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ABSTRACT estimators typically incur complexity and memory requirements that

The batch least-absolute shrinkage and selection operator (Lass%r?ow as time progresses. In addition, the sparse ;lgnal may vary
th time both in its nonzero support set as well as in the values of

has well-documented merits for estimating sparse signals of intel? -
est emerging in various applications, where observations adhere fiy nonzero en'trles.
parsimonious linear regression models. To cope with linearly grow-. To cope with these chgllenge_s, th_e present paper develops _adap-
ing complexity and memory requirements that batch Lasso estimdlVe lgorithms for recursive estimation and tracking of (possibly
tors face when processing observations sequentially, the present gie-varying) sparse signals based on noisy sequential observations
per develops a recursive Lasso algorithm that can also track slowh2dN€ring to a linear regression model. The novel schemes outlined

varying sparse signals of interest. Performance analysis reveals tjgtSections 3 ands4 are tﬁrrréed recuLsive (R) IF]asso and recursliye
recursive Lasso can either estimate consistently the sparse signdf@st-squares (RLS) weighted Lasso because they constitute online

support or its nonzero entries, but not both. This motivates th&Cunterparts of the batch Lasso [9] and the weighted Lasso [11], re-

development of a weighted version of the recursive Lasso scheni@€Ctively. When the signal of interest is time-invariant, the perfor-

with weights obtained from the recursive least-squares (RLS) algdlance of R-Lasso and RLS-weighted Lasso is analyzed in Section

rithm. The resultant RLS-weighted Lasso algorithm provably esti-* tlo ass?sE consistency in estlmatl?g the supphort set afs well as the
mates sparse signals consistently. Simulated tests compare comp iue_s Oht € nonzero sparse S|gn|a entrles.hT e_selperr] ormgnc_e rg
ing alternatives and corroborate the performance of the novel algg*” s In the recursive regime complement rather nicely those derive

rithms in estimating time-invariant and tracking slow-varying signals!n [19' 11, .12] for batch estlma_tors of sSparse S|gnals.. qu robqrat-
under sparsity constraints. ing simulations are presented in Section 5 both for time-invariant

) ) ) ) and time-varying sparse signals, where comparisons are also drawn
Index Terms— Lasso, Variable Selection, Sparsity, Tracking. among R-Lasso, RLS-weighted Lasso, sparsity-unaware reeursiv
as well as sparsity-aware batch estimators. Conclusions are drawn

1. INTRODUCTION in Section 6.

Sparsity is a feature present in a plethora of natural as well as man-
made signals and systems. This is reasonable not only because na-
ture itself is parsimonious but also because simple models and pro- ) ) ) )
cessing with minimal degrees of freedom are attractive from an im&n IV x 1 vectorx is called sparse if only a few of its entries
plementation perspective. Exploitation of sparsity is critical in ap-{%n}n=1 are nonzero. Upon defining the nonzero support set of
plications as diverse as variable selection in linear regression modk @S SUppx) := {n € {1,..., N} : z, # 0}, sparsity amounts to
els for diabetes [9], image compression [4], and distributed sped@ing|suppx)| < N, where| - | denotes set cardinality. Suppose
trum sensing for cognitive radios [2]. To name a few, sparsity-awardat such a sparse signal vectois to be obtainesequentiallyirom
signal estimators include the basis pursuit and Lasso operators, the X 1 vector observationgy }-_,. These observations obey the
Dantzig selector and recent ones that appeared with the emergitf§ear regression model
area of compressive sampling; see [9, 5, 4] and referencesrthere

The aforementioned estimators entail thenorm of the signal yr=H:x+4+n., 7=12....1¢ 1)
of interest and are nonlinear functions of the available observations,
which they process in batchform using iterative linear program- Where {H.};_, are knownk x N regression matrices, and the
ming solvers. Recently, recovery of noise-free sparse signals frooise vectors{n. };_, are assumed zero mean and uncorrelated
linear projections taken one at a time until perfect reconstruction@Cross time, each with known covariance matl .
was studied in [8] along with optimal stopping rules and pertinent ~ Given{y., H.}!_, ando?, abatchapproach to estimating the
implementation issues. Many sparse signals encountered in practiggarsex is provided by the least-absolute shrinkage and selection
however, have to be estimated based on noisy observations that lgerator (Lasso) [9] — a method also known in the signal processing
come availablesequentiallyin time. For such cases, batch signal community as basis pursuit denoising [5]. This approach can be

P ™ - collaborati icipation if the C . q readily applied to the concatenated mogel= H:x + n, with
repared through collaborative participation in the Comicatons an y, = [y?7 7yz"]T and’Ht = [H?, .,H?}T (T stands for

Networks Consortium sponsored by the U. S. Army Researchriaatny un-
der the Collaborative Technology Alliance Program, Cooperahgreement
DAAD19-01-2-0011. The U. S. Government is authorized toodpce and
distribute reprints for Government purposes notwithstagdiny copyright
notation thereon.

2. PRELIMINARIES AND PROBLEM STATEMENT

transpose). The batch Lasso estimates the wanted sparse vector as

~ |1
X; = argmin §||yt — Hx||3 + Aellx]1 @)



where thel> norm in the objective function der}Votes the ordinary nth entry given by

least-squares (OLS) cost; tide norm[|x|[1 := > ", |zn| effects . .

the sparsity constraint; anki is a per‘1|al|t|y para%etelr‘whuch can be {VLe(x)}n + Asign(an), if zn 7# 0

tuned to trade off the OLS error for the number of the nonzero entrie$v J; (x)},, = {VLi(x)}n — At if 2 - 0{VL:(3)}n > A

(degree of sparsity) in the estimate [9, 5]. {VLt(x)}n +.f)‘t’ '_f Ln 3 0'{VVLE(X)}” < _/\)‘t
Albeit non-differentiable, the Lasso objective is convexijrand 0, i 2n =0, A <{VLi(x)}n < A

can be optimized using linear programming techniques [3]. ObtainwhereLt(x) = (xTRsx — 2xTr;)/2 is the differentiable OLS

ing the global optimum in (2) is thus, in principle, tractable. Unfor- cost with gradien®/ L, (x) = R.x — r;. In practice, the condition

tunately, the size of, andH. grows linearly witht in the sequen- ;. — 0 in the subgradient is replaced hy,| < § < 1, wheres is

tial setup considered here. As a result, batch Lasso solvers that inciifprescribed constant.

complexity in the order o® (KtN min(Kt, N)) per time instant, Since (5) enables online updating WL, (and thus of\.J;), it

soon become prohibitive both in terms of computational complexityfollows readily that the subgradient iterates (indexed)by
as well as in memory requirements. Additional challenges emerge

when sparse signal vectors in practice exhibit slow variations both x{T = x{V — ; VI, (Xﬁ”) (7

in their nonzero support set as well as in the values of their nonzerg . . .
entries, as time progresses. can be recursively updated at affordable complexity which does

not increase as timeprogresses. A vanishing stepsize of the form

In response Fo these chall_enges, the gqal of thls_paper is t& — a/+/i of a; = /i guarantees convergence (as- oo) to the
develop sequ_entlal and adaptlve_Lasso estimators with manag obal minimum of.J;; a; — « ensures convergence within a ball
able complexity and memory requirements that are also capable hose radius depends an

tracking slow variations in the sparse vector of intesest

Remark 1. Similar to the least mean-square (LMS) algorithm [7],

it is also possible to develop stochastic subgradient solvers of the
R-Lasso minimization problem. Those entail instantaneous sub-
gradient updates with the iteration indéxn (7) replaced by the

If the sparsity constraint is not present, the goal of adaptive estkime indext. Nonetheless, LMS-like R-Lasso solvers can afford
mation and tracking slow-varying signals adhering to a linear reenhanced adaptability as well as minimal complexity and memory

gression model can be accomplished by the well known recursivesquirements at the expense of slower convergence and steady-state
least-squares (RLS) algorithm [7, Chap. 8]. RLS yields online thesrror (misadjustment).

estimate

3. RECURSIVE LASSO

Remark 2. Whetherxii) converges pointwise or within a ball to the
RLS o~ . ) global minimizer of.J;, it can be proved that the limit 687~ ~**°
X¢ = argmmn Z B llyr — Hex|lo () ast — oo does not necessarily converge to the trueven in the
=1 time-invariant scenario [1]. This should not be surprising because

) ) ) even the batch Lasso in (2) is not guaranteed to recover the correct
wheref3 € (0, 1] is the forgetting factor chosen to window the data g, pport and at the same time estimate the nonzero entriesaf-

employed in forming the estimator, and thus strike a balance besistently [11, 6]. Such a shortcoming was recently overcome for
tween controlling convergence (to the truevhen the latter is time-  ihe patch Lasso by [11, 12], and motivates the novel RLS-weighted

invariant) and the ability to track slow variations¥n (Recall that | 5550 approach outlined next for adaptive estimation and tracking
whenx is time-invariant, choosing = 1 can render RLS equivalent g jications involving sparse signals.

to the batch OLS.)
Motivated by RLS, consider decomposing the Lasso cost in (2)

and including the forgetting factor to obtain 4. PERFORMANCE AND RLS-WEIGHTED LASSO

As the nonzero support set is unknown, performance analysis of
I . 5 sparse signal estimators is distinct from and far more challenging
Ji(x) = 2 Z B Mlyr — Haxlz + Adflx]la - @ thanthe performance of OLS and RLS estimators. For Lasso estima-
=1 tors in particular, one intuitively expects that performance properties
should also depend on the penalty paramaterThe first desirable
property of a sparse signal estimafqrpertains to (strong) support
consistency, which requires

Arecursive Lasso algorithm (referred as R-Lasso) can then lghsou
to find iteratively the estimat®*~L**° = arg miny J;(x). To this
end, one can rewrite (4) ak(x) = (a; + x  Rix — 2x71,)/2 +

Aellx||1, wherea, :== 3¢ _ 8" "y Ty, =30 BT H y, Jim Prob[suppx,) = supfx)] = 1 8)
andR; := 3!, B*""HIH,. Again similar to RLS, these quan- o
tities can be updated recursively using the iterations while the second property demands (weak) estimation (a¥(3.
consistency, i.e., with denoting convergence in distribution
p— T o~ _
T gty VE[S« (R0) = 82 (0] —u N O 1. 57 (©)
Rt = /BRt—l + Ht Ht . (5)

whereS, (x') : RN — RIS js an operator selecting only the
entries ofx’ corresponding teupp(x) and X is a positive defi-

nite matrix. Because both properties entail the nonzero support set,
IW_hich is unknown, they are termexdlacle propertieg6, 11, 10].

Different from RLS however, gradient-based minimization/efx)

is impossible because tle norm is non-differentiable. A possible
bypass in such cases is offered by subgradient-based iterative mi
mizers [3, p. 620]. In the present context, the subgradient vector ha *Proofs are omitted due to space limitations but can be fount]in [
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Fig. 1. Squared estimation error whearis time-invariant. Fig. 2. Squared estimation error wheatis slow-varying.

As alluded to in Remark 2, extending the performance analysi®roposition 2. If the forgetting factor is chosen a = 1 and the
results of [6] for the batch setup, we have proved that the followingoenalty parametei; is selected to grow faster thayft but slower
holds in the sequential regime wheris time-invariant [1]. thant with 4 = A:/t, the RLS-weighted Lasso estimator(ir2)

satisfies the oracle properti€8) and (9).
Proposition 1. There exists no\; for which R-Lasso can satisfy
simultaneously8) and(9). Moreover, if\; grows faster than/z but The ensuing remark discusses performance issues when
slower thant and the irrepresentable condition in [10] is met, then allowed to be slowly time-varying.
R-Lasso can guarante@) but not(9). Finally, with \; o /% the
limitin (8) is strictly less than one but R-Lasso estimates are at leasRemark 3. To endow R-Lasso and RW-Lasso with tracking capabil-
asymptotically unbiased. ities, 8 must be chosen less than one. In this case however, neither
R-Lasso nor RW-Lasso can provably guarantee the oracle proper-

In search for an alternative to obviate the mostly negative perforties. Nonetheless, if thH., matrices are orthonormal, it is possible
mance results of Proposition 1, it became apparent that one should express the two estimates in closed form and prove that RW-Lasso
look for a penalty term that is signal dependent and weighs differoutperforms R-Lasso [1].
ently the entriegz,| in the £; norm term in (4). Generalizing the
OLS-weighted batch Lasso approach in [11, 12] to the sequential

framework herein, we thus came up with the weight function 5. SIMULATED TESTS

_ The analytical claims of Sections 3 and 4 are tested here using three
(ape — |a])+ _ B .

R (lz| = pe) + w(pe —|z[)  (10)  simulated examples.
pe Test Case 1Gaussian vector observations were generated according
whereu(-) stands for the step functiofy) .. denotes the nonnegative t02 (1) with a time-invariank and parameterd/ = 100, K = 30,

wy (|]) =

part of the quantity in parentheses; and the parameterset to - = 107 andn. ~ N(0x.1,0%Ix) for 7 = 1,2,...,200.
a = 3.7 [6]. Using (3) in this weight function, the cost in (4) with Without loss of generality, the first five entries efwere chosen
unweighted?; norm becomes equal to unity and all other entries equal to zero; i.e., $xpp=

{1,2,3,4,5} andSx(x) = [1,1,1,1,1]*. Matrix H, was formed
with entries drawn from a zero-mean Gaussian distribution with

t
JtwaLaSSD(X) Z B lyr - HTx||§ variancel /K. Settings = 1, the simulated algorithms included: (i)
T=1
N

N

the OLS; (ii) the genie-aided (GA)LS, which is the support-aware
RLS LS estimator applied to a reduced model after removing the regres-
oA w ([BER5)) |l (11)  sors corresponding to the zero entriesxof(iii) the R-Lasso with
n=1

At = y/202tlog N and the RW-Lasso with, = /202t%/3log N
and the resultant RLS-weighted Lasso (RW-Lasso) estimator i&"d #: = A:/t. Note that these choices for, and ., guaran-
given by tee that the RW-La_sso satisfies the o_racle_ properties. _The R-Lasso
%, = arg min JtRW—LaSSO(X) _ (12) and _RW-Lasso estlmat_es were obtalned |t¢_erat|vely using the sub-
x gradient method described in Section 3 with = «/+/i. Fig.
Similar to R-Lasso, the estimator in (12) can be implemented ust depicts the square-error (SE) of the estimates across time, that
ing subgradient iterations. It is slightly more complex than R-Lassds SE, := ||X; — x||3. Because it exploits sparsity, R-Lasso out-
because it requires running in parallel an RLS algorithm to supplyerforms the OLS. But it is outperformed by RW-Lasso, whose
the needed weights. In return however, the RLS-weighted Lassperformance after a certain time approaches that of GALS, thus
estimator retains the tracking advantages of R-Lasso while for timezorroborating the claim that the RW-Lasso satisfies the oracle prop-
invariantx it can be shown to enjoy the desirable asymptotic perfor-erties whenx is time-invariant.
mance guarantees, as summarized next [1]. Test Case 2 The simulation setup here aimed at estimating a
sparse signak, with time-invariant supfx,) = {1,2,3,4,5},
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Fig. 3. Time evolution of thers signal entry. Fig. 4. Time evolution of thers signal entry.

Iyelopment of an RLS-weighted (RW-) Lasso modification, which

but with slowly-varying nonzero entries, each obeying a first-orde . -
y-varying ying for proper selection of design parameters can be rendered provably

Gauss-Markov process = (1 — plren + Zt,n With
_3 P trtn ..( R) to + V/P2tn support-and amplitude-consistent for time-invariant sparse signals.
p =107°, z¢» ~ N(0,1) and initial entrieszy,, ~ N(0, 1) for : X . :
’ ’ . For time-varying sparse signals neither R-Lasso nor RW-Lasso can
n = 1,...,5. All other parameters were selected as in Test Case

) provide such double consistency guarantees, but simulated test cases
1. The same four algorithms were tested but now vitk= 0.9, demonstrated that the latter outperforms the former.

M= \/202log N\/377 ) B2 and i = A/ 300 B 7. REFERENCES
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