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Abstract pointwise sampling with linear measurements, and postpone
the measurement and compression cost until recovery time.
More precisely, define a signal to kesparse if it hag non-

In this paper, we provide theoretical results to show ( I )
zero entries. Note that the position of these non-zeroemntri

thatcompressed learnindearning directly in the

compressed domain, is possible. In Particular, we
provide tight bounds demonstrating that the linear
kernel SVM’s classifier in the measurement do-
main, with high probability, has true accuracy close
to the accuracy of the best linear threshold clas-
sifier in the data domain. We show that this is
beneficial both from the compressed sensing and
the machine learning points of view. Furthermore,
we indicate that for a family of well-known com-
pressed sensing matrices, compressed learning is
universal, in the sense that learning and classifica-
tion in the measurement domain works provided
that the data are sparse in some, even unknown,
basis. Moreover, we show that our results are also
applicable to a family of smooth manifold-learning
tasks. Finally, we support our claims with experi-
mental results.

are totally unknown, and twk-sparse signals can totally dif-
fer at the position of their non-zero entries. The only infor
mation about &-sparse signal is that it has onlynon-zero
entries.

The goal of compressed sensing is then to provide an
n measurement matrid, with the number of measurements
m as small as possible, together with a recovery algorithm
A such that for anyi-sparse signat € R™, A can recover
x from its measuremertt = Ax.

As aresult, compressed sensing provides an efficient trans-
form to the measurement domain, while the recovery algo-
rithm provides a way to return to the data domain;

However, in many applications we would like to manip-
ulate the data in the measurement domain. For instance,
in radar applications, reconstruction of a signal from sens
data is not the ultimate goal. Rather one wishes to evaluate a
function of the signal that, for example, indicates whetirer

not the signal is consistent with a target signature. Thigslae
pattern recognition directly in the measurement domain.
Another application of classification in the measurement
domain is the data streaming problem in which compressed
A general strategy for tackling many machine learning and sensing hardwares, such as single pixel cameras [11], send
signal processing problems is first transforming fromtheda compressed images to a central server with a high domain.
domain to some appropriate measurement domain, and themhe server, on the other hand, is only interested in a few
perform the filtering or classification task in the measure- types of signals with special patterns such as alarms and
ment domain. Examples are transformation to the Fourier anomalies. The anomaly can be detected easily in the data
domain followed by low pass filtering, or kernel methods domain based on changes at the wavelet coefficients; hence,
[1, 2] to go to higher domains and then use linear classi- we would like to be able to find these patterns directly in the
fication techniques. In many applications, the data can becompressed domain. Other applications are face detection
represented as a sparse vector in a much higher dimensiondll2, 13], and video streaming [14]. Also, in the bag of words
space. Examples are images in the wavelet domain [3, 4],model for natural language processing and text classiicati
bag of words models for text classification and natural lan- [5, 6], data has a sparse representation for which linear ker
guage processing [5, 6], sensor networks and wireless com-nel SVM’s are known to work well [15].
munication [7], and data streaming [8] . In this paper we Being able to learn in the compressed domain is benefi-
show that whenever data have sparse representation, even inial both in the compressed sensing and the machine learning
some unknown basis, compressed sensing can be used as goints of view. From the compressed sensing view-point, it
efficient one-to-one transform, preserving the learnghilf eliminates the abundant cost of recovering irrelevant;data
the problem while bypassing the computational curse of di- in other words, classification in the measurement domain is
mensionality. like a sieve and makes it possible to only recover the de-
Compressed sensing [9, 10] is a novel and efficient datasired signals, or even remove the recovery phase totally, if
acquisition technique whenever the data are sparse in a highwe are only interested in the results of classification. This
dimensional space. The idea is to replace the traditionalis like finding a needle in a compressively sampled haystack
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without recovering all the hays. From the machine learning lemma; consequently, the results provided in this paper are
view-point, compressed sensing can be regarded as efficientnore general.

universal sparse dimensionality reduction from the data do Most of the previous work on using compressed sens-
main inR" to the measurement domdii* wherem < n. ing in machine learning is either experimental [12, 13],tor i
The curse of dimensionality can be a big obstacle in machinefocuses on clustering and the principle component analysis
learning threatening the accuracy and computation time of problem [20, 21], or only deals with lazy classification algo
the classification task. Consequently, if the linear projec rithms such as nearest neighborhood classifiers [22]. # thi
tion preserves the structure of the instance space and hencpaper, we provide tight PAC-style bounds relating the per-
learnability, it can be used as a way to reduce the cost of theformance of the linear-kernel SVM's classifier in the mea-
learning process perceptibly, while preserving the aagura surement domain to the data domain. Although our analysis
of the trained classifier approximately. is only for linear kernel, it is consistent, and can be adapte

In this paper, we show using appropriate compressed sendVith the method of Blum et. al [16] for building explicit
ing matrices, that if the data are approximately linearfy-se ~ feature spaces from the similarity functions. The reason is
arable in a high dimensional space, and the data has sparshat for well-designed similarity functions, the explitéa-
representation even is some unknown basis, then compressef!ré space of Blum et. al, is only based on the similarity of
sensing approximately preserves the linear separalzlity, the new exa}mple'wnh the training set, an'd hence, has sparse
hence learnability. In other words, we provide theoretical féPresentation. Finally, we provide experimental resufs
bounds guaranteeing that if the data is measured directly inPOrting our main theorems. . ,
the compressed domain, a soft margin SVM’s classifier that ~ As afinal remark, we emphasize that although most SVM's
is trained based on the compressed data performs almost agPtimization algorithms exploit sparsity, in reality, neging
well as the best possible classifier in the high domain. This Very high-dimensional sparse data is a challenging problem

is the first theoretical result for SVM's in measurement do- and in fact, the final goal of compressed sensing in general,
main. and compressed learning is to remove this difficulty. More-

over, in Section 6 we show that compressed learning is possi-
ble even if the only knowledge we have is that data is sparse
even in some unknown basis. Of course, in this case the data
domain may not be sparse at all.

The organization of the remaining of the paper is as fol-
s: Section 2 introduces the notations used in the paper.
ction 2.1 reviews the SVM'’s classifiers and their proper-
s need in this paper. Section 3 defines the compressed
arning problem and its benefits and advantages in details,
especially its universality with respect to unknown bases.
Section 4 provides a generalized near isometry property re-
quired as a key lemma in this paper. Then Section 5 proves
the main theorem of this paper, demonstrating that comgdess
" sensing is theoretically possible, and the SVM’s classifier

the measurement domain works approximately as well as the
best classifier in the data domain. Section 7 provides experi
mental results supporting the claims in this paper. Se@&ion
concludes the paper.

Previously Blum [16], and Balcan, Blum, and Vempala
[17] used the idea of data-dependent linear projectiondifor
mensionality reduction via the Johnson-Lindenstraussiam
[18]; however, our results differ from those due to the fol-
lowing reasons. First, we provide one-to-one measurements ...
and as a result, data only needs to be measured in the COMg
pressed domain. There is no need to measure the data in thrﬁe
high dimensional domain, since we can recover the appro-|,
priate data directly later. This also reduces the amount of
required storage extensively. The second difference is tha
we provide tight bounds on the hinge loss of the classifier
in the low dimensional domain, in contrast to previous work
which provides looser bounds on the performance of a pro
jected classifier from high dimensions and not for the SVM'’s
classifier in the low dimensional domain. Generally, it may
be hard to find that classifier directly in the measurement do-
main without any access to the high dimensional domain.
Especially if data is only approximately linearly sepagabl
which is more realistic, those analyses totally ignore thre-n 2 Notations
separable fraction of the data which may affect the perfor-
mance of the final SVM’s classifier and the corresponding In this paper, we assume that all the data are vectoR'in
optimization program. Finally, our analysis is differemida k-sparse, and thef, norm is bounded by some paramefer
is based on the convex hinge loss instead of the high |eve|Throughout the paper, we show vectors with bold symbols.
margin loss. Hence, the instance spadgis:

In contrast to the previous work, the humber of mea- . n
surements in our worlfdoes not depend on the size of theX ={@y) w eRY Jlzflo <k [lxll < Ry € {-1,1}},
training examples, it only has dependence on the spatsity which we call thedata domainLet A,,,«,, be the linear mea-
and has logarithmic dependence on the dimension of the datasurement matrix used in compressed sensing. We define the
domainn, which allows our dimensionality reduction tech- measurement domaii as:
nigues to scale up well, independent of the number of the
training. Also, it is known that any matrix satisfying the M ={(Az,y) : (z,y) € X}.
Johnson-Lindenstrauss lemma also satisfies the near isom
etry property required for compressed learning [19]. How-
ever, the reverse is not true: there are some matrices, such
random Fourier matrices, that satisfy the near isometrg-pro
erty of compressed sensing, knowrtlas restricted isometry
property, but they do not satisfy the Johnson-Lindenstrauss S ={(x1,y1), -, (@r,ynm))

In other words,M is a compressed representatiomtaf\We

always show data in data domain with bold vectors like
4and in measurement domain withe.

We assum@ is some unknown distribution ové¥, and



is a set ofM labeled examples iid fromV. SinceA is a one- where

to-one mapping fromt’ to M, the measurement domain has Vi:0<a < %
the same probability distributioR as the data domain, and - ' M
= and
AS = <(Am1ay1)v 7(ACBM,Z/M)> Hw”2 <C.

is the compressed representation of o )
Proof: The optimization problem of Equation (1) can be

S=((x1,y1), (@™, ym))- written as
Finally, note that any linear threshold classifie(x), M
corresponds to a vectas € R", such that minimize%\|w||2+ < Z ¢, such that; )

w(z) = sign (w'x) . i=1
. , . Vi: & > 0

2.1 Soft Margin SVM's Classifiers Vi:ig > 1-yw' o
Structural risk minimization (SRM) [23, 24] is an inductive . o
principle for model selection used for learning from finite We form the Lagrangian of the above optimization problem
training datasets, in order to prevent the problem of over- by linearly combining the objective function and the con-
fitting to the training examples. Support vector machines StraintsC(w, &, o, n) =
(SVM's) [25, 2, 23] form a linear threshold classifier with ) oM M M
maximum margin and consistent with the training examples. ! 2, U , (1o T e "
As mentioned before, any linear threshold classifi¢x) 2Hw|| T Z;EH_Z;%(I piw” @i = &) 277251
corresponds to a vectar € R™ such thatv(z) = sign (w ' x); = = . (3)
as aresult, in this paper we mention the linear threshokld cla The KKT conditions are
sifiers with their corresponding vectors. Also for simgici "
we only focus on classifiers passing through the origin. The
results can be simply extended to the general case. w = Z aqyie; =0,

Whenever the training examples are not linearly sepa- =1

rable soft margin SVM’s are used. The idea is to simulta- ] C

neously maximize the margin and minimize the empirical Vi T = 0,

hinge loss. More precisely let Vi oa;>0,m>0.
H(z) = max{0,1+ z}, Hence, the dual program is

and((z1,v1), - , (®wm,yn)) be aset oM labeled instances

sampled i.i.d from some distributid®. For any linear clas-

sifierw € R™ we define its true hinge loss as M 1 M

maXimizeZai — 5 Z aiajyiij;wj such that:

Hp(w) = Bgey)pll —yw'a], =1 =1

and its empirical hinge loss

Vi: 0< 03 < ¢
] 1 a; S —
Hs(w) = E(g, y,)~s[l — yiw ' x;]. ="t ="
We also define the true regularization loss of a classifier ~ Now the duality theorem implies:
as ) o

L =H — 2 1 1 c

(w) = Ho(w) + 5wl Slwl® < Slwl?+ 5> ¢
and the empirical regularization loss i=1
1 M 1 M
7 T 2 T
L(w) = Hs(w) + %HU’H : 1 = ;ai —5 igz:l QOGY YT T

Soft margin SVM’s then minimize the empirical regulariza- o

tion loss which is a convex optimization program. 1 9 1 9
The following Theorem is a direct consequence of the - Zo‘i N 5”“’” <C- 5”“’” :

convex duality, and we provide its proof for completeness. =1

Hence

Theorem 2.1 Let lw? < C.

S:<(m17y1)a"'7($M7yM)> |

be a set of\/ examples chosen i.i.d from some distribution
D, and letw be the SVM'’s classifier obtained by minimizing
Equation (1). Then

We denote any classifier in high dimensional spacesby
and any classifier in the low dimensional space:byet w*
be the classifier in the data domain that minimizes the true
regularization loss in the data domain, i.e.

M
w = Q;YiTq, . .
2 o w* = arg,, min L(w), (4)



and letz* be the classifier in the measurement domain that ~ The main result of this paper states that, if the dataset is
minimizes the true regularization loss in the measurementcompressively sampled and hence is directly presente@in th

domain, i.e. measurement domain, then with high probability, the SVM’s
z* = arg, min L(z). (5) classifier trained over the training set has generalization
Also lett 5 be the soft margin classifier trained with a train- 0T close to the generalization error of the best classifier i
; ; o the data domain. We use a hybrid argument to prove this
ing setS in the data domain, i.e. i ! : ) )
R claim. We show that if we project the SVM’s classifier of the
g = arg,, min Lg(w), data domain to the measurement domain, because of the the

near-isometry property of the compressed sensing, the gen-
eralization error of the resulting classifier is close togka-
eralization error of the SVM'’s classifier in the data domain.
Of course, it may not be possible to find this projected clas-
sifier directly using the compressed data; however, we show
Finally, let Aw g be the classifier in the measurement do- that the SVM's classifier trained on the compressed training
main obtained by projectingy s from the data domainto the data in the measurement domain, has also generalization er-
measurement domain. Although we may not be able to find ror close to the error of the intermediate, projected clgssi
A g directly from the data in the measurement domain, we Figure 1 shows the hybrid argument used to prove the accu-
use it in the analysis to show thatys has true loss almost  racy of the SVM'’s classifier in measurement domain.
the same as the best classifier in the data domain. Note that

and similarly 2 4 5 is the soft margin classifier trained with
the compressed training sé6 in the measurement domain:

245 = arg, min L g(2).

L(Aw*)is
* 1 *
E(w7y)~ D [H (1 - y(Aw )T(Am»] + %HA'U) ||2 Sridharan08 Best
Classifier Data
To provide tight bounds on the performance of the SVM’s Biorrait

classifierz 45 in the measurement domain, we perform the

following oracle analysis [26]: We assume there is some

good low-norm predictoivy, € R™ which achieves a good
generalization error (expected hinge loss)Hf (we) and

has normj|wg||2. On the other hand, we only receive the ex-

amples compressively, i.e. in the measurement domain; We

train an SVM's classifie& 45 by minimizing the empirical

regularization losd. 4 5. In the following sections we show e
that, for a family of well-known matrices used in compressed /’”
sensing, this SVM’s classifier has true hinge loss close to K

hinge loss of the good classifiery(x) in the high dimen- - /'/I\/I
sional space. T R

[CIS2009]

The error of SVM in the
measurement domain is
with high probability close
to the error of the best
linear classifier in the data
domain

\\\
VM )

easurement
Domain

3 Compressed Learnin
P g Figure 1: The hybrid argument proves that the SVM’s clas-

Compressed learning is learning directly in the measurémen sifier in the measurement domain has generalization regular
domain. Without paying the cost of recovering back the data jzation loss close to the loss of the best classifier in tha dat
to the high dimensional data domain. We show that com- domain.

pressed learning with soft margin SVM’s classifiers is possi

ble. This means that if the instances are provided directly

in the measurement domain, the soft margin SVM's clas- : 4 ) : o
sifier trained with compressively sampled training data has analysis. Generally, it may not be easy to find this classifier
directly in the measurement domain without first recovering

almost the same performance as the best possible classifie
in high dimensional space; therefore, that we do not need tot"€ €xamples, then finding the SVM's classifier in high do-
recover the training examples, and since there exist afficie Main, and finally projecting it back to the measurement do-
compressed sensing devices capable of sensing dataylirectMain:

in the measurement domain, the total classification task can_ 1€ following Theorem is the main result of this paper.
be done in the measurement domain. In addition to recov- V& Prove the theorem in Section 5.

ery time preserving, compressed learning with soft margin .
S\)/IM’S hrfs anothe? advarl?tage. It eIimingtes the compugta- Theorem 3.1 (Compressed Learning)Let Am x n be the
tional cost of learning in high dimensional domain, which ComPressed sensing matrix, which acts as a near-isometry
might be costly if the dimension of the data domain is very °" anx%—sparse vector. That is for argk-sparse vector
high, and the data is sparse in some other, even unknown,” R™

basis. As aresult, th_e c_apabll_lty of classifying t_he datthen (1= o)) < |Az|? < (1 + ¢)||z||-

measurement domain, is equivalent to bypassing the compu-

tational curse of dimensionality of learning in the data do- Let

main. AS = <(A.’B1,y1),~-‘ 7(AmM7y]\/f)>

Note that we only use the classifidrd g in our hybrid



be i.i.d instances,compressively sampled from somelulistri e Gaussian distribution A/(0, 1), or

tion D, and 2 45 be the soft-margin SVM’s trained ofS. C et tian - [ F

Also letwg be the best linear classifier in the data domain, * Bernoulli distribution : U~1, 1),

with low Hinge loss, and large margin (hence snjallo||2). andm = Q (klog(n/x)) then except with probability (),
Then with probabilityl — 24 over AS: A satisfies the restricted isometry property with parameters

(k,€).
Hp(24s) < H 0 2 (Rocy 108U
p(24s) < Hp(wo)+ [[woll €t " Throughout this paper, we assuriés a linear measurement
matrix satisfying(k, €)-RIP.
This bound states that the deviation of the hinge loss of  We plan to show that the regularization error of the SVM's
classifier is preserved by projection. Since SVM's classifie
2 a5 from H(wp) is at mosO <\/||w0||2 (RQe + bg(l\;/‘s)» is a linear combination of support vectors, we have to show
that a near isometry property also holds for linear combina-
tions of the sparse vectors. Our first theorem shows that if a
matrix satisfies RIP, the inner product between linear com-
binations of arbitrary sparse signals is also approximgatel
preserved by linear projection, up to an additive constant.
SVM'’s classification is based on the inner product of the
classifier and the example. At the first step, we show that
if a matrix satisfieg2k, €)-RIP, then not only thé,; norm,
but also the inner product between any tivsparse vector

comes large, and hence SVM'’s classifier becomes a Weak!S approximately preserved. This property is also provided
learner. The performance of the classifier then can be im-"" [32]:

proved using boosting techniques [27]. This is aligned with | emma 4.2 Let A4,,,, be the measurement matrix satisfy-

the main goal of compressed sensing. We can reduce th@ng (21, ¢)-RIP , andz, =’ be twok-sparse vectors ifR",
number of required measurement, and then compensate thigch that|z||, < R, |z’||l. < R. Then

by the computational cost of improving the obtained classi-

fier. (1+eaxl.a’ —2R% < (Ax) " (Ax'). (6)
Our results can also be extended to the manifold learning ] . ] . )

problem. Recently, Baraniuk and Wakin [28], and Hegde, Proof: Sincez, z’ arek-sparse, by triangle inequality their

Wakin and Baraniuk [22] showed that random projections difference is &k-sparse vector. That is:

also satisfy(k, €) property ovelk-dimensional smooth man- ’ ’ _

ifolds in Rfy"(. H)ence, the results of Theorem (3.1) are also lz = 2"llo < [lzllo = ll&llo < & + & = 2k.

In case of using projection, and hence complete isometry
(e = 0), this bound agrees with the results of the data-laden
analysis provided by [26]. On the other hand, if the space
dimensionn is extremely large, which is the main assump-
tion in compressed sensing, we are efficiently reducing the
dimensionality taD(k log n) while only imposingD(1/e) er-
ror on the performance of the classifier.

Note that if the data are compressively sampled with very
small number of measurements, the distortion faetbe-

valid if the instances lie on &-dimensional smooth mani- Hence the restricted isometry property applieste =’:
fold, instead of just being sparse. This means that the SVM’s o )
classifier, obtained by projecting the manifold to the com- [[A(z — )| < (1 +¢)llz — ' @)

pressed domain, acts almost as well as the SVM’s classifier
in the data domain.

L+ (l2)* + =] - 22" 2") .
Also

4 Generalized Restricted Isometry Property (1— o) (] + 12']]?) — 2(A=) T (A")

In this section, we show that the regularization loss of the

SVM's classifier in the data domain does not change so much o
by projection to the measurement domain. One class of mea- = [[A(z —2)|". (8)
surement matrices that are widely used in compressed sensp,ting Equations (7). and (8) together. and notin t<
ing [29, 10, 30, 31] are the matrices that satisfyRestricted R Hw% <qR comp?e%és the( p)roc?f. ’ gffagt<
Isometry Propertj29, 19]: ’ -

A

[Az||? + || Az’||* — 2(Az) " (A=)

Definition 1 (Restricted Isometry Property) Amxn sens-

ing matrix A satisfies the restricted isometry propeit, ¢)- Lemma 4.3 Let 4,,,,, be the measurement matrix satisfy-
RIP, if it acts as a near-isometry with distortion factqover ing (2k,¢)-RIP , andz, 2’ be twok-sparse vectors ifR",

all k-sparse vectors. In other words, for ahysparse vector  sych that|x||, < R, ||z’|2 < R. Then

x € R” the following near-isometry property holds:

(1 —e)lzl2 < [[Az]2 < (1 + €)[|z]l2.

The following theorem by Candes and Tao [9], and Baraniuk Pro0f: The proof is very similar to the proof of Lemma 4.2.
et. al [19] shows that a large family of random matrices sat- SNce, 2’ arek-sparser — z’ is 2k-sparse and hence by
isfy the restricted isometry property: RIP property

(12 2
Theorem 4.1 If the entries of,/mA are sampled i.i.d from 1Az — =) (1 = @)llz — 2’| (10)
either = (1—-¢(lz|*+ ||z'|* — 22T.2").

(Az) " (Ax’) < (1 — e)x "’ + 2R%. )



Also Now sinceq;, 8; > 0, using Lemmas 4.2 and 4.3 we get:

Az — ) ||? (11) a;Bi(Az;) T (Az';) < a3 (1 — e)z T2’ + 2R%),
= ||Az|* + ||Az’||* — 2(Az) T (Ax") and
< (1+e (lz)* + I|12'|?) — 2(Az) T (Az"). a;Bi(Az;) T (Az’;) > .35 (1 + e)z) '; — 2R%¢) .
Putting Equations (10) and (11) together, and noting that Putting these into Equation (12), we get:
< < )
x| <R, ||=’|| < R completes the proof [ | Z i (Azs)T (Az',)
Yi=Yy
So we have shown that the restricted isometry property ! T ,
approximately preserves the inner product between any two - Z o i (Am;) (Az';)
k-sparse signal. Now we generalize this claim. We show YiFY)
that the restricted isometry property, also approximapedy T 9
serves the inner product between any two vectors from the < Z aif (1 —e)z; ' + 2R%)
convex hull of the set of sparse vectors. This is crucial, Yi=y;
because by Theorem 2.1, the normalized SVM'’s classifier T,/ 2
. [ — 94 1 h =2 -
%ws(:c) is a member of this convex hull. ;/_a G (1 + 9z a’; —2R%)
The following Theorem is a direct consequence of Lem- s LT,
mas 4.2 and4.3, and generalizes the generalized RIP of [32] = Z iByiy;(z; ;)
to contain the linear combinations and convex hull of sparse i,j
signals: T Zazﬂj 2R? + z, 2'))
Theorem 4.4 Let A, «,, be a matrix satisfying2k, ¢)-RIP. i,j
Let M, N be two integers, and
T 2
(wlayl)v"'a(wMayJVI)a(w,lvyll)v"'a(wg\hy?\/')e‘)(' s @ 6+3R62a1267
Letaq, - ,an, B, 75]\, be non-negative numbers, such T 9
< De.
thatzl1a1§0and2_1ﬂj<DforsomeCD>0 . @ B+3R°CDe
Let The other side of the absolute value,
T 2 T
a B-3R°CDe< (Aa) (AB
a = Z QY4 . ( ) ( )
= can also be proved very similarly. |
N
8= Z By’ 5 Compressed Learning is Possible
_ = In this section we show that compressed learning is possible
Then: - . ) We use a hybrid argument to show that the SVM'’s classi-
B a—(AB) Aa| < 3CDR%. fier in the measurement domain has almost the same perfor-

mance as the best classifier in data domain. Theorem (2.1)
together with the theory of structural risk minimization-im
plies that if the data were represented in high dimensional
space, the high dimensional SVM’s classifigg had almost

the same performance as the best classifigr Then the
generalized RIP (Theorem 4.4), implies that if we project

Proof: It is easy to see that is a linear projection operator,
andalpha, beta are linear combinations of sparse signals.
So one can spread the inner product, and then use the RI
property over the inner product of sparse vectors. More pre-
cisely, sinceA is a linear transform, we have:

M the SVM'’s classifienv s to measurement domain, the true
Ao = Z a;yi (Am;), regularization loss of the classifiginb s is almost the same
i=1 as the true regularization loss of the SVM'’s classitigy in
and high domain. Again, we emphasize that we only use the pro-
jected classifiedw s in the analysis. The compressed learn-
AB = Z @-y;(Am’j). ing algorithm only uses SVM’s classifier in the measurement
j=1 domain.
As a result The following lemma is the heart of our result, and con-
nects the regularization loss of two classifiers, one in tta d
T , T ’ domain, and one in the measurement domain. The classifier
(da) (48) = Zzaiﬂjyiyﬂ Ax;) (Az';) in the data domain is the SVM'’s classifier. So this lemma

=1i=1 states that if the SVM's classifier in the data domain has good

= Z i fi(Az;) " (Az';) (12) performance, there exists a linear threshold classifienen t
measurement domain with high performance. Later we show
that this implies that the SVM’s classifier in the measureimen
- Z a;Bj(Az;) T (Az’;) domain has performance, close to the best classifier in the
vy data domain.

yi:y;



Lemma5.1 Let A, satisfy(2k, €)-RIP. Also let

S = {((x1,y1)s s (Trr,ym))

be the the training set of sizd, where each example is sam-
pled i.i.d from some distributio® in data domain. Letbg

be the soft-margin SVM'’s trained ¢f) and Aw ¢ be the vec-

tor in the measurement domain, obtained by projecting down
wg. Then

Lp(Atbs) < Lp(s) + O(CR%).

Proof: By Theorem 2.1, the soft margin SVM’s classifier is
a linear combination of the support vectors

M
ws = E QiYiTi,
i=1

whereq; are positive numbers such th@fil a; < C. As
result, using Theorem 4.4 witN = M, D = C, (x},y;) =
(zs,v;), we get:

(Aw) " (Aw) < w'w + 3C?R%e.
Dividing both sides of Equation (13) BC implies:

(13)

1o e 1 ,
PR < .
2C||AwSH < 720”“’5” +0 (CR%)
Now we show that
Hp(Aws) < Hp(s) + O (CR%) .

Fix (x,y) € X. Theorem (4.4) withN" = 1, D
(z,y1) = (x,y) implies that:

11

1 —y(Aws) (Az) < 1—ywiz + O (CR%*) (14)

Now sincel — ywix < H(—ywgx), and the right-hand
size of Equation (14) is always positive, we get:
Hp (—y(Aws)T (Az)) < H (_ngm) +0 (CR%)
(15)

Corollary 1 Letw g be the SVM’s classifier. Then with prob-
ability 1 — 6

Proof: Theorem 2.1 implies thatws||> < C, also the soft
margin SVM'’s classifier minimizes the empirical regulariza
tion loss. So

Clog(1/s)

Ls(g) < Lg(w*).
Combining these with Theorem 5.2 completes the prdiiif.

Remark 5.3 Although we used Theorem 5.2, we mention
that Corollary 1 can also be directly proved using the the-
ory of Rademacher complexity [34].

Now we are ready to prove Theorem 2.1. This Theorem
is the main result of this paper, and states that by trairfieg t
SVM's classifier in the measurement domain, one can obtain
accuracy close to the accuracy of the SVM’s classifier in the
data domainProof: By definition of the regularization loss
we have:

H(245)

Corollary 1 states that the regularization loss of the SVM’s

classifier in the measurement domain, is close to the regular

ization loss of the best classifier in the measurement domain
Clog(1/s)

z*.

)
By definition of z*, Equation (5),z* is the best classifier in
the measurement domain. So

Lp(z*) < Lp(Aws)

Theorem (5.1) connects the regularization loss of the SVM's
classifier in the data domainy s, to the regularization loss
of its projected vectodws.

1
< 2 l2as|? = L(2
< H(2as)+ 2C||ZASH L(24s)

Lo(2as) < LD<z*)+0(

Now since the measurement matrix forms a one-to-one map-

ping from the data domain to the measurement domain, tak-

ing the expectation of Equation (15) with respecft@om-
pletes the proof.

Up to now, we have shown how smoothly the regulariza-
tion loss of the SVM’s classifietv s changes with projec-
tion. Next we show that the regularization loss of the SVM’s
classifierz 45 in measurement domain is close to the reg-
ularization loss ofdwg; and the regularization loss of the
SVM'’s classifierw s in data domain is close to the regular-
ization loss of the oracle best classifiep in data domain.
This completes our hybrid argument. We show this in the

Lp(Ads) < Lp(bs)+ O(CR%)

Corollary (1), now applied in the data domain, connects the
regularization loss of the SVM’s classifieirs to the regular-
ization loss of the best classifiar*.

c log(1/6)>

Lp(w*)+ O ( i

By definition of w* (Equation (4)), for any classifiew, in
the data domain:

Lp(w™)

<

Lp(wg)

< Lp(w)

qguery model, and using a recent result by Sridharan et. alln particular, letwg be the good classifier in the query model,

[33]:

Theorem 5.2 (Sridharan 2008 [33, 26])For all w with [|w||? <
2C, with probability at leastt — ¢ over training set:

Clog(1/s)

M
(16)

Enfw)~Lo(w") < 2 [Lsw) - Lsw?)] +0 (

with small true Hinge loss and large margin. Then
Lp(w*) < Lp(wo)

Putting all inequalities together, we get:

Clog(1/s)

M
an

1
H’D(éAS) < Hp(wo)%-%nonQ—&—O <CR26 +



Equation (17) is valid for ang’. By choosing aC which

minimizes the Equation (17), we get: Table 1: Parameters involved in experiment

(\/ log (1/5) Parameter| Description
Hp(24s) < Hp(we)+O0 [lwol|? <R2e + >> n Data domain dimension.
M k sparsity level.
(18) d Number of measurements
u U a random unit vector
err percentage of labels flipped
6 Universality and Unknown Sparse Bases D A random global distribution
s Sample size

Now, we focus on the more general case in which the data

is not sparse in the observed domain. However, there ex-

ists a possibly unknown basis such that data can be repre-

sented sparsely in that domain. A well-known example of if we do not want to recover the data and only desire to clas-
this case are images. It is known that images have sparsesify the instance, we do not even need to knéwWe just
representation in the wavelet domain [3]; however, there ex project the data to the measurement domain using the sens-
ists efficient compressed sensing hardware, single pixel ca ing matrix A and then run the SVM’s learning algorithm in
era [11], which can project the high resolution images from the measurement domain.

the high dimensional pixel domain to the low dimensional Therefore, compressed learning is universal with respect
measurement domain. More precisely, now there exists anto bases, the SVM’s classifier in the measurement domain
orthonormal basial such that each instance can be repre- works almost as well as the best classifier in the data domain

sented as provided that there exists some basis in which the instances
x = VUs, have a sparse representation.
wheres is k-sparse. Consequently, the instance spge ]
can be defined a&y = {(x,)} such that 7 Experimental Results
x e R", x=Us,|s]lo <k, sl < R,y e {-1,1}. In this section, we provide experimental results suppgrtin

our theoretical contribution which indicates that compesk

Note that sincal is orthonarmal we have: learning is possible. In this paper, we just present simpie s

llzll2 = ||s|l2- thesized experiments. A more detailed set of experiments,

o investigating the impact of different parameters, a cofnpar

Consequently, the measurement domain is son with the other dimensionality reduction techniques, em
M = {(Az,y)} = {(ATs,y)} . pirical results on high dimensional real datasets, and man-

ifold learning results will be provided elsewhere. Table 1
Let ®,,x,, = A¥. Then the measurement domain can be shows the parameters involved in this experiment.
written as The generalization error of the classifier is measured by
M= {(®z,y)}. sampling2000 i.i.d instances according . Also, each ex-

Hence,® maps the data from the sparse domain to the periment is repeatetl) times and errors are averaged. Dis-
measurement domain. Although, at measurement time, wetribution D is chosen randomly over the set/osparset1
are not in the sparse domain, and we only deal with sens-vectors inR". vectoru determined the label of each vector
ing matrix ¥, at recovery time® helps to recover the sparse  « Viay = sign(u' x) then the label is permuted with some
representation. In order to be able to recover the data suc{robability according terr.
cessfully,¥ should be known at recovery time. Generally it In this experiment, all of the parameters were fixed and
is not possible to recover a signal without knowing the spar- the SVM’s classifiers in the data and measurement domains
sity basisW. are examined in terms of their training and generalization

As a result, if we only care about classifying instances errors. The experiments were repeakédimes, withn =
and not recovering them, there is no need to know the spar-2000, £ = 601, d = 800, s = 100, errRate = 0.0 . Figure 2
sity basis®. We still use the Gaussian matrix for mea- shows the histogram of the training error of the measurement
surement. However, in this case data domain is not sparsedomain classifier. We can see that the training error is adway
In compressed sensing, we measure the data with the sensvery small and on average it has training et
ing matrix A, then we recover a sparse representation of the  Figure 3 demonstrates the generalization error of the clas-
data with®, and next we transform back the data from the sifier. The plot is a scatter plot of the generalization eator
sparse domain to the data domain using'. Consequently  the data domain versus the generalization error at the mea-
® = AV maps the sparse domain to the measurement do-surement domain. Again, we can see that on average the
main; hence, if® satisfies RIP, then an SVM's classifier in  difference is less thag’%.
the measurement domain works well. Singds orthonor- As we mentioned earlier, due to the lack of space, only an
mal, and entries ofl are sampled iid form the Gaussian dis- elementary experimental result is provided. A more dedaile
tribution, A and A¥ have the same distribution. Hence if we experimental result, investigating the impact of all coegsed
sampleA i.i.d from the normal distribution, with high proba- learning parameters, comparing the method with the other
bility AV satisfies the RIP property. In compressed learning, dimensionality reduction techniques, and more complete ex
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Figure 2: Training error of SVM’s classifiers in data and L e
measurement domains versus the number of times the experiF'gure 3: Generallzatlon_ error of SVM's classifiers in data
ment repeated. All of the parameters were fixed at this exper-and measurement domains

iment: n = 2000, k = 601, m = 800, s = 100, err Rate =

0.0, and the experiment repeat2@ltimes. The data domain

classifier remains consistent with data. References
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