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DEFEGHEI JJJJJ K LFFEMNEI LONEP PEH GQGRS TTTTT
UPEQESNEI VW XXXXX

YZ[\]^_\
`a bcdefghc hai fj ikh limanmen

l1
ehompmibfa bl defdflhn jfe ikh qfcdehllhn rhalbas deftohc u vmsemasbma

nwmobix bl wlhn ba fenhe if defnwyh m nwmo mddefmyk if ikh febsbamo yfctbamifebmo deftohc fj ldmelhli ehyfghexu zh
nhnwyh jefc ikbl mddefmyk m demyibymo moiheamibas c mpbc b{mibfa c hikfn man defgbnh dehobc bamex yfcdwimibfamo
hpdhebc hail lkf| bas ikmi ikh defdflhn c hikfn fwid hejfec l ikh

l1
ehompmibfa u }~ ���� �� �� �������� � � ���������
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l1§^ ¨\�]��� ¤¡�] ¨� ¤]¡Z¨©�� ¢� ª¡�¤]�[[�¢ «��[¥�¬ ­ ®ah hpihalbfa
nh om ehompmibfa

l1
limanmen dfwe oh defto¯c h nh qfcdehllhn rhalbas hli defdfl°h u vh defto¯c h yfctbamifbeh nh

om ehykheykh n ±wah lfowibfa om d owl dmeybc fabhwlh n ±wa lxli¯c h oba°mbeh hli mddefyk° dme om nwmobi° omsemasbhaah u
²fwl n°nwblfal nh yhiih mddefykh wah ghelbfa bcdomaimtoh nh ixdh fdibc blmibfa moihea°h nh om afec h

l1
iefa³w°h

mnmdimibghc hai u ´ hl lbcwomibfal lfai de°lhai°hl fµ om c °ikfnh cfaieh wa yfcdfeihc hai cfxha chboohwe ³wh
yhowb nh om ehompmibfa

l1
lbcdoh u ¶ ~�� ����� ��� ������� � � � ��������� �� � � � ������� � ��� ������ �
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ÆÇ ÈÉÊËÌÍÎÏÊÐÌÉ

ÑÒÓÔÕÖ××ÖØ ÙÖÚ×ÛÚÜ ÝÑÙÞ Û× ß àÖÕá ÕÖâÖÚã äÖåØ Òæ æß×ã ÜÕÒç ÛÚÜ ÛÚãÖÕÖ×ã ßÚØ çèÒ×Ö ÛÓÔßâã ÒÚ âÒÚâÕÖãÖ
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ÚÖç ãÒÔÛâ Óßá ìÖ ÒìãßÛÚÖØ æÕÒÓ ãèÖ çÖì×ÛãÖ � ��� ��� ��� ���� �	
	���
	�	�
� 
�� í �èÖ æÒêÚØßãÛÒÚßå ÔßÔÖÕ
Û× ��� çèÖÕÖ ãèÖ Ó ßÛÚ ÔÕÒìåÖÓ âÒÚ×ÛØÖÕÖØ çß× ãèÖ ÒÚÖ Òæ ÕÖâÒÚ×ãÕêâãÛÚÜ ß ×ÛÜÚßå æÕÒÓ ß æÖç æÕÖéêÖÚâá
Ó Öß×êÕÖÓ ÖÚã× í ÙÛÚâÖ ãèÖÚ � ÛÓ ÔÒÕãßÚã âÒÚãÕÛìêãÛÒÚ× ãÒ ãèÖ äÖåØ èßàÖ ßÔÔÖßÕÖØ � ×ÖÖ ��� æÒÕ ß ×êÕàÖá ßÚØ
ÕÖæÖÕÖÚâÖ× ãèÖÕÖÛÚ í

� í� í ��	 ���� �	��	� �	����� � ����	�

�Ú Ó ßãèÖÓ ßãÛâßå ãÖÕÓ × � ãèÖ ÔÕÒìåÖÓ âßÚ ìÖ ×ãßãÖØ ß× æÒååÒç × í �Öã
x

ìÖ ß
k ×ÔßÕ×Ö àÖâãÒÕ ÛÚ

Rn
� Û íÖ í ß

àÖâãÒÕ ç Ûãè ÚÒ ÓÒÕÖ ãèßÚ
k

ÚÒÚ!ÖÕÒ âÒÓÔÒÚÖÚã× í �èÖ Òì×ÖÕàßãÛÒÚ× ßÕÖ ×ÛÓÔåá ÜÛàÖÚ ìá

y = Ax
Ý�Þ

çèÖÕÖ
A ∈ Rm×n

ßÚØ
m

×Ó ßåå âÒÓÔßÕÖØ ãÒ
n

� ßÚØ ãèÖ ÜÒßå Û× ãÒ ÕÖâÒàÖÕ
x

Ö"ßâãåá æÕÒÓ ãèÖ×Ö Òì×ÖÕàßãÛÒÚ× í
#ÚÖ Òæ ãèÖ Ó ßÛÚ ÔÕÒìåÖÓ × Òæ ãèÖ äÖåØ ßã Ûã× ì ÖÜÛÚÚ ÛÚÜ çß× ãèÖ âÒÚ×ãÕêâãÛÒÚ Òæ Òì×ÖÕàßãÛÒÚ Ó ßãÕÛâÖ×

A
çèÛâè

ßååÒçÖØ ãÒ ÕÖâÒàÖÕ
x

çÛãè
k

ß× åßÕÜÖ ß× ÔÒ××ÛìåÖ æÒÕ ÜÛàÖÚ àßåêÖ× Òæ
n

ßÚØ
m

� ê×ÛÚÜ âÒÚàÖ" ÒÔãÛÓ Û!ßãÛÒÚ í
�èÖ ÔÕÒìåÖÓ Òæ âÒÓÔÕÖ××ÖØ ×ÖÚ×ÛÚÜ âßÚ ìÖ ×ÒåàÖØ êÚßÓìÛÜêÒê×åá Ûæ ãèÖÕÖ Û× ÚÒ ×ÔßÕ×ÖÕ ×ÒåêãÛÒÚ ãÒ ãèÖ

åÛÚÖßÕ ×á×ãÖÓ Ý�Þ ãèßÚ
x
í �èÖÚ � ÕÖâÒàÖÕá Û× ÒìãßÛÚÖØ ìá ×ÛÓÔåá äÚØÛÚÜ ãèÖ ×ÔßÕ×Ö×ã ×ÒåêãÛÒÚ ãÒ Ý�Þ í �æ

æÒÕ ßÚá
x

ÛÚ
Rn

çÖ ØÖÚÒãÖ ìá
‖x‖0

ãèÖ
l0 ÚÒÕÓ Òæ

x
� Û íÖ í ãèÖ âßÕØÛÚßå Òæ ãèÖ ×Öã Òæ ÛÚØÛâÖ× Òæ ÚÒÚ!ÖÕÒ

âÒÓÔÒÚÖÚã× Òæ
x

� ãèÖ âÒÓÔÕÖ××ÖØ ×ÖÚ×ÛÚÜ ÔÕÒìåÖÓ Û× ÖéêÛàßåÖÚã ãÒ

min
x∈Rn

‖x‖0 s.t. Ax = y.
Ý$Þ

%Ö ØÖÚÒãÖ ìá
∆0(y)

ãèÖ ×ÒåêãÛÒÚ Òæ ÔÕÒìåÖÓ Ý$Þ ßÚØ
∆0(y)

Û× âßååÖØ ß ØÖâÒØÖÕ í �èê× � ãèÖ ÑÙ ÔÕÒìåÖÓ Û×
ß âÒÓìÛÚßãÒÕÛßå ÒÔãÛÓ Û!ßãÛÒÚ ÔÕÒìåÖÓ í & ÒÕÖÒàÖÕ � ãèÖ æÒååÒç ÛÚÜ åÖÓÓß Û× çÖåå ëÚÒçÚ í
'() ) * ÆÇÆ �+� ,-
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m× n
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∆0
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∆0(Ax) = x1 - �� .� �

x ∈ Σk 1��� 5�� .�/ �	� �- �� ��
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T
�� �/ �

�èÖ Ó ßÛÚ ÔÕÒìåÖÓ ÛÚ ãèÛ× ßÔÔÕÒßâè Û× ãèßã ÒìãßÛÚÛÚÜ
∆0(y)

Û× ÜÖÚÖÕßååá âÒÓÔêãßãÛÒÚßååá ÛÚãÕßâãßìåÖ í
ÑßÚØÖ× � 7ÒÓìÖÕÜ ßÚØ �ßÒ ×ãêØÛÖØ ãèÖ âÒÚàÖ"

l1 ÕÖåß"ßãÛÒÚ ÛÚ×ãÖßØ ßÚØ ÔÕÒàÖØ ãèßã ãèÛ× ÕÖåß"ßãÛÒÚ çÒÕë×
êÚØÖÕ ×ãÒÚÜÖÕ âÒÚØÛãÛÒÚ× ÒÚ

A
ãèßÚ ãèÖ ÒÚÖ× ÜÛàÖÚ ÛÚ �ÖÓÓß � í� æÒÕ ãèÖ ØÖâÒØÖÕ

∆0(y)
ãÒ çÒÕë í

� í$ í ��	
l1

�	�.0 .����

�èÖ Ó ßÛÚ ÔÕÒì åÖÓ ÛÚ ê×ÛÚÜ ãèÖ ØÖâÒØÖÕ
∆0(y)

æÒÕ ÜÛàÖÚ Òì×ÖÕàßãÛÒÚ×
y

Û× ãèßã ãèÖ ÒÔãÛÓ Û!ßãÛÒÚ ÔÕÒìåÖÓ
Ý$Þ Û× 89 èßÕØ ßÚØ âßÚÚÒã ÕÖß×ÒÚßìåá ì Ö Ö"ÔÖâãÖØ ãÒ ì Ö ×ÒåàÖØ ÛÚ ÔÒåáÚÒÓ Ûßå ãÛÓ Ö í �Ú ÒÕØÖÕ ãÒ ÒàÖÕâÒÓ Ö
ãè Û× ØÛ: âêåãá� ãèÖ ÒÕÛÜÛÚßå ØÖâÒØÖÕ

∆0(y)
èß× ãÒ ìÖ ÕÖÔåßâÖØ ìá ×ÛÓÔåÖÕ ÒÚÖ× ÛÚ ãÖÕÓ × Òæ âÒÓÔêãßãÛÒÚßå

âÒÓÔåÖ" Ûãáí ; ××êÓ ÛÚÜ ãèßã
A

Û× ÜÛàÖÚ � ãçÒ ÓÖãèÒØ× èßàÖ ìÖÖÚ ×ãêØÛÖØ æÒÕ ×ÒåàÛÚÜ ãèÖ âÒÓÔÕÖ××ÖØ ×ÖÚ×ÛÚÜ
ÔÕÒìåÖÓ í �èÖ äÕ×ã ÒÚÖ Û× ãèÖ ÒÕãèÒÜÚßå Ó ßãâèÛÚÜ ÔêÕ×êÛã Ý#&9 Þ ßÚØ ãèÖ ×ÖâÒÚØ ÒÚÖ Û× ãèÖ

l1 ÕÖåß"ßãÛÒÚ
çèÛâè âÒÚ×Û×ã× Òæ ÕÖÔåßâÛÚÜ ãèÖ

l0 ÚÒÕÓ ìá ãèÖ âÒÚàÖ"
l1 ÚÒÕÓ ßÚØ ãèê× âßÚ ìÖ Ö"ÔÕÖ××ÖØ ß×

min
x∈Rn

‖x‖1 s.t. Ax = y.
Ý� Þ

�Ú ãèÖ æÒååÒç ÛÚÜ � çÖ ç Ûåå ØÖÚÒãÖ ìá
∆1(y)

ãèÖ ×ÒåêãÛÒÚ Òæ ãèÖ
l1 ÕÖåß"ßãÛÒÚ Ý� Þ í <Òãè Ó ÖãèÒØ× ßÕÖ ÚÒã

âÒÓÔßÕßìåÖ ×ÛÚâÖ #& 9 Û× ß ÜÕÖÖØá ßåÜÒÕÛãèÓ ç Ûãè âèÖßÔÖÕ âÒÓÔåÖ" Ûãá ãèßÚ ãèÖ
l1 ÕÖåß"ßãÛÒÚ çèÖÕÖß×

ãèÖ
l1

ßÔÔÕÒßâè ê×êßååá ÖÚ=Òá× ìÖããÖÕ Ô ÖÕæÒÕÓ ßÚâÖ× ÛÚ ãÖÕÓ × Òæ ÕÖâÒàÖÕá ßã ãèÖ ÔÕÛâÖ Òæ ß âÒÓÔêãßãÛÒÚßå
âÒÓÔåÖ" Ûãá ÖéêÛàßåÖÚã ãÒ ãèÖ ÒÚÖ Òæ åÛÚÖßÕ ÔÕÒÜÕßÓÓ ÛÚÜ í �ÚØÖÖØ � Ý�Þ Û× ÖéêÛàßåÖÚã ãÒ

$



min
x∈Rn

n∑

i=1

zi s.t. − z ≤ x ≤ z, and Ax = y
Ý+ Þ

çèÛâè Û× ÚÒãèÛÚÜ ìêã ß åÛÚÖßÕ ÔÕÒÜÕßÓ í �èÖ Ó ßÛÚ ×êì×ÖéêÖÚã ÔÕÒìåÖÓ ÛÚØêâÖØ ìá ãèÛ× âèÒÛâÖ Òæ ÕÖåß"ßãÛÒÚ
Û× ãÒ ÒìãßÛÚ ×ÛÓÔåÖ ãÒ ÛØÖÚãÛæá ×ê: âÛÖÚã âÒÚØÛãÛÒÚ× ÒÚ

A
æÒÕ ãèÖ ÕÖåß"ßãÛÒÚ ãÒ ìÖ Ö"ßâã � Û íÖ í ãÒ ÔÕÒØêâÖ ãèÖ

×ÔßÕ×Ö×ã ×ÒåêãÛÒÚ ãÒ ãèÖ êÚØÖÕØÖãÖÕÓ ÛÚÖØ ×á×ãÖÓ Ý�Þ í Ùêâè ß ÚÛâÖ âÒÚØÛãÛÒÚ çß× ÜÛàÖÚ ìá ÑßÚØÖ× 7ÒÓìÖÕÜ
ßÚØ �ßÒ ��� ßÚØ Û× ÚÒç ëÚÒçÚ ß× ãèÖ îÚÛæÒÕÓ îÚâÖÕãßÛÚãá 9 ÕÛÚâÛÔåÖ ßÚØ ßå×Ò ß× ãèÖ 7Ö×ãÕÛâãÖØ �×ÒÓ ÖãÕá
9 ÕÒÔ ÖÕãá ÛÚ âÖÕãßÛÚ ÕÖâÖÚã ÔßÔÖÕ× í

�èÖ ÜÒßå Òæ ÒêÕ ÔßÔÖÕ Û× ãÒ ÔÕÖ×ÖÚã ß ÚÖç ÓÖãèÒØ æÒÕ ×ÒåàÛÚÜ ãèÖ ÑÙ ÔÕÒìåÖÓ ÜÖÚÖÕßåÛ! ÛÚÜ ãèÖ ÒÕÛÜ ÛÚßå
l1 ÕÖåß"ßãÛÒÚ Òæ ��� ßÚØ ç Ûãè Óêâè ìÖããÖÕ Ô ÖÕæÒÕÓßÚâÖ ÛÚ ÔÕßãÛâÖ ß× Ó Öß×êÕÖØ ìá ×êââÖ×× ÕßãÖ Òæ ÕÖâÒàÖÕá
àÖÕ×ê× ÒÕÛÜÛÚßå ×ÔßÕ×Ûãá

k
í

� Ç ��( � �Ê(ËÉ*ÊÐÉ�
l1

) (Ê�ÌÍ

#ÚÖ ÛÓÔÒÕãßÚã ÔÕÒìåÖÓ ßØØÕÖ××ÖØ ÛÚ ×êì×ÖéêÖÚã çÒÕë× ßÚØ ×ãÛåå Òæ ÜÕÖßã ÛÚãÖÕÖ×ã ÚÒç Û× ãèÖ ÒÚÖ Òæ
ÛÚâÕÖß×ÛÚÜ ãèÖ àßåêÖ Òæ

k
æÒÕ çèÛâè ÖàÖÕá ÒÕ ÓÒ×ã

k ×ÔßÕ×Ö ×ÛÜÚßå× âßÚ ìÖ ÕÖâÒÚ×ãÕêâãÖØ Ö"ßâãåá æÒÕ ß
ÜÛàÖÚ ÔßÛÕ

(n, m)
í %Ö ÚÒç ÔÕÖ×ÖÚã ß ÜÖÚÖÕßåÛ!ßãÛÒÚ Òæ ãèÖ

l1
ÕÖåß"ßãÛÒÚ çèÛâè çÖ âßåå ãèÖ ; åãÖÕÚßãÛÚÜ

l1ÕÖåß"ßãÛÒÚ � çÛãè ìÖããÖÕ Ö"ÔÖÕÛÓ ÖÚãßå Ô ÖÕæÒÕÓßÚâÖ× ãèßÚ ãèÖ ×ãßÚØßÕØ
l1

ÕÖåß"ßãÛÒÚ í

$ í� í � 	�
��� ���� �- �� 	 � 	�� ��

$ í� í� í ��	 �.� �.�� �.� �
.�
7Öâßåå ãèßã ãèÖ ÔÕÒìåÖÓ Òæ Ö"ßâã ÕÖâÒÚ×ãÕêâãÛÒÚ Òæ ×ÔßÕ×Ö ×ÛÜÚßå× âßÚ ìÖ ×ÒåàÖØ ê×ÛÚÜ

∆0
ßÚØ �ÖÓÓß

� í� í �Öã ê× ×ãßÕã ìá çÕÛãÛÚÜ ØÒçÚ ÔÕÒìåÖÓ Ý$Þ � ãÒ çèÛâè
∆0

Û× ãèÖ ×ÒåêãÛÒÚ Ó ßÔ � ß× ãèÖ æÒååÒç ÛÚÜ ÖéêÛàßåÖÚã
ÔÕÒìåÖÓ

max
z∈{0,1}n,x∈Rn

etz s.t. zixi = 0, i = 1, . . . , n, Ax = y
Ý�Þ

çèÖÕÖ
e

ØÖÚÒãÖ× ãèÖ àÖâãÒÕ Òæ ßåå ÒÚÖ× í 	ÖÕÖ ×ÛÚâÖ ãèÖ ×êÓ Òæ ãèÖ
zi 


× Û× Ó ß" ÛÓ Û!ÖØ � ãèÖ àßÕÛßìåÖ
z

Ôåßá×
ãèÖ ÕÒåÖ Òæ ßÚ ÛÚØÛâßãÒÕ æêÚâãÛÒÚ æÒÕ ãèÖ ÖàÖÚã ãèßã

xi = 0
í �èÛ× ÔÕÒìåÖÓ Û× âåÖßÕåá ÚÒÚâÒÚàÖ" ØêÖ ãÒ ãèÖ

éêßØÕßãÛâ ÖéêßåÛãá âÒÚ×ãÕßÛÚã×
zixi = 0, i = 1, . . . , n

í 	ÒçÖàÖÕ � ãèÖ×Ö âÒÚ×ãÕßÛÚã× âßÚ ìÖ Ó ÖÕÜÖØ ÛÚãÒ ãèÖ
êÚÛéêÖ âÒÚ×ãÕßÛÚã

‖D(z)x‖1 = 0
� åÖßØÛÚÜ ãÒ ãèÖ æÒååÒç ÛÚÜ ÖéêÛàßåÖÚã ÔÕÒìåÖÓ

max
z∈{0,1}n,x∈Rn

etz s.t. ‖D(z)x‖1 = 0, Ax = y.
Ý� Þ

�ßÜÕßÚÜÛßÚ ØêßåÛãá Û× ß àÖÕá âÒÚàÖÚ ÛÖÚã æÕßÓ ÖçÒÕë æÒÕ ìêÛåØÛÚÜ âÒÚàÖ" ÕÖåß"ßãÛÒÚ× ãÒ èßÕØ ÚÒÚâÒÚàÖ"
ÒÔãÛÓ Û!ßãÛÒÚ ÔÕÒì åÖÓ × ß× ØÖÓÒÚ×ãÕßãÖØ ÛÚ ��� í �Ú ãèÛ× æÕßÓ ÖçÒÕë � ×ÒÓ Ö âÒÚ×ãÕßÛÚã× ßÕÖ ëÖÔã ÛÓÔåÛâÛã
çèÖÕÖß× ãèÖ ÒãèÖÕ× ßÕÖ Ö"ÔåÛâÛãÖåá ÛÚâÒÕÔÒÕßãÖØ ÛÚãÒ ãèÖ �ßÜÕßÚÜÖ æêÚâãÛÒÚ í #ÔãÛÓ Û! ÛÚÜ ãèÖ åßÜÕßÚÜÖ
æêÚâãÛÒÚ ÛÚ ãèÖ ÔÕÛÓ ßå àßÕÛßìåÖ× � Ö íÜ í

x
ßÚØ

z
ÛÚ Ý�Þ � ÜÛàÖ× ß Øêßå æêÚâãÛÒÚ Òæ ãèÖ �ßÜÕßÚÜÖ ÓêåãÛÔ åÛÖÕ× í �èÖ

Ó ßÛÚ =ê×ãÛäâßãÛÒÚ Òæ ãèÖ �ßÜÕßÚÜÛßÚ ßÔÔÕÒßâè Û× ãèßã ÒÔãÛÓ Û! ÛÚÜ ãèÖ Øêßå æêÚâãÛÒÚ Û× ß âÒÚàÖ" ÔÕÒìåÖÓ
ßÚØ âßÚ ãèê× ì Ö ×ÒåàÖØ Ö: âÛÖÚãåá ÓÒ×ã Òæ ãèÖ ãÛÓ Ö í �Ú ãèÖ âß×Ö Òæ ß Ó ß" ÛÓ Û!ßãÛÒÚ ãáÔÖ ÛÚÛãÛßå ÔÕÒìåÖÓ � ãèÖ
ÒÔãÛÓ ßå àßåêÖ Òæ ãèÖ Øêßå ÔÕÒìåÖÓ Û× ßÚ êÔÔÖÕ ìÒêÚØ ãÒ ãèÖ ÒÔãÛÓ ßå àßåêÖ Òæ ãèÖ ÒÕÛÜÛÚßå ÔÕÒìåÖÓ í �èÛ×
ÔÕÒÔ ÖÕãá Û× âßååÖØ çÖßë ØêßåÛãáí & ÒÕÖÒàÖÕ � ãèÛ× ÒÔãÛÓ ßå êÔÔÖÕ ìÒêÚØ âßÚ ìÖ ×èÒçÚ ãÒ ìÖ àÖÕá ×èßÕÔ ÛÚ
×ÒÓ Ö ÛÓÔÒÕãßÚã ÛÚ×ãßÚâÖ× åÛëÖ ãèÖ & ß" Ñêã ÔÕÒìåÖÓ ��� í 
 ÖâÛØÛÚÜ ãèÖ ßÔÔÕÒÔÕÛßãÖ âÒÓìÛÚßãÛÒÚ Òæ ÛÓÔåÛâÛã
ßÚØ Ö"ÔåÛâÛã âÒÚ×ãÕßÛÚã× âßÚ ìÖ éêÛãÖ ãÕÛâëá ßÚØ ãèÖÕÖ ßÕÖ æÖç ÜÖÚÖÕßå ÕêåÖ× í ÑèÒÒ×ÛÚÜ ãÒ Ó ßëÖ ãèÖ èßÕØ
âÒÚ×ãÕßÛÚã× Ö"ÔåÛâÛã ÒæãÖÚ ÜÛàÖ× ãÛÜèãÖÕ ìÒêÚØ× ÛÚ ÜÖÚÖÕßå ßã ãèÖ ÔÕÛâÖ Òæ âÒÓÔêãßãÛÒÚßååá èßÕØÖÕ âÒÚàÖ"
ÕÖåß"ßãÛÒÚ× í �èÖ ÓßÛÚ Ö"ßÓÔåÖ æÒÕ ×êâè ÔèÖÚÒÓ ÖÚÒÚ Û× ãèÖ ÛÚãÖÜÖÕ ÔÕÒÜÕßÓÓ ÛÚÜ ÔÕÒìåÖÓ ÛÚ

n
àßÕÛßìåÖ×

�



æÒÕ çèÛâè ëÖÖÔÛÚÜ ãèÖ âÒÓìÛÚßãÒÕÛßå âÒÚ×ãÕßÛÚã× ÛÓÔåÛâÛã åÖßØ× ãÒ ßÚ Öß×á åÛÚÖßÕ ÔÕÒÜÕßÓÓ ÛÚÜ ÔÕÒìåÖÓ ÛÚ
Rn

çèÖÕÖß× ÓßëÛÚÜ ãèÖÓ Ö"ÔåÛâÛã Ü ÛàÖ× ß ×ÖÓ ÛØÖäÚÛãÖ ÔÕÒÜÕßÓÓ ÛÚÜ ÝÙ
9 Þ ÔÕÒìåÖÓ ÛÚ
Sn

� ãèÖ âÒÚÖ Òæ
ÔÒ×ÛãÛàÖ ×ÖÓ ÛØÖäÚÛãÖ ÕÖßå Ó ßãÕÛâÖ× Òæ ÒÕØÖÕ

n
� ×ÖÖ ��� æÒÕ ßÚ ÛÚ ØÖÔãè ãÕÖßãÖÓ ÖÚã í

�êÕÚÛÚÜ ìßâë ãÒ ÔÕÒìåÖÓ Ý� Þ ßÚØ � æÒÕ ãèÖ ÔêÕÔÒ×Ö Òæ ëÖÖÔ ÛÚÜ ãèÖ âÒÓÔêãßãÛÒÚßå âÒÓÔåÖ" Ûãá åÒç � âèÒÒ×ÛÚÜ
ãÒ ëÖÖÔ ãèÖ âÒÚ×ãÕßÛÚã×

Ax = y
ßÚØ

z ∈ {0, 1}n
ÛÓ ÔåÛâÛã � ãèÖ �ßÜÕßÚÜÛßÚ æêÚâãÛÒÚ Û× ÜÛàÖÚ ìá

L(x, z, u) = etz − u‖D(z)x‖1
Ý�Þ

çèÖÕÖ
D(z)

Û× ãèÖ ØÛßÜÒÚßå Ó ßãÕÛ" çÛãè ØÛßÜÒÚßå àÖâãÒÕ Öéêßå ãÒ
z
í �èÖ Øêßå æêÚâãÛÒÚ Ýç Ûãè àßåêÖ× ÛÚ

R ∪+∞
Þ Û× ØÖäÚÖØ ìá

θ(u) = max
z∈{0,1}n, x∈Rn, Ax=y

L(x, z, u)
Ý� Þ

ßÚØ ãèÖ Øêßå ÔÕÒìåÖÓ Û×

inf
u∈R

θ(u).
Ý� Þ

8ÒãÛâÖ ãèßã Ûæ
u < 0

ãèÖÚ
θ(u) = +∞

í �èÖ Ó ßÛÚ ÔÕÒìåÖÓ ç Ûãè ãèÖ Øêßå ÔÕÒì åÖÓ Ý� Þ Û× ãèßã ãèÖ ×ÒåêãÛÒÚ×
ãÒ Ý� Þ ßÕÖ ß× ØÛ: âêåã ãÒ ÒìãßÛÚ ß× ãèÖ ×ÒåêãÛÒÚ Òæ ãèÖ ÒÕÛÜ ÛÚßå ÔÕÒìåÖÓ Ý� Þ ì Öâßê×Ö Òæ ãèÖ ÚÒÚâÒÚàÖ" Ûãá Òæ
ãèÖ �ßÜÕßÚÜÛßÚ æêÚâãÛÒÚ

L
í

$ í� í$ í � � �.
��
.� .��	��.��3	

êÖ ãÒ ãèÖ ØÛ: âêåãá Òæ âÒÓÔêãÛÚÜ ãèÖ Øêßå æêÚâãÛÒÚ

θ
� ãèÖ ÛÚãÖÕÖ×ã Òæ ãèÖ �ßÜÕßÚÜÛßÚ Øêßå ×ÖÖÓ × ßã

äÕ×ã ãÒ ì Ö Òæ ÔêÕÖ ãèÖÒÕÖãÛâßå ÚßãêÕÖ ÒÚåáí �Ú ãèÛ× ×ÖâãÛÒÚ � çÖ ÔÕÒÔÒ×Ö ß ×ÛÓÔåÖ ìêã ×êìÒÔãÛÓ ßå ßåãÖÕÚßãÛÚÜ
Ó ÛÚ ÛÓ Û!ßãÛÒÚ ßÔÔÕÒßâè í
� (ÏÌ�(ËÐÉ� Ê�(

l1
Ë( �*�*ÊÐÌÉ í % èÖÚ çÖ ä"

u > 0
ßÚØ çÖ ÕÖ×ãÕÛâã

z
ãÒ ãèÖ àßåêÖ

z = e
� ×ÒåàÛÚÜ ãèÖ

ÔÕÒìåÖÓ

θ(u) = max
z=e, x∈Rn, Ax=y

L(x, z, u)
Ý�� Þ

ÜÛàÖ× Ö"ßâãåá ãèÖ ×ÒåêãÛÒÚ
∆1(y)

Òæ ãèÖ
l1

ÕÖåß"ßãÛÒÚ í
��( ��Ê(ËÉ*ÊÐÉ�

l1
Ë( �*�*ÊÐÌÉ í �ÕÒÓ ãèÖ �ßÜÕßÚÜÛßÚ ØêßåÛãá ãèÖÒÕá ßìÒàÖ � Ûã Ó ßá ìÖ ×êÔÖâãÖØ ãèßã

ß ì ÖããÖÕ ÕÖåß"ßãÛÒÚ ãèßÚ ãèÖ ÔåßÛÚ
l1

ÕÖåß"ßãÛÒÚ âßÚ ìÖ ÒìãßÛÚÖØ ìá ãÕáÛÚÜ ãÒ ÒÔãÛÓ Û!Ö ãèÖ �ßÜÕßÚÜÛßÚ
ÖàÖÚ ÛÚ ß ×êìÒÔãÛÓ ßå Ó ßÚÚÖÕ í

���ÌËÐÊ�) Æ ; åãÖÕÚßãÛÚÜ
l1

ßåÜÒÕÛãèÓ Ý; åã l1 Þ
ÈÉ�ÎÊ

u > 0
ßÚØ

L ∈ N∗

z
(0)
u = e

x
(0)
u ∈ maxx∈Rn, Ax=y L(x, z(0), u)

l = 1
	� Ð�(

l ≤ N
ÍÌ

z
(l)
u ∈ argmaxz∈{0,1}nL(x

(l)
u , z, u)

x
(l)
u ∈ argmaxx∈Rn, Ax=yL(x, z

(l)
u , u)

l← l + 1(ÉÍ 	� Ð�(

ÎÊ�ÎÊ

z
(L)
u

ßÚØ
x

(L)
u

í

�èÖ æÒååÒç ÛÚÜ åÖÓÓß ×ßá× ãèßã ßã Ößâè ×ãÖÔ � ãèÖ ÚÖ"ã ×êÔÔÒÕã Û× äÕ×ã Ö×ãÛÓ ßãÖØ ìá ãèÕÖ×èÒåØÛÚÜ í

+



'() ) * � ÇÆ 5�� .� �
x

��
Rn 1 .�/ ���
����

z
�-

max
z∈[0,1]n

L(x, z, u)
Ý��Þ

�.���4 	� �� .�
zi = 1

�-
|xi| <

1
u

1 � �-
|xi| >

1
u

.��
zi ∈ [0, 1]
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� ËÌ Ì � í 9 ÕÒì åÖÓ Ý��Þ Û× âåÖßÕåá ×ÖÔßÕßìåÖ ßÚØ ãèÖ ×ÒåêãÛÒÚ âßÚ ìÖ Öß×Ûåá âÒÓÔêãÖØ âÒÒÕØÛÚßãÖç Û×Ö í
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z ∈ {0, 1}n
�� �� 	 
��� 
�.���� �-

z
(l)
u


.� �	 �	�.0 	� ��
z ∈ [0, 1]n

� � � . 
���	2
	�
	1 � 	 � ./ 
��
�
�	 �� .� 	.
� ��	� �- �� 	 .�� ������ �� 
��� 
�.��	 �� � ��/��� �.�
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$ í$ í �� 	� � ����	��

�ÖßàÛÚÜ ß×ÛØÖ ãèÖ �ßÜÕßÚÜÛßÚ Øêßå ÔÕÒìåÖÓ æÒÕ ãèÖ ÓÒÓÖÚã � ß æêååá ÕÛÜÒÕÒê× ßÚßåá×Û× Òæ ãèÖ ÕêØÛÓ ÖÚ  ãßÕá ; åãÖÕÚßãÛÚÜ
l1

ßåÜÒÕÛãèÓ ×ÖÖÓ × éêÛãÖ âèßååÖÚÜÛÚÜ ßåÕÖßØáí 	ÒçÖàÖÕ � çÖ èßàÖ ãèÖ ãçÒ æÒååÒç ÛÚÜ ìß×Ûâ
ÔÕÒÔ ÖÕãÛÖ× 	

 �ßëÛÚÜ ãèÖ ×êìÒÔãÛÓ ßå âèÒÛâÖ

z
(l)
u = e

ßã Ößâè ×ãÖÔ
l

ÜÛàÖ× ãèÖ ×ãßÚØßÕØ
l1

ÕÖåß"ßãÛÒÚ í

 î×ÛÚÜ �ÖÓÓß $ í�� ãèÖ âÒÓÔêãßãÛÒÚ Òæ

x
(l)
u

ìÖâÒÓÖ×

x(l)
u ∈ argmaxx∈Rn, Ax=y

∑

i s.t.(z
(l)
u )i=1

|xi|,
Ý�$Þ

ßÚØ ãèê× � ãèÖ ÚêÓìÖÕ Òæ âÒÓÔÒÚÖÚã× Òæ
x

ãßëÖÚ ÛÚãÒ ßââÒêÚã ÛÚ ãèÖ
l1

Òì = ÖâãÛàÖ æêÚãÛÒÚ ç Ûåå èÒÔÖæêååá
ìÖ åÒçÖÕ ãèßÚ

n
í

<ß×ÖØ ÒÚ ãèÛ× � Ûæ ÒÚÖ Û× ßååÒçÖØ ãÒ Ö"ÔÖâã ãèßã Ó ÛÚÛÓ Û! ÛÚÜ ãèÖ
l1 ÚÒÕÓ ÒàÖÕ ß ×Ó ßååÖÕ ×Öã Òæ âÒÓÔÒÚÖÚã×

ÛÚâÕÖß×Ö× ãèÖ ÚêÓìÖÕ Òæ ØÖãÖâãÖØ !ÖÕÒ âÒÓÔÒÚÖÚã× � ãèÖ ; åãÖÕÚßãÛÚÜ
l1

ßÔÔÕÒßâè ×èÒêåØ ÛÓÔÕÒàÖ ÒàÖÕ ãèÖ
ÔåßÛÚ

l1
í �ã Û× ßÚ ÒÔÖÚ ÔÕÒìåÖÓ èÒçÖàÖÕ ãÒ çÕÛãÖ ß ÔÕÖâÛ×Ö éêßÚãÛãßãÛàÖ ÕÖ×êåã ×êÔÔÒÕãÛÚÜ ãè Û× ÛÚãêÛãÛÒÚ í

;ÚÒãèÖÕ ÛÓÔÒÕãßÚã éêÖ×ãÛÒÚ çÒêåØ ìÖ ãÒ ëÚÒç çèÖÚ ãèÖ ßåãÖÕÚßãÛÚÜ ÔÕÒ âÖØêÕÖ ØÒÖ× ÔÕÒàÛØÖ ß ×ÒåêãÛÒÚ
ãÒ ãèÖ ÒÔãÛÓ Û!ßãÛÒÚ ÔÕÒìåÖÓ ÛÚ ãèÖ àÖÕá ØÖäÚÛãÛÒÚ Ý�Þ Òæ

θ
ÛÚ ãèÖ âß×Ö çèÖÕÖ ãèÖ ÚêÓìÖÕ Òæ ÛãÖÕßãÛÒÚ×

LÜÒÖ× ãÒ
+∞

� ßÚØ çèÖÚ ßÚ
ε ßÔÔÕÒ" ÛÓ ßãÖ ×ÒåêãÛÒÚ âßÚ ìÖ Ö"ãÕßâãÖØ æÕÒÓ ãèÛ× ×ÖéêÖÚâÖ ç ÛãèÛÚ ÔÒåáÚÒÓ Ûßå

ãÛÓ Ö í <ß×ÖØ ÒÚ ×êâè ÕÖ×êåã× � ÒÚÖ âÒê åØ ×ßæÖåá ãÕá ßÚØ ÜÖÚÖÕßåÛ!Ö ãèÖ ßÔÔÕÒßâè ìá ß××Ò âÛßãÛÚÜ ß �ßÜÕßÚÜÖ
ÓêåãÛÔåÛÖÕ ãÒ Ößâè âÒÚ×ãÕßÛÚã

|xizi| = 0
ßÚØ ßããßâë ãèÖ ÕÖ×êåãÛÚÜ �ßÜÕßÚÜÛßÚ Øêßå ÔÕÒìåÖÓ ê×ÛÚÜ ÓÒØÖÕÚ

ÚÒÚ ×Ó ÒÒãè ÒÔãÛÓ Û!ßãÛÒÚ ßåÜÒÕÛãèÓ × ×êâè ß× ìêÚØåÖ Ó ÖãèÒØ× ��� í
#ÚÖ æêÕãèÖÕ ÕÖÓ ßÕë ãèßã ÚÖÖØ× ãÒ ìÖ Ó ßØÖ Û× ãèßã � âÒÚãÕßÕÛåá ãÒ ãèÖ Ù
9 ßÔÔÕÒßâè æÒÕ âÒÓìÛÚßãÒÕÛßå

ÔÕÒìåÖÓ × � çÖ âèÒ×Ö ãÒ ëÖÖÔ ãèÖ âÒÓìÛÚßãÒÕÛßå âÒÚ×ãÕßÛÚã× ÛÓÔåÛâÛã í �èê× � ÒêÕ ßÔÔÕÒßâè ×ãÛåå åÖã× ÔÒ××ÛìåÖ
ãèÖ ÒÔãÛÒÚ Òæ ÛÚâÒÕÔÒÕßãÛÚÜ ãèÖ×Ö âÒÚ×ãÕßÛÚã× ÛÚãÒ ãèÖ �ßÜÕßÚÜÖ æêÚâãÛÒÚ ßÚØ ÒìãßÛÚ ß ÕÛâèÖÕ Øêßå æêÚâãÛÒÚ
ç Ûãè Ó ßáìÖ ìÖããÖÕ ×ÒåêãÛÒÚ× ãèßÚ ãèÖ ÔÕÖ×ÖÚã ÕêØÛÓ ÖÚãßÕá ßåãÖÕÚßãÛÚÜ

l1
ßÔÔÕÒßâè í �êÕãèÖÕ ÛÚàÖ×ãÛÜßãÛÒÚ×

×èÒêåØ ìÖ Ó ßØÖ ÛÚ ãèÛ× ØÛÕÖâãÛÒÚ ÛÚ ÒÕØÖÕ ãÒ ØÖâÛØÖ çÖãèÖÕ ãèÖ ÛÚâÕÖß×Ö ÛÚ âÒÓÔêãßãÛÒÚßå âÒÓÔåÖ" Ûãá
ÛÚØêâÖØ ìá ×êâè ß ÜÖÚÖÕßåÛ!ßãÛÒÚ Û× çÒÕãèçèÛåÖ í

$ í� í � ���	 �.��� 	0� 	��� 	���

ÑÒÓÔßÕÛ×ÒÚ ìÖãçÖÖÚ ãèÖ ×êââÖ×× ÕßãÖ Òæ
`1

ßÚØ ; åãÖÕÚßãÛÚÜ
`1

Û× ×èÒçÚ ÛÚ � ÛÜêÕÖ � í #ÔãÛÓ Û!ßãÛÒÚ
Òæ ãèÖ �ßÜÕßÚÜÖ ÓêåãÛÔåÛÖÕ

u
çß× ÔÖÕæÒÕÓ ÖØ ê×ÛÚÜ âÒßÕ×Ö ØÛâèÒãÒÓ Ûâ ×ÖßÕâè ßÚØ çÖ äÚßååá ê×ÖØ

u =
3

êÚÛæÒÕÓ åá ÒàÖÕ ßåå Ö"ÔÖÕÛÓ ÖÚã× ÛÚ ÒÕØÖÕ ãÒ ÕÖØêâÖ ãèÖ ×ÛÓêåßãÛÒÚ


× âÒÓÔåÖ" Ûãá� ëÖÖÔÛÚÜ èÒçÖàÖÕ ÛÚ

Ó ÛÚØ ãèßã Ö"ÔÖÕÛÓ ÖÚã çÛ×Ö ÒÔãÛÓ Û!ßãÛÒÚ Òæ
u

×èÒêåØ ÜÛàÖ ì ÖããÖÕ ÕÖ×ê åã× � ÖàÖÚ ãèÒêÜè ÔÕÒìßìåá ÚÒã Óêâè
ìÖããÖÕ í %Ö ßå×Ò âèÒ×Ö ãèÖ àßåêÖ

L = 4
ÛãÖÕßãÛÒÚ× ÛÚ ãèÖ ; åãÖÕÚßãÛÚÜ

l1
ÛÚ ÒÕØÖÕ ãÒ Ó ßëÖ æßÛÕ âÒÓÔßÕÛ×ÒÚ

�



çÛãè <ÒáØ � ÑßÚØÖ× ßÚØ %ßëÛÚ


× ÕÖâÖÚã ÔÕÒÔÒ×ßå �$� âßååÖØ ãèÖ 7ÖçÖÛÜèãÖØ

l1
ÕÖåß"ßãÛÒÚ í #êÕ ÔÕÒÔÒ×ßå

ÒêãÔ ÖÕæÒÕÓÖØ ìÒãè ãèÖ ÔåßÛÚ
l1

ßÚØ ãèÖ 7ÖçÖÛÜèãÖØ
l1

ÕÖåß"ßãÛÒÚ× æÒÕ ãèÖ ÜÛàÖÚ Øßãß ×Û!Ö× í & ÒÕÖÒàÖÕ �
çÖ ßå×Ò Òì×ÖÕàÖØ ãèßã ãèÖ ÒÔãÛÓ ßå àßåêÖ Òæ

z(l) çß× ÓÒ×ã Òæ ãèÖ ãÛÓ Ö ÒìãßÛÚÖØ ßæãÖÕ ãèÖ äÕ×ã ×ãÖÔ Òæ
ãèÖ ßåãÖÕÚßãÛÚÜ ÔÕÒ âÖØêÕÖ ßÚØ ãèê× � çÖ âÒêåØ ß× çÖåå èßàÖ ãßëÖÚ

L = 1
ÓÒ×ã Òæ ãèÖ ãÛÓ Ö � ØÛàÛØÛÚÜ ÛÚ

ãè Û× çßá ìá æÒêÕ ãèÖ âÒÓÔêãßãÛÒÚßå Ö�ÒÕã çèÖÚ âÒÓÔßÕÖØ ãÒ ÑßÚØÖ× � %ßëÛÚ ßÚØ <ÒáØ


× 7 ÖçÖÛÜèãÖØ

l1ÕÖåß"ßãÛÒÚ í �êÕãèÖÕ Ö"ÔÖÕÛÓ ÖÚã× ßÕÖ âêÕÕÖÚãåá ìÖÛÚÜ ÔÖÕæÒÕÓ ÖØ ÛÚ ÒÕØÖÕ ãÒ Ö"ÔåÒÕÖ ãèÖ ÔÕßâãÛâßå Ö: âÛÖÚâá
Òæ ãèÖ ; åãÖÕÚßãÛÚÜ

l1
ßÔÔÕÒßâè ÛÚ ÜÕÖßãÖÕ ØÖãßÛå× í

l1
+

weighted l1
×

alt l1♦
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l1
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