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Abstract— The problem of consistently estimating the
sparsity pattern of a vector β∗ ∈ R

p based on observa-
tions contaminated by noise arises in various contexts,
including subset selection in regression, structure estima-
tion in graphical models, sparse approximation, and sig-
nal denoising. Unfortunately, the natural optimization-
theoretic formulation involves ℓ0 constraints, which leads
to NP-hard problems in general; this intractability mo-
tivates the use of relaxations based onℓ1 constraints.
We analyze the behavior of ℓ1-constrained quadratic
programming (QP), also referred to as the Lasso, for
recovering the sparsity pattern. Our main result is
to establish a sharp relation between the problem di-
mension p, the number s of non-zero elements inβ∗,
and the number of observations n that are required
for reliable recovery. For a broad class of Gaussian
ensembles satisfying mutual incoherence conditions, we
establish existence and compute explicit values of thresh-
olds θℓ and θu with the following properties: for any
ν > 0, if n > 2 s(θu + ν) log(p − s) + s + 1, then
the Lasso succeeds in recovering the sparsity pattern
with probability converging to one for large problems,
whereas for n < 2 s(θℓ − ν) log(p − s) + s + 1, then the
probability of successful recovery converges to zero. For
the special case of the uniform Gaussian ensemble, we
show that θℓ = θu = 1, so that the threshold is sharp
and exactly determined.
Keywords: Quadratic programming; convex relax-
ation;ℓ0 minimization;ℓ1 relaxation; Lasso; subset se-
lection; consistency; thresholds; sparse approximation;
signal denoising; sparsity recovery; model selection.

I. I NTRODUCTION

The problem of recovering the sparsity pattern of
an unknown vectorβ∗—that is, the positions of the
non-zero entries ofβ∗— based on noisy observations
arises in a broad variety of contexts, including subset
selection in regression [1], structure estimation in
graphical models [2], sparse approximation [3], and
signal denoising [4]. A natural optimization-theoretic
formulation of this problem is viaℓ0-minimization,
where theℓ0 “norm” of a vector corresponds to the
number of non-zero elements. Unfortunately, however,
ℓ0-minimization problems are known to be NP-hard in
general [3], so that the existence of polynomial-time
algorithms is highly unlikely. This challenge motivates

the use of computationally tractable approximations or
relaxations toℓ0 minimization. In particular, a great
deal of research over the past decade has studied
the use of theℓ1-norm as a computationally tractable
surrogate to theℓ0-norm.

In more concrete terms, suppose that we wish to
estimate an unknown but fixed vectorβ∗ ∈ R

p on the
basis of a set ofn observations of the form

Yk = xT
k β∗ + Wk, k = 1, . . . n, (1)

wherexk ∈ R
p, andWk ∼ N(0, σ2) is additive Gaus-

sian noise. In many settings, it is natural to assume that
the vectorβ∗ is sparse, in that itssupportS := {i ∈
{1, . . . p} | β∗

i 6= 0} has relatively small cardinality
s = |S|. Given the observation model (1) and sparsity
assumption, a reasonable approach to estimatingβ∗ is
by solving theℓ1-constrained quadratic program (QP)

min
β∈Rp

{
1

2n

n∑

k=1

[Yk − xT
k β]2 + λn‖β‖1

}
, (2)

whereλn ≥ 0 is a regularization parameter. Of interest
are conditions on theambient dimensionp, thesparsity
indexs, and thenumber of observationsn for which
it is possible (or impossible) to recover the support set
S of β∗.

A. Overview of previous work

Given the substantial literature on the use ofℓ1
constraints for sparsity recovery and subset selection,
we provide only a very brief (and hence necessarily
incomplete) overview here. In thenoiseless version
(σ2 = 0) of the linear observation model (1), one can
imagine estimatingβ∗ by solving the problem

min
β∈Rp

‖β‖1 subject to xT
k β = Yk, k = 1, . . . , n.

(3)
This problem is in fact a linear program (in disguise),
and corresponds to a method in signal processing
known as basis pursuit, pioneered by Chen et al. [4].
For the noiseless setting, the interesting regime is the
underdetermined setting (i.e.,n < p). With contri-
butions from a broad range of researchers [e.g., 5],
[4], [6], [7], [8], [9], there is now a fairly complete
understanding of conditions on deterministic vectors
{xk} and sparsity indexs for which the true solution
β∗ can be recovered exactly. Without going into
technical details, the rough idea is that themutual
incoherenceof the vectors{xk} must be large relative
to the sparsity indexs, and indeed we impose similar
conditions to derive our results (e.g., condition (8)
in the sequel). Most closely related to the current
paper—as we discuss in more detail in the sequel—
are recent results by Donoho [10], as well as Candes
and Tao [11] that provide high probability results



for random ensembles. More specifically, as inde-
pendently established by both sets of authors using
different methods, for uniform Gaussian ensembles
(i.e., xk ∼ N(0, Ip)) with the ambient dimensionp
scaling linearly in terms of the number of observations
(i.e., p = γn, for someγ > 1), there exists a constant
α > 0 such that all sparsity patterns withs ≤ αp can
be recovered with high probability.

There is also a substantial body of work focusing on
the noisy setting (σ2 > 0), and the use of quadratic
programming techniques for sparsity recovery [e.g.,
4], [12], [13], [14], [15], [2], [16]. Theℓ1-constrained
quadratic program (2), also known as the Lasso [1],
has been the focus of considerable research in recent
years. Knight and Fu [17] analyze the asymptotic
behavior of the optimal solution, not only forℓ1
regularization but forℓp-regularization withp ∈ (0, 2].
Fuchs [12] investigates optimality conditions for the
constrained QP (2), and provides deterministic condi-
tions, of the mutual incoherence form, under which a
sparse solution, which is known to be withinǫ of the
observed values, can be recovered exactly. Among a
variety of other results, both Tropp [13] and Donoho
et al. [14] also provide sufficient conditions for the
support of the optimal solution to the constrained
QP (2) to be contained within the true support of
β∗. Other authors [5], [18] have provided conditions
under which estimation of a noise-contaminated signal
via the Lasso is stable in theℓ2 sense; however, such
ℓ2-stability does not guarantee exact recovery of the
underlying sparsity pattern. Most directly related to
the current paper is recent work by both Meinshausen
and Buhlmann [2], focusing on Gaussian noise, and
extensions by Zhao and Yu [16] to more general noise
distributions, on the use of the Lasso for sparsity
recovery. For the case of Gaussian noise, both papers
established that under mutual incoherence conditions
and appropriate choices of the regularization parame-
ter λn, the Lasso can recover the sparsity pattern with
probability converging to one for particular regimes
of n, p ands, whenxk drawn randomly from random
Gaussian ensembles. We discuss connections to our
results at more length in the the sequel.

B. Our contributions

Recall the linear observation model (1). For com-
pactness in notation, let us useX to denote the
n × p matrix formed with the vectorsxk =
(xk1, xk2, . . . , xkp) ∈ R

p as rows, and the vectors
Xj = (x1j , x2j , . . . , xnj)

T ∈ R
n as columns. Con-

sider the (random) setS(X,β∗,W, λn) of optimal
solutions to this constrained quadratic program (2).
By convexity and boundedness of the cost function,
the solution set is always non-empty. For any vector

β ∈ R
p, we define the sign function

sgn(βi) :=





+1 if βi > 0

−1 if βi < 0

0 if βi = 0.

(4)

Of interest is the event that the Lasso (2) succeeds in
recovering the sparsity pattern of the unknownβ∗:
Property R(X,β∗,W, λn): There exists an optimal
solution β̂ ∈ S(X,β∗,W, λn) such thatsgn(β̂) =
sgn(β∗).

Our main result is that for a broad class of random
Gaussian ensembles based on covariance matrices
satisfying mutual incoherence conditions, there exist
fixed constants0 < θℓ ≤ 1 and 1 ≤ θu < +∞ such
that for all ν > 0, propertyR(X,β∗,W, λn) holds
with high probability (over the choice of noise vector
W and random matrixX) whenever

n > 2 (θu + ν) s log(p − s) + s + 1, (5)

and conversely, fails to hold with high probability
whenever

n < 2 (θℓ − ν) s log(p − s) + s + 1. (6)

Moreover, for the special case of the uniform Gaus-
sian ensemble (i.e.,xk ∼ N(0, Ip)), we show that
θℓ = θu = 1, so that the threshold is sharp. This
threshold result has a number of connections to previ-
ous work in the area that focuses on special forms of
scaling. More specifically, as we discuss in more detail
in Section II-B, in the special case of linear scaling
(i.e., n = γp for someγ > 0), this theorem provides
a noisy analog of results previously established for
basis pursuit in the noiseless case [10], [11]. Moreover,
our result can also be adapted to an entirely different
scaling regime forn, p and s, as considered by a
separate body of recent work [2], [16] on the high-
dimensional Lasso.

The remainder of this paper is organized as follows.
Section II is devoted to the statement and proof of our
main result on the asymptotic behavior of the lasso for
random Gaussian ensembles. Given space constraints,
we provide only an outline of the proof, with more
technical lemmas only stated as results. We refer the
interested reader to the complete version of the work
described here that appeared earlier in technical report
form [19].

II. RECOVERY OF SPARSITY: RANDOM GAUSSIAN

ENSEMBLES

We now turn to the analysis of random design
matricesX, in which each rowxk is chosen as an
i.i.d. Gaussian random vector with covariance matrix
Σ. We begin by setting up and providing a precise



statement of the main result, and then discussing its
connections to previous work. In the later part of this
section, we provide the proof.

A. Statement of main result

Consider a covariance matrixΣ with unit diagonal,
and with its minimum and maximum eigenvalues
(denotedΛmin andΛmax respectively) bounded as

Λmin(ΣSS) ≥ Cmin, and Λmax(Σ) ≤ Cmax

(7)
for constantsCmin > 0 and Cmax < +∞. Given
a vector β∗ ∈ R

p, define its supportS = {i ∈
{1, . . . , p} | β∗

i 6= 0}, as well as the complement
Sc of its support. Suppose thatΣ and S satisfy the
conditions‖(ΣSS)−1‖∞ ≤ Dmax for someDmax <
+∞, and

‖ΣScS(ΣSS)−1‖∞ ≤ (1 − ǫ) (8)

for someǫ ∈ (0, 1]. Examples of matrix ensembles
satisfying these conditions include the uniform Gaus-
sian ensemble (Σ = Ip×p), Toeplitz matrix ensembles
(Σij = µ|i−j| for someµ ∈ [0, 1)), and certain other
matrix ensembles; see Zhao and Yu [16] for further
discussion. Under these conditions, we consider the
linear observation model (1), wherexk ∼ N(0,Σ) and
Wk ∼ N(0, σ2) are independent Gaussian variables
for k = 1, . . . , n. Furthermore, we defineρn :=
mini∈S |β∗

i |, and the sparsity indexs = |S|.
Theorem 1. Consider a sequence of covariance ma-
trices {Σ[p]} and solution vectors{β∗[p]} satisfy-
ing conditions (7) and (8). Under the observation
model (1), consider a sequence(n, p(n), s(n)) such
that s, (n− s) and (p− s) tend to infinity. Define the
thresholds

θℓ :=
(
√

Cmax −
√

Cmax − 1
Cmax

)2

Cmax (2 − ǫ)2
≤ 1, and

θu :=
min{2, Cmax}

ǫ2Cmin

≥ 1.

Then for any constantν > 0, we have the following

(a) If n < 2(θℓ − ν) s log(p − s) + s + 1, then
P[R(X,β∗,W, λn)] → 0 for any non-increasing
sequenceλn > 0.

(b) Conversely, ifn > 2(θu + ν) s log(p − s) + s

and λn → 0 is chosen such that nλ2

n

log(p−s) →
+∞ and 1

ρn

[
λn +

√
log s

n

]
→ 0, then

P[R(X,β∗,W, λn)] → 1.

Remark: Suppose for simplicity thatρn remains
bounded away from0. In this case, the requirements
onλn reduce toλn → 0, andλ2

nn/ log(p−s) → +∞.

One suitable choice isλ2
n = log(s) log(p−s)

n
, with

which we have

λ2
n =

(
s log(p − s)

n

)
log(s)

s
= O

(
log s

s

)
→ 0,

and nλ2

n

log(p−s) = log(s) → +∞. Without a bound
on ρn, the conditions onλn constrains the rate of
decrease of the minimumρn = mini∈S |β∗

i |.

B. Some consequences

To develop intuition for this result, we begin by stat-
ing certain special cases as corollaries, and discussing
connections to previous work.

a) Uniform Gaussian ensemble:First, we con-
sider the special case of the uniform Gaussian en-
semble, in whichΣ = Ip×p. Previous work by
Donoho [10] as well as Candes and Tao [11] has
focused on the uniform Gaussian ensemble in the
noiseless (σ2 = 0) and underdetermined setting (n =
γp for someγ ∈ (0, 1)). Analyzing the asymptotic
behavior of the linear program (3) for recoveringβ∗,
the basic result is that there exists someα > 0 such
that all sparsity patterns withs ≤ αp can be recovered
with high probability.

Applying Theorem 1 to the noisy version of this
problem, the uniform Gaussian ensemble means that
we can chooseǫ = 1, andCmin = Cmax = 1, so that
the threshold constants reduce

θℓ =
(
√

Cmax −
√

Cmax − 1
Cmax

)2

Cmax (2 − ǫ)2
= 1, and

θu =
Cmax

ǫ2Cmin

= 1.

Consequently, Theorem 1 provides a sharp threshold
for the behavior of the Lasso, in that failure/success is
entirely determined by whether or notn > 2s log(p−
s) + s + 1. Thus, if we consider the particular linear
scaling analyzed in previous work on the noiseless
case [10], [11], we have:

Corollary 1 (Linearly underdetermined setting). Sup-
pose thatn = γp for someγ ∈ (0, 1). Then

(a) If s = αp for any α ∈ (0, 1), then
P [R(X,β∗,W, λn)] → 0 for any positive se-
quenceλn > 0.

(b) On the other hand, ifs = O( p
log p

), then
P [R(X,β∗,W, λn)] → 1 for any sequence
{λn} satisfying the conditions of Theorem 1(a).

Conversely, suppose that the sizes of the support
of β∗ scales linearly with the number of parameters
p. The following result describes the amount of data
required for theℓ1-constrained QP to recover the
sparsity pattern in the noisy setting (σ2 > 0):



Corollary 2 (Linear fraction support). Suppose that
s = αp for some α ∈ (0, 1). Then we require
n > 2αp log[(1 − α) p] + αp in order to obtain exact
recovery with probability converging to one for large
problems.

These two corollaries establish that there is a sig-
nificant difference between recovery using basis pur-
suit (3) in the noiseless setting versus recovery using
the Lasso (2) in the noisy setting. When the amount of
datan scales only linearly with ambient dimensionp,
then the presence of noise means that the recoverable
support size drops from a linear fraction (i.e.,s = αp
as in the work [10], [11]) to a sublinear fraction (i.e.,
s = O( log p

p
), as in Corollary 1).

b) Non-uniform Gaussian ensembles:We now
consider more general (non-uniform) Gaussian ensem-
bles that satisfy conditions (7) and (8). As mentioned
earlier, previous papers by both Meinshausen and
Buhlmann [2] as well as Zhao and Yu [16] treat
model selection with the high-dimensional Lasso. For
suitable covariance matrices (e.g., satisfying condi-
tions (7) and (8)), both sets of authors proved that the
sparsity pattern can be recovered exactly under scaling
conditions of the form

s = O(nc1), and p = O(enc2

), (9)

where c1 + c2 < 1. Applying Theorem 1 in this
scenario, we have the following:

Corollary 3. Under the scaling(9), the Lasso will re-
cover the sparsity pattern with probability converging
to one.

In fact, under this stronger scaling (9), both papers [2],
[16] proved that the probability of exact recovery con-
verges to one at a rate exponential in some polynomial
function of n. Interestingly, our results show that the
Lasso can recover the sparsity pattern for a much
broader range of(n, p, s) scaling.

C. Proof Outline for Theorem 1(b)

We now turn to a proof outline for part (b)
of our main result. We begin with a simple set
of necessary and sufficient conditions for property
R(X,β∗,W, λn) to hold. We note that this result
is not essentially new (e.g., see [12], [2], [13] for
variants), and follows in a straightforward manner
from optimality conditions for convex programs [20].
We defineS := {i ∈ {1, . . . , p} | β∗

i 6= 0} to be the
support ofβ∗, and letSc be its complement. For any
subsetT ⊆ {1, 2, . . . , p}, let XT be then×|T | matrix
with the vectors{Xi, i ∈ T} as columns. We use the
shorthand notations = |S| andN = |Sc| = p − s.

Next define~b := sgn(β∗
S), and denote byei ∈ R

s

the vector with1 in the ith position, and zeroes else-
where. Consider the collections of random variables,
defined for each indexi ∈ S and j ∈ Sc as follows:

Ui := eT
i

(
1

n
XT

S XS

)−1 [
1

n
XT

S W − λn
~b

]
, (10)

and

Vj := XT
j

{
XS

(
XT

S XS

)−1
λn

~b

−
[
XS

(
XT

S XS

)−1
XT

S − In×n

] W

n

}
. (11)

The following result provides necessary and sufficient
conditions for successful recovery:

Lemma 1. Assume that the matrixXT
S XS is invert-

ible. Then, for any givenλn > 0 and noise vector
W ∈ R

n, propertyR(X,β∗,W, λn) holds if and only
if

max
j∈Sc

|Vj | ≤ λn, and (12a)

min
i∈S

|β∗
i + Ui| > 0. (12b)

From Lemma 1, the behavior ofR(X,β∗,W, λn)
can be analyzed by investigating the behavior of
maxj∈Sc |Vj | and maxi∈S |Ui|. In particular, condi-
tion (12a) holds if and only if the eventM(V ) :=
{maxj∈Sc |Vj | ≤ λn} holds. On the other hand, if we
defineρn := mini∈S |β∗

i |, then the eventM(U) :=
{maxi∈S |Ui| ≤ ρn} is sufficient to guarantee that
condition (12b) holds. Consequently, our proof is
based on analyzing the asymptotic probability of these
two events.

Next we note that fors < n, the random Gaussian
matrix XS will have rank s with probability one,
whence the matrixXT

S XS is invertible with proba-
bility one. Accordingly, the necessary and sufficient
conditions of Lemma 1 are applicable. The next
lemma concerns the behavior of the random vector
V = (V1, . . . , VN ), when conditioned onXS andW .
Recalling the shorthand notation~b := sgn(β∗), we
summarize in the following

Lemma 2. Conditioned onXS and W , the random
vector (V | W,XS) is Gaussian. Its mean vector is
upper bounded as

|E[V | W,XS ]| ≤ λn(1 − ǫ)1. (13)

Moreover, it has conditional covariance

cov[V | W,XS ] = Mn

[
ΣScSc − ΣScS(ΣSS)−1ΣSSc

]
,



where

Mn := λ2
n
~b T (XT

S XS)−1~b

+
1

n2
WT

[
In×n − XS

(
XT

S XS

)−1
XT

S

]
W (14)

is a random scaling factor.

The following lemma captures the behavior of the
random scaling factorMn defined in equation (14):

Lemma 3. The random variableMn has mean

E[Mn] =
λ2

n

n − s − 1
~b T (ΣSS)−1~b +

σ2 (n − s)

n2
.(15)

Moreover, it is sharply concentrated in that for any
δ > 0, we haveP

[∣∣Mn −E[Mn]
∣∣ ≥ δE[Mn]

]
→ 0 as

n → +∞.

With these preliminary results in hand, we now
turn to analysis of the collections of random variables
{Ui, i ∈ S} and{Vj , j ∈ Sc}.

c) Analysis ofM(V ): We begin by analyzing
the behavior ofmaxj∈Sc |Vj |. First, for a fixed but
arbitraryδ > 0, define the event

T (δ) := {|Mn − E[Mn]| ≥ δE[Mn]}.
By conditioning onT (δ) and its complement[T (δ)]c,
we have the upper bound

P[max
j∈Sc

|Vj | > λn] ≤ P

[
max
j∈Sc

|Vj | > λn | [T (δ)]c
]

+ P[T (δ)].

By the concentration statement in Lemma 3, we
have P[T (δ)] → 0, so that it suffices to analyze
the first term. Setµj = E[Vj |XS ], and let Z
be a zero-mean Gaussian vector withcov(Z) =
cov(V |XS ,W ). Then we have

max
j∈Sc

|Vj | ≤ max
j∈Sc

[|µj | + |Zj |]

≤ (1 − ǫ)λn + max
j∈Sc

|Zj |,

where we have used the upper bound (13) on the
mean. This inequality establishes the inclusion of
events{maxj∈Sc |Zj | ≤ ǫλn} ⊆ {maxj∈Sc |Vj | ≤
λn}, thereby showing that it suffices to prove the
convergence P[maxj∈Sc |Zj | > ǫλn | [T (δ)]c] → 0.
Note that conditioned on[T (δ)]c, the maximum
value of Mn is v∗ := (1 + δ)E[Mn]. Since
Gaussian maxima increase with increasing vari-
ance, we haveP [maxj∈Sc |Zj | > ǫλn | [T (δ)]c] ≤
P

[
maxj∈Sc |Z̃j | > ǫλn

]
, where Z̃ is zero-mean

Gaussian with covariancev∗ Σ(Sc|S). It suffices to
show thatP[maxj∈Sc Z̃j > ǫλn] converges to zero.
Accordingly, we complete this part of the proof via
the following two lemmas:

Lemma 4. Under the theorem assumptions,v∗

λ2
n

→ 0

and limn→+∞
1

λn

E[maxj∈Sc Z̃j ] ≤ ǫ.

Lemma 5. For any η > 0, we have

P

[
max
j∈Sc

Z̃j > η + E[max
j∈Sc

Z̃j ]

]
≤ exp

(
− η2

2v∗

)
.

(16)

Lemma 4 implies that for allδ > 0, we have
E[maxj∈Sc Z̃j ] ≤ (1 + δ

2 )ǫλn for all n sufficiently
large. Therefore, settingη = δ

2λnǫ in Lemma 5, we
have for fixedδ > 0 andn sufficiently large:

P

[
max
j∈Sc

Z̃j > (1 + δ)λnǫ

]
≤

P

[
max
j∈Sc

Z̃j >
δ

2
λnǫ + E[max

j∈Sc

Z̃j ]

]
≤

2 exp

(
−δ2λ2

nǫ2

8v∗

)
.

From Lemma 4, we haveλ2
n/v∗ → +∞, which

implies thatP[maxj∈Sc Z̃j > (1 + δ)λnǫ] → 0 for all
δ > 0. By the arbitrariness ofδ > 0, we thus have
P[maxj∈Sc Z̃j ≤ ǫλn] → 1, thereby establishing that
property (12a) of Lemma 1 holds w.p. one asymptot-
ically.

d) Analysis of M(U): Next we prove that
maxi∈S |Ui| < ρn := mini∈S |β∗

i | with probability
one asn → +∞. Conditioned onXS , the only
random component inUi is the noise vectorW . A
straightforward calculation yields that this conditioned
RV is Gaussian, with mean and variance

Yi := E[Ui | XS ] = −λneT
i

(
1

n
XT

S XS

)−1

~b ,

Y ′
i := var[Ui | XS ] =

σ2

n
eT
i

[
1

n
XT

S XS

]−1

ei

respectively.
Now define the event

T (δ) :=
s⋃

i=1

{
|Yi| ≥

6Dmaxnλn

n − s − 1
, or |Y ′

i | ≥ 2E[Y ′
i ]

}
.

By applying the union bound and some algebra, the
probability of this event is bounded as

P[T (δ)] ≤ s
K

n − s
=

K
n
s
− 1

→ 0,

since n
s

→ +∞ as n → +∞. For convenience in
notation, for anya ∈ R and b ∈ R+, we useUi(a, b)
to denote a Gaussian random variable with meana
and varianceb. Conditioning on the eventT (δ) and



its complement, we have thatP[maxi∈S Ui > ρn] is
upper bounded by

P[max
i∈S

Ui > ρn | T (δ)c] + P[T (δ)] ≤

P[max
i∈S

Ui(µ
∗
i , v

∗
i ) > ρn] +

K
n
s
− 1

, (17)

where eachUi(µ
∗
i , v

∗
i ) is Gaussian with meanµ∗

i :=
6Dmaxλn

n
n−s−1 and variancev∗

i := 2E[Y ′
i ] respec-

tively. In asserting the inequality (17), we have used
the fact that the probability of the event{maxi∈S Yi >
ρn} increases as the mean and variance ofYi increase.
Continuing the argument, we have

P[max
i∈S

Ui(µ
∗
i , v

∗
i ) > ρn] ≤ P[max

i∈S
|Ui(µ

∗
i , v

∗
i )| > ρn]

≤ 1

ρn

E

[
max
i∈S

|Ui(µ
∗
i , v

∗
i )|

]
,

where the last step uses Markov’s inequality. We
now decomposeUi(µ

∗
i , v

∗
i )

d
= 2Dmax λn

n
n−s−1 +

Ũi(0, v
∗
i ), and write

E

[
max
i∈S

|Ui(µ
∗
i , v

∗
i )|

]
≤ 2Dmax λn

n

n − s − 1

+ E

[
max
i∈S

|Ũ(0, v∗
i )|

]
.

With this decomposition, we first boundv∗
i :=

2E[Y ′
i ] and apply standard results on Gaussian max-

ima [21] to conclude that

1

ρn

E

[
max
i∈S

|Ui(µ
∗
i , v

∗
i )|

]
≤

1

ρn

[
2Dmax λn

n

n − s − 1
+ 3

√
2σ2 Dmax log s

n − s − 1

]
,

which converges to zero by the second condition on
λn in the theorem statement.

D. Proof Outline for Theorem 1(a)

We establish the claim by proving that under the
stated conditions,maxj∈Sc |Vj | > λn with probability
one, for any positive sequenceλn > 0. We begin by
writing Vj = E[Vj ]+ Ṽj , whereṼj is zero-mean. Now

max
j∈Sc

|Vj | ≥ max
j∈Sc

|Ṽj | − max
j∈Sc

|E[Vj ]|

≥ max
j∈Sc

|Vj | − (1 − ǫ)λn,

where have used Lemma 2. Consequently, the event
{maxj∈Sc |Ṽj | > (2 − ǫ)λn} implies the event
{maxj∈Sc |Vj | > λn}, so that

P[max
j∈Sc

|Vj | > λn] ≥ P[max
j∈Sc

|Ṽj | > (2 − ǫ)λn].

From the preceding proof of Theorem 1(b), we
know that conditioned onXS and W , the random

vector (V1, . . . , VN ) is Gaussian with covariance of
the formMn [ΣScSc −ΣScS(ΣSS)−1ΣSSc ]; thus, the
zero-mean version(Ṽ1, . . . , ṼN ) has the same covari-
ance. Moreover, Lemma 3 guarantees that the random
scaling termMn is sharply concentrated. In particular,
defining for anyδ > 0 the eventT (δ) := { |Mn −
E[Mn]| ≥ δE[Mn]}, we haveP[T (δ)] → 0, and the
bounds

P[max
j∈Sc

|Ṽj | > (2 − ǫ)λn] ≥

(1−P[T (δ)]) P

[
max
j∈Sc

|Ṽj | > (2 − ǫ)λn | T (δ)c

]
≥

(1 − P[T (δ)]) P

[
max
j∈Sc

|Zj(v
∗)| > (2 − ǫ)λn

]
.

where eachZj ≡ Zj(v
∗) is the conditioned version

of Ṽj with the scaling factorMn fixed to v∗ :=
(1 − δ)E[Mn]. (Here we have used the fact that
the probability of Gaussian maxima decreases as the
variance decreases, and thatvar(Ṽj) ≥ v∗ when
conditioned onT (δ)c.)

Our proof proceeds by first analyzing the expected
value, and then exploiting Gaussian concentration of
measure. We summarize the key results in the follow-
ing:

Lemma 6. Under the stated conditions, one of the
following two conditions must hold:

(a) either λ2

n

v∗
→ +∞, and there exists someγ > 0

such that 1
λn

E[maxj∈Sc Zj ] ≥ (2 − ǫ) [1 + γ]
for all sufficiently largen, or

(b) there exist constantsα, γ > 0 such that v∗

λ2
n

≤
α and 1

λn

E[maxj∈Sc Zj ] ≥ γ
√

log N for all
sufficiently largen.

Lemma 7. For any η > 0, we have

P[max
j∈Sc

Zj(v
∗) < E[max

j∈Sc

Zj(v
∗)]−η] ≤ exp

(
− η2

2v∗

)
.

(18)

Using these two lemmas, we complete the proof
as follows. First, if condition (a) of Lemma 6 holds,
then we setη = (2−ǫ) γλn

2 in Lemma 7 to obtain
that P[ 1

λn

maxj∈Sc Zj(v
∗) ≥ (2 − ǫ) (1 + γ

2 ) ] ≥
1 − exp

(
− (2−ǫ)2 γ2λ2

n

8v∗

)
, which converges to1 since

λ2

n

v∗
→ +∞ from Lemma 6(a).

On the other hand, if condition (b) holds, then we
use the bound 1

λn

E[maxj∈Sc Zj ] ≥ γ
√

log N and

set η = γλn

√
log N

2 in Lemma 7 to obtain that the
probabilityP[ 1

λn

maxj∈Sc Zj(v
∗) > 2 (2−ǫ) ] is lower



bounded by

P[
1

λn

max
j∈Sc

Zj(v
∗) ≥ γ

√
log N

2
] ≥

1 − exp

(
−γ2λ2

n log N

8v∗

)
.

This probability also converges to1 since λ2

n

v∗
≥

1/α and log N → +∞. Thus, in either case, we
have shown thatlimn→+∞ P[ 1

λn

maxj∈Sc Zj(v
∗) >

(2 − ǫ)] = 1, thereby completing the proof of Theo-
rem 1(a).

E. Simulations

We conclude with some simulations to confirm
the threshold behavior predicted by Theorem 1. We
consider the following three types of sparsity indices:
(a) linear sparsity, meaning thats(p) = αp for
someα ∈ (0, 1); (b) sublinear sparsity, meaning that
s(p) = αp/(log(αp)) for someα ∈ (0, 1), and (c)
fractional powersparsity, meaning thats(p) = αpγ

for someα, γ ∈ (0, 1). For all three types of sparsity
indices, we investigate the success/failure of the Lasso
in recovering the sparsity pattern, where the number
of observations scales asn = 2 θ s log(p− s) + s + 1.
The control parameterθ is varied in the interval
(0, 2.4). For all results shown here, we fixedα =
0.40 for all three ensembles, and setγ = 0.75 for
the fractional power ensemble. In addition, we set

λn =
√

log(p−s) log(s)
n

in all cases. Here we show
results for the uniform Gaussian ensemble, in which
each rowxk is chosen in an i.i.d. manner from the
multivariate N(0, Ip×p) distribution. Recall that for
the uniform Gaussian ensemble, the critical value is
θu = θℓ = 1. Figure 1 plots the control parameter
θ versus the probability of success for linear sparsity
(a), sublinear sparsity pattern (b), and fractional power
sparsity (c), for three different problem sizes (p ∈
{128, 256, 512}). Each point represents the average of
200 trials. Note how the probability of success rises
rapidly from 0 around the predicted threshold point
θ = 1, with the sharpness of the threshold increasing
for larger problem sizes.

We now consider a non-uniform Gaussian
ensemble—in particular, one in which the covariance
matricesΣ are Toeplitz with the structureΣij = ρ|i−j|

for someρ ∈ (−1, 1).

Σ =




1 ρ ρ2 · · · ρp−2 ρp−1

ρ 1 ρ ρ2 · · · ρp−2

ρ2 ρ 1 ρ · · · ρp−3

...
...

...
...

...
...

ρp−1 · · · ρ3 ρ2 ρ 1




,(19)

for some ρ ∈ (−1,+1). As shown by Zhao and
Yu [16], this family of Toeplitz matrices satisfy con-
dition (8). Moreover, the maximum and minimum
eigenvalues (Cmin andCmax) can be computed using
standard asymptotic results on Toeplitz matrix fami-
lies [22]. Figure 2 shows representative results for this
Toeplitz family with ρ = 0.10. Panel (a) corresponds
to linear sparsitys = αp with α = 0.40), and panel
(b) corresponds to sublinear sparsity (s = αp/ log(αp)
with α = 0.40). Each panel shows three curves, cor-
responding to the problem sizesp ∈ {128, 256, 512},
and each point on each curve represents the average
of 200 trials. The vertical lines to the left and right of
θ = 1 represent the theoretical upper and lower bounds
on the threshold. Once again, these simulations show
good agreement with the theoretical predictions.

III. D ISCUSSION

The problem of recovering the sparsity pattern of
a high-dimensional vectorβ∗ from noisy observa-
tions has important applications in signal denoising,
graphical model selection, sparse approximation, and
subset selection. This paper focuses on the behavior
of ℓ1-regularized quadratic programming, also known
as the Lasso, for estimating such sparsity patterns
in the noisy and high-dimensional setting. The main
contribution of this paper is to establish a set of
general and sharp conditions on the observationsn,
the sparsity indexs (i.e., number of non-zero entries
in β∗), and the ambient dimensionp that characterize
the success/failure behavior of the Lasso in the high-
dimensional setting, in whichn, p and s all tend
to infinity. For the uniform Gaussian ensemble, our
threshold result is sharp, whereas for more general
Gaussian ensembles, it should be possible to tighten
the analysis given here.
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