for both

the RF pulse transmission and the signal detection. We have acquired 184 frames with 3

sec TR. The first 14 frames were obtained for calibration. From the 15th frame, every 17

frames show one block of the right finger tapping experiments. The acquisition sequence

was EPI with a flip angle of 80 degrees. We have obtained k-space data on a 64× 64 matrix

size. The number of slices was 35, and the thickness of each slice was 4mm. Each voxel size

was 3.4375 × 3.4375 × 4 mm3, so we could obtain a 220 × 220 mm2 Field Of View (FOV).

After we obtained the full k-space data, we used the SPM (statistical parametric mapping

[32]) toolbox on Matlab to analyze the activated parts during the right finger tapping. From

the full k-space data, we applied random downsampling to obtain partial k-space data. The

sampling pattern was similar to Figure 1. Since the downsampled data was obtained directly

from the complex valued k-space data, no Hermitian symmetry was assumed. By applying

our k-t FOCUSS algorithm for each slice, we reconstructed aliasing free 3-D brain image

sequences. Here, we used a slightly different temporal transform method from the in vivo

cardiac cine imaging experiment. As shown in Figure 10 (a), the original x-f support obtained

from fully sampled data was spread over whole frequency, so we applied the KLT/PCA to

make the signal much sparser. The principal components were calculated from low resolution

x-f support obtained using only low frequency k-space samples. As shown in Figure 10 (b),

the KLT/PCA significantly reduces the non-zero coefficients. To calculate the activated area

and compare it with the reference model, SPM toolbox was again used with exactly the same

parameters as in the full data case for the reconstructed sequences.

4.2.2. Results We have applied our k-t FOCUSS algorithm for the reduction factors of 8.

A total of five k-t FOCUSS iterations were applied. Then, we used the SPM toolbox to

analyze the activated area using the final k-t FOCUSS reconstruction results. In fact, the

SPM detection of the activated area is calculated from the slight differences of the time

varying images. Even if we have already verified our algorithm using the cardiac cine, the
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main goal of the fMRI experiment is to additionally confirm that our k-t FOCUSS can catch

even the slight differences hardly visible with the naked eye.

The reference and k-t FOCUSS reconstruction with 8x downsampling are shown in

Figures 11(a), and (b), respectively. Visually similar results were obtained. Now, we use

the SPM toolbox to calculate the activated area, as shown in Figures 12(b) for reduction

factors 8. The result in Figure 12 (a) illustrates the activated detection part from the full

k-space data, which confirms the fact that the left motor cortex is activated during right

finger tapping. We used this result as a reference model to verify the performance of our

algorithm for an fMRI study. We overlayed the activated area to the brain phantom, as

shown in the right column of Figure 12, using the SPM toolbox. The p-values for SPM

analysis was 0.05 for all the experiments. Figure 12(b) illustrates the reconstruction results

using our k-t FOCUSS at the 8-fold downsampling factor. Compared to the results obtained

from the fully sampled data, the activated areas in Figure 12(b) are somewhat weaker, but

the strongly activated parts are still correctly identified. Additionally, we also plotted the

average time curve for the activated area in Figure 13. We can see that the k-t FOCUSS

results follow that of the full data reference, as illustrated in Figure 13. To confirm the

performance improvement of k-t FOCUSS over conventional processing, we generated the

reconstruction results using only the eight lowest k-space frequency samples (i.e. 8-fold

acceleration) in Figure 12 (c), which clearly shows the blurred map of the activated area

and even indicates the activation outside of the brain. Furthermore, by comparing Figure 11

(b) and (c), we clearly see that our k-t FOCUSS algorithm shows very clear reconstruction

results, even from very limited data samples.

So far, small EPI matrix sizes were unavoidable for fMRI analysis to keep the temporal

resolution and to obtain time varying images without aliasing. As shown in Figures 11

(a),(b), and (c), the reconstructed image size is usually 64× 64. Since this size is too small

to show the accurate coordinate of the activated area on the brain, we need to up-sample

the reconstructed images to a much larger size. To map the small size image to a larger

size, a T1 image is used as a large reference brain image, as shown in Figure 11 (d). In our

experiment, a T1 image of 256× 256 size was acquired before the right finger tapping task.

As a consequence, artifacts are unavoidable during the registration with the high resolution

T1 images. However, the k-t FOCUSS algorithm could allow a larger image size during the

same TR without aliasing artifacts. Hence, we expect that k-t FOCUSS might be a valuable

tool for high resolution fMRI.

5. Discussion

5.1. Hyper Parameter Setting

There are multiple hyper parameters that affect the performance of the k-t FOCUSS, such

as the regularization factor λ in Eq. (17), the power factor p in Eq. (15), and the number

of iterations. The parameter λ controls the stability of the solution under noisy conditions.
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Figures 14 shows the reconstruction results from k-t samples from a low signal-to-noise

ratio (SNR) body coil with various λ. For a small λ, the k-t FOCUSS reconstruction results

become noisier. On the other hand, for an appropriately large λ, the noise pattern disappears

while the reconstruction becomes slightly smoothed out. For most of the high quality k-t

measurements from a real scanner, we found that λ = 0.1 performs best.

Figsure 15(a)-(b) illustrate the effects of the power factor p. If p approaches 1, the

solution becomes more sparse and only strong frequency features are reconstructed, resulting

in visually annoying artifacts, as shown in Figure 15(a). Figure 15(b) is the reconstruction

results with p = 0.5, which is the best in reconstruction quality.

5.2. Lattice Sampling Pattern

Similar to a k-t BLAST using a lattice sampling pattern, the computational complexity of

k-t FOCUSS could be greatly reduced if the (k, t) samples were obtained on the lattice.

More specifically, let us define a 2-dimensional lattice Λ as

Λ = {n1v1 + n2v2 : n1, n2 ∈ Z} (33)

where v1 and v2 are linearly independent vectors and n1, n2 are integers. Here, V = [v1,v2]

denotes the sampling matrix or basis matrix, and the sampling density is defined by 1/d(V),

where d(V) denotes the determinant of matrix V. The reciprocal lattice Λ∗ is then defined

as the lattice that has the basis matrix V∗ = V−T , where V−T denotes the transpose of the

inverse of V.

Suppose that the continuous signal υ(k, t) is sampled on lattice Λ. Then, the

corresponding 2-D Fourier transform θ(x, f) of the sampled υ(k, t) is composed of replicas

on the reciprocal lattice Λ∗ [33]:

θ

([
x

f

])
=

1

d(V)

∑
n1,n2

ρ

([
x

f

]
−V−T

[
n1

n2

])
. (34)

In operator form, Eq. (34) can be written as

θ = Mρ (35)

where M denotes the overlap index operator, whose (i, j) elements are 1 if contribution exists

from the j-th original (x, f)-pixel to the i-th aliased (x, f) pixel; otherwise it is zero. Then,

our k-t FOCUSS update equation for Eq. (35) can be simplified by

ρn = ΘnM
H

(
MΘnM

H + λI
)−1

θ (36)

or in another offset form:

ρn = ρ̄ + ΘnM
H

(
MΘnM

H + λI
)−1

(θ −Mρ̄) . (37)

Due to the special structure of the overlap index matrix M, Eqs. (36) and (37) can be

decomposed into a pixel by pixel update in the (x, f) space [16].
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However, the main weakness of such a modification of k-t FOCUSS is that the lattice

sampling pattern does not satisfy the assumption for the compressed sensing theory [20].

Hence, we can easily expect that the advantage of the k-t FOCUSS over k-t BLAST/SENSE

should not be significant in the lattice sampling pattern compared to the random sampling

pattern.

5.3. Computational Complexity

As discussed above, k-t FOCUSS is more effective for a random sampling pattern rather than

a lattice sampling pattern. However, for the random sampling pattern, the main drawback

of k-t FOCUSS is the computational burden. Note that the computational burden for the

k-t FOCUSS comes from the matrix inverse in Eqs. (16) and (17).

In order to reduce the computational burden of k-t FOCUSS, the matrix inversion is

skipped by using a conjugate gradient (CG) method [34]. In CG, the most important step

is the calculation of the gradient. The gradient of the cost function Eq. (12) with respect to

q is given by

∂C(q)

∂q
= −WH

n FH (υ − Fρ̄− FWρ) + λq (38)

which can be decomposed into the following consecutive steps:

Weighting: Wq (39)

2-D Fourier transform: FWq (40)

Substraction: υ − Fρ̄− FWq (41)

2-D inverse Fourier transform:FH (υ − Fρ̄− FWq) (42)

Weighting and Sum: −WHFH (υ − Fρ̄− FWq) + λq (43)

since the inverse Fourier transform is the adjoint of the fast Fourier transform. The main

computational burden comes from Eqs. (40) and (42). The fast Fourier transform (FFT),

however, may significantly relieve the computational burden of these steps. In our in vivo

cardiac experiment, the total 3D matrix size to be reconstructed was 220× 256× 25. Using

Matlab 7.0.4 on Xeon 3GHz with 2 GB RAM, it took 100 sec to reconstruct the final cardiac

cine using our k-t FOCUSS algorithm with five iterations.

6. Conclusion

Using a random k-t sampling pattern and FOCUSS algorithm, we designed a new dynamic

imaging algorithm called k-t FOCUSS, which is asymptotically optimal from the compressed

sensing theory and encompasses the celebrated k-t BLAST and k-t SENSE as special cases.

Our k-t FOCUSS does not require a training phase or a priori knowledge of x-f support.

Furthermore, thanks to the random sampling pattern, our k-t FOCUSS is robust and

insensitive to the sequence timing. We have applied our k-t FOCUSS to dynamic MR
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imaging problems, such as cardiac cine and fMRI experiments and obtained highly improved

reconstruction from severely downsampled k-space data.

Despite the surprising performance of k-t BLAST and k-t SENSE, a theoretical

explanation for their algorithm was not sufficient. Our analysis showed that k-t

BLAST/SENSE is indeed the first iteration of our k-t FOCUSS algorithm and the diagonal

covariance matrix in k-t BLAST/SENSE is actually the reweigted matrix updated from

the initial low resolution estimate. We expect that the insight we have acquired from the

development of k-t FOCUSS not only improves the quality of the k-t BLAST and k-t SENSE,

but also opens a new area of research.
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Figure Caption

Figure 1. Gaussian random sampling pattern.
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Figure 2. k-t FOCUSS reconstruction flow. In k-t FOCUSS, an estimate of the (x, f)
support is updated with iterations.
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(a)

(b)

Figure 3. In vivo cardiac cine reconstructed from (a) full k-space samples, and (b) direct
Fourier transform of zero padded measurement data. The right most column corresponds
to the corresponding x-f supports. The acceleration factor for (b) is four.
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(a)

(b)

(c)

Figure 4. In vivo cardiac cine reconstructed from (a) sliding window method with the
window size of 4, (b) k-t FOCUSS with one iteration, and (c) k-t FOCUSS with five
iterations, respectively. The highly improved parts are highlighted by white boxes. The
right most column corresponds to the corresponding x-f supports. The acceleration factor
is four.
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(a)

(b)

(c)

Figure 5. The difference images between the original cine images and reconstructions from
(a) sliding window method with the window size of 4, (b) k-t FOCUSS with one iteration,
and (c) k-t FOCUSS with five iterations, respectively. The acceleration factor is four.
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Figure 6. The MSE plots of k-t FOCUSS for in vivo cardiac data with acceleration factor
of four. (a) Comparison between the sliding window and k-t FOCUSS, and (b) k-t FOCUSS
results with respect to the number of iterations.
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(a)

(b)

(c)

(d)

Figure 7. (a) Single coil k-t FOCUSS reconstruction results with 8x acceleration factor;
(b) Five coil parallel k-t FOCUSS reconstruction with 8x acceleration factor; (c) Single coil
k-t FOCUSS reconstruction with 16x acceleration factor; (d) Five coil parallel k-t FOCUSS
reconstruction with 16x acceleration factor. Right two columns show the difference images
between the original cine images and reconstructions.
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Figure 8. MSE plots of k-t FOCUSS with 16x acceleration factor for single and 5 coils,
and with 8x acceleration factor for single and 5 coils, respectively.
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(a)

(b)

Figure 9. k-t BLAST for lattice sampling pattern from (a) 8-fold acceleration and (b) 16-
fold acceleration. The aliasing artifacts are highlighted by white boxes. Right two columns
show the difference images between the original cine images and reconstructions.
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(a)

(b)

Figure 10. (a) x-f support obtained from fully sampled data; and (b) sparse signal support
after the KL transform.
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(a) (b)

(c) (d)

Figure 11. Reconstructed volumes using (a) fully sampled k-space data, (b) k-t FOCUSS
at the 8-fold acceleration, and (c) low frequency only data at the 8-fold acceleration,
respectively. The image size for each slice is 64×64. Figure (d) shows T1 image of 256×256
size.
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(a)

(b)

(c)

Figure 12. The fMRI results for right finger tapping experiment. The activated areas
are calculated using the SPM toolbox from the reconstruction results using (a) original
fully sampled data, (b) k-t FOCUSS reconstruction at the 8-fold acceleration, and (c) low
frequency data at the 8-fold acceleration, respectively.
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Figure 13. Time curve for the right finger tapping experiments
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(a)

(b)

(c)

Figure 14. k-t FOCUSS reconstruction for 4x reduction from noisy measurements with
(a)λ = 0, (b) λ = 100, and (c) λ = 500 respectively. These results are obtained after 5
iterations.
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(a)

(b)

Figure 15. k-t FOCUSS reconstruction for 4x reduction with (a) p = 1, and (b) p = 0.5.
These results are obtained after 5 iterations.


