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Abstract— The problem of consistently estimating the
sparsity pattern of a vector * € R” based on observa-
tions contaminated by noise arises in various contexts,
including subset selection in regression, structure estima-
tion in graphical models, sparse approximation, and sig-
nal denoising. Unfortunately, the natural optimization-
theoretic formulation involves ¢, constraints, which leads
to NP-hard problems in general; this intractability mo-
tivates the use of relaxations based orf; constraints.
We analyze the behavior of ¢;-constrained quadratic
programming (QP), also referred to as the Lasso, for
recovering the sparsity pattern. Our main result is
to establish a sharp relation between the problem di-
mension p, the number s of non-zero elements in3*,
and the number of observationsn that are required
for reliable recovery. For a broad class of Gaussian
ensembles satisfying mutual incoherence conditions, we
establish existence and compute explicit values of thresh-
olds 6, and 6, with the following properties: for any
v >0, if n > 2s(0, 4+ v)log(p — s) + s+ 1, then
the Lasso succeeds in recovering the sparsity pattern
with probability converging to one for large problems,
whereas forn < 2s(6; — v)log(p — s) + s + 1, then the
probability of successful recovery converges to zero. For
the special case of the uniform Gaussian ensemble, we
show that 8, = 6, = 1, so that the threshold is sharp
and exactly determined.

Keywords: Quadratic programming; convex relax-
ation; £y minimization;/; relaxation; Lasso; subset se-

the use of computationally tractable approximations or
relaxations tofy minimization. In particular, a great
deal of research over the past decade has studied
the use of the¢/;-norm as a computationally tractable
surrogate to théy-norm.

In more concrete terms, suppose that we wish to
estimate an unknown but fixed vectt € R? on the
basis of a set ofi observations of the form

Y zi B* + Wi, )

wherex;, € R?, andW;, ~ N(0,02) is additive Gaus-
sian noise. In many settings, it is natural to assume that
the vector* is sparse in that itssupportS := {i €
{1,...p} | B # 0} has relatively small cardinality

s = |S]. Given the observation model (1) and sparsity
assumption, a reasonable approach to estimatinig

by solving thel;-constrained quadratic program (QP)

: K

2n
where),, > 0 is a regularization parameter. Of interest
are conditions on thambient dimensiop, thesparsity
index s, and thenumber of observations for which
it is possible (or impossible) to recover the support set

S of g*.

k=1,...n,

n

S Wi - <78 + Al

k=1
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A. Overview of previous work

Given the substantial literature on the use /of
constraints for sparsity recovery and subset selection,
we provide only a very brief (and hence necessarily
incomplete) overview here. In theoiseless version
(0 = 0) of the linear observation model (1), one can
imagine estimatings* by solving the problem
subjectto z13=Yy, k=1,...,n.
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min |5l

lection; consistency; thresholds; sparse approximatiorNis problem is in fact a linear program (in disguise),

signal denoising; sparsity recovery; model selection.

I. INTRODUCTION

and corresponds to a method in signal processing
known as basis pursuit, pioneered by Chen et al. [4].
For the noiseless setting, the interesting regime is the
underdetermined setting (i.en, < p). With contri-

The problem of recovering the sparsity pattern obutions from a broad range of researchers [e.g., 5],

an unknown vector3*—that is, the positions of the

[41, [6], [71, [8], [9], there is now a fairly complete

non-zero entries of*— based on noisy observationsunderstanding of conditions on deterministic vectors
arises in a broad variety of contexts, including subsefz,} and sparsity index for which the true solution
selection in regression [1], structure estimation in3* can be recovered exactly. Without going into
graphical models [2], sparse approximation [3], andechnical details, the rough idea is that theitual
signal denoising [4]. A natural optimization-theoreticincoherenceof the vectors{z;} must be large relative

formulation of this problem is vig/yg-minimization,

to the sparsity index, and indeed we impose similar

where thely “norm” of a vector corresponds to the conditions to derive our results (e.g., condition (8)
number of non-zero elements. Unfortunately, howevem the sequel). Most closely related to the current
£o-minimization problems are known to be NP-hard inpaper—as we discuss in more detail in the sequel—
general [3], so that the existence of polynomial-timeare recent results by Donoho [10], as well as Candes
algorithms is highly unlikely. This challenge motivatesand Tao [11] that provide high probability results



for random ensembles. More specifically, as indeg € RP, we define the sign function
pendently established by both sets of authors using

different methods, for uniform Gaussian ensembles +1 if i >0
(ie., zx ~ N(0,1,)) with the ambient dimensiop sgn(B;) = (-1 if 3;<0 4
scaling linearly in terms of the number of observations 0 if 3, =0.

(i.e.,p = yn, for somey > 1), there exists a constant

«a > 0 such that all sparsity patterns with< ap can ) .
P Y P = ap recovering the sparsity pattern of the unkno@n

be recovered with high probability. (X8 WA Th , imal
There is also a substantial body of work focusing ori OPEMY_R(X, 57, W, A,): There exists an optima

the noisy setting4? > 0), and the use of quadratic 50"222;' B & S(X, 6%, W, A,) such thatsgn(s) =
rogramming techniques for sparsity recovery [e.g582\" /-

Z] [glz] [1319[14] [12] 2] [16]pThe€y1-constra?/n(£d g Our main result is that for a broad class of random

qu,adraiic pr,ograr,n (2)’ also known as the Lasso [ aussian ensembles based on covariance matrices

has been the focus of considerable research in recefausfying mutual incoherence conditions, there exist

years. Knight and Fu [17] analyze the asymptotié'r)](ecjfconsl'ltanm <0 <1landl< ‘2“ < +°Ohsu|§h
behavior of the optimal solution, not only fof; that for all v > 0, property R(X, 3%, W, A,) holds

regularization but fof,,-regularization withp < (0, 2]. with high probability (over the choice of noise vector

Fuchs [12] investigates optimality conditions for the'V and random matrix<) whenever
constrained QP (2), and provides deterministic condi- n > 20.+v)sloglp—s)+s+1, (5)
tions, of the mutual incoherence form, under which a
sparse solution, which is known to be withirof the and conversely fails to hold with high probability
observed values, can be recovered exactly. AmongVéghenever
variety of other results, both Tropp [13] and Donoho
et al. [14] also provide sufficient conditions for the
support of the optimal solution to the constrainedvioreover, for the special case of the uniform Gaus-
QP (2) to be contained within the true support ofsian ensemble (i.ex; ~ N(0,1I,)), we show that
p*. Other authors [5], [18] have provided conditionsg, = ¢, = 1, so that the threshold is sharp. This
under which estimation of a noise-contaminated signahreshold result has a number of connections to previ-
via the Lasso is stable in thg sense; however, such ous work in the area that focuses on special forms of
{>-stability does not guarantee exact recovery of thecaling. More specifically, as we discuss in more detail
underlying sparsity pattern. Most directly related ton Section II-B, in the special case of linear scaling
the current paper is recent work by both Meinshausefie., n = vp for some~ > 0), this theorem provides
and Buhlmann [2], focusing on Gaussian noise, ang noisy analog of results previously established for
extensions by Zhao and Yu [16] to more general noisBasis pursuit in the noiseless case [10], [11]. Moreover,
distributions, on the use of the Lasso for sparsityur result can also be adapted to an entirely different
recovery. For the case of Gaussian noise, both papeggaling regime forn,p and s, as considered by a
established that under mutual incoherence conditiorgparate body of recent work [2], [16] on the high-
and appropriate choices of the regularization paramelimensional Lasso.
ter \,, the Lasso can recover the sparsity pattern with The remainder of this paper is organized as follows.
probability converging to one for particular regimesSection Il is devoted to the statement and proof of our
of n, p ands, whenz;, drawn randomly from random main result on the asymptotic behavior of the lasso for
Gaussian ensembles. We discuss connections to gighdom Gaussian ensembles. Given space constraints,
results at more length in the the sequel. we provide only an outline of the proof, with more
technical lemmas only stated as results. We refer the
interested reader to the complete version of the work
Recall the linear observation model (1). For comdescribed here that appeared earlier in technical report
pactness in notation, let us us€ to denote the form [19].
n x p matrix formed with the vectorsz, =

Of interest is the event that the Lasso (2) succeeds in

n < 20;—v)slog(p—s)+s+1. (6)

B. Our contributions

Il. RECOVERY OF SPARSITYRANDOM GAUSSIAN

(xk1, Tr2, ..., Tkp) € RP as rows, and the vectors
X; = (21, %aj,...,2,;)7 € R® as columns. Con- ENSEMBLES
sider the (random) sef (X, 3*, W, \,,) of optimal We now turn to the analysis of random design

solutions to this constrained quadratic program (2)matrices X, in which each rowz; is chosen as an
By convexity and boundedness of the cost function,i.d. Gaussian random vector with covariance matrix
the solution set is always non-empty. For any vectoE. We begin by setting up and providing a precise



statement of the main result, and then discussing i®ne suitable choice is\2 = w, with
connections to previous work. In the later part of thisvhich we have

section, we provide the proof. B (8 log(p — s)) log(s) o (logs) .

)\2
n S S

n

A. Statement of main result

Consider a covariance matrk with unit diagonal, and % = log(s) — +oo0. Without a bound
and with its minimum and maximum eigenvalueson p,,, the conditions on\, constrains the rate of
(denotedA,,,;,, and A4, respectively) bounded as decrease of the minimum,, = min;cg |5;].

Amin(Xss) = Crin, and  Apea(X) < Char  B. Some consequences

¢ q i (7) To develop intuition for this result, we begin by stat-
or constar:tsCmi,; > 2 and Crmaz < +o0. G|.ven ing certain special cases as corollaries, and discussing
a vector * € R, define its supporty = {i ¢ connections to previous work.

{{:"'f'ip} | 85 7£SO}' as wehllﬂas t:g compler?]ent a) Uniform Gaussian ensemblézirst, we con-
5¢ of Its support. Suppose that an safisfy the sider the special case of the uniform Gaussian en-

» i
conditions||(Xs5)™ [loe < Dmax for SOME Dimax < gemple in whichy = I,x,. Previous work by

+oo, and Donoho [10] as well as Candes and Tao [11] has

I25e5(Sss) Hloe < (1—¢) (8) focused on the uniform Gaussian ensemble in the
noiseless 2 = 0) and underdetermined setting &

for somee € (0,1]. Examples of matrix ensemblesyp for some~ € (0,1)). Analyzing the asymptotic

satisfying these conditions include the uniform Gausbehavior of the linear program (3) for recoverifig,

sian ensembleX = I,,.,), Toeplitz matrix ensembles the basic result is that there exists some> 0 such

(25 = pl=il for somep € [0,1)), and certain other that all sparsity patterns with < ap can be recovered

matrix ensembles; see Zhao and Yu [16] for furthewith high probability.

discussion. Under these conditions, we consider the Applying Theorem 1 to the noisy version of this

linear observation model (1), wherg ~ N(0,¥) and problem, the uniform Gaussian ensemble means that

Wy ~ N(0,0%) are independent Gaussian variablesve can choose = 1, andC,,;,, = Cynaz = 1, SO that

for k = 1,...,n. Furthermore, we defing, := the threshold constants reduce
min;es |55], and the sparsity index = |S]. e
. . (\/ Cmaw - C’rmw: - ﬁ)Q
Theorem 1. Consider a sequence of covariance ma-6, = c 5 5 =1, and
trices {X[p]} and solution vectors{5*[p]} satisfy- o maz (2 =€)
ing conditions (7) and (8). Under the observation ¢ — 2’”‘”’ = 1.
model (1), consider a sequencén, p(n), s(n)) such *Crin
that s, (n —s) and (p — s) tend to infinity. Define the Consequently, Theorem 1 provides a sharp threshold
thresholds for the behavior of the Lasso, in that failure/success is
entirely determined by whether or noet> 2s log(p —
1 2
(VCinaz — V Cmas — &,,7) s) + s+ 1. Thus, if we consider the particular linear
0, := <1, and . . : .
Crnaz (2 —¢€)? scaling analyzed in previous work on the noiseless
0 min{2, Cae - case [10], [11], we have:
“ Crin - Corollary 1 (Linearly underdetermined settingbup-
Then for any constant > 0, we have the following Pose thatn = vp for somey € (0,1). Then
@ If n < 20, —v)slog(p —s) + s+ 1, then (@ If s = ap for any a € (031).!. then
P[R(X, 3*, W, \,,)] — 0 for any non-increasing P[R(X,5",W,\n)] — 0 for any positive se-
sequence\,, > 0. quenceA,, > 0.

(b) Conversely, ifn > 2(6, + v)s log(p — s) +s  (b) On the other hand, ifs = O(gk;), then
and \, — 0 is chosen such that-"22_ —, P[R(X, 5", W, \,)] — 1 for any sequence

) on o&(p—3) {\.} satisfying the conditions of Theorem 1(a).

+o00 and E[)‘” + \/7} — 0, then

PIR(X, 5%, W, A)] — 1.

Conversely, suppose that the sizeof the support
of 5* scales linearly with the number of parameters
Remark: Suppose for simplicity thatp, remains p. The following result describes the amount of data
bounded away frond. In this case, the requirementsrequired for the/;-constrained QP to recover the
on \,, reduce ta\,, — 0, andA2n/log(p—s) — +oo.  sparsity pattern in the noisy setting®(> 0):



Corollary 2 (Linear fraction support) Suppose that  Next defineb := sgn(B%), and denote by; € R®

s = ap for somea € (0,1). Then we require the vector withl in the i** position, and zeroes else-
n > 2aplog[(1 — «) p] + ap in order to obtain exact where. Consider the collections of random variables,
recovery with probability converging to one for large defined for each index< S andj € S¢ as follows:
problems.

-1
These two corollaries establish that there is a sig- U; := el <1X§Xs> {1X§W— )\nl;} . (10)
nificant difference between recovery using basis pur- " "

suit (3) in the noiseless setting versus recovery usingnd
the Lasso (2) in the noisy setting. When the amount of
datan scales only linearly with ambient dimensipn

then the presence of noise means that the recoverable’7 *~
support size drops from a linear fraction (i.e+= ap

as in tr}gwork [1_0], [11]) to a sublinear fraction (i.e., B {Xs (XEXS)_l Xg 7 Ian} W}. (11)
s = O(=£2), as in Corollary 1).

b) Non-uniform Gaussian ensemble¥/e now
consider more general (non-uniform) Gaussian ense
bles that satisfy conditions (7) and (8). As mentione
earlier, previous papers by both Meinshausen andemma 1. Assume that the matriX X is invert-
Buhlmann [2] as well as Zhao and Yu [16] treatible. Then, for any givem,, > 0 and noise vector
model selection with the high-dimensional Lasso. Folv € R, propertyR (X, 3%, W, \,,) holds if and only
suitable covariance matrices (e.g., satisfying condif
tions (7) and (8)), both sets of authors proved that the
sparsity pattern can be recovered exactly under scaling max [V;| < Ay, and  (12a)

”» jESe
conditions of the form Hggﬂ@* LUl > o (12b)

X}“{XS (XTXs) ™" M\b

rH‘_he following result provides necessary and sufficient
&onditions for successful recovery:

s=0("), and p=0(""), (9 |
From Lemma 1, the behavior a2 (X, 5*, W, \,,)
where ¢; 4+ ¢, < 1. Applying Theorem 1 in this can be analyzed by investigating t_he behavior of
scenario, we have the following: maxese |V;| and max;eg |U;]. In particular, condi-
_ ) tion (12a) holds if and only if the evemt1(V) :=

Corollary 3. Under the scalind9), the Lasso will re- {max;cse [V;| < A} holds. On the other hand, if we
cover the sparsity pattern with probability convergingdeﬁnepn ‘= mineg |3¢], then the event(U) =

to one. {max;es |U:| < p,} is sufficient to guarantee that

In fact, under this stronger scaling (9), both papers [2gondition (12b) holds. Consequently, our proof is
[16] proved that the probability of exact recovery con- ased on analyzing the asymptotic probability of these
verges to one at a rate exponential in some polynomi&f/0 events.

function of n. Interestingly, our results show that the Next we note that fos < n, the random Gaussian
Lasso can recover the sparsity pattern for a muciatrix Xs will have rank s with probability one,

broader range ofn, p, s) scaling. whence the matrixXZ X is invertible with proba-
bility one. Accordingly, the necessary and sufficient
C. Proof Outline for Theorem 1(b) conditions of Lemma 1 are applicable. The next
lemma concerns the behavior of the random vector

We now turn to a proof outline for part (b) v = (Vvi,..., Vy), when conditioned ofXs and V.

of our main result. We begin with a simple setRecalling the shorthand notatidn := sgn(6*), we
of necessary and sufficient conditions for propertgummarize in the following

R(X,5*,W,\,) to hold. We note that this result -
is not essentially new (e.g., see [12], [2], [13] forLemma 2. Condltlor_ned onXs_ and I, the random_
variants), and follows in a straightforward manne&ctor (V' | W, X) is Gaussian. Its mean vector is
from optimality conditions for convex programs [20]. UPPer bounded as
We defineS := {i € {1,...,p} | B} # 0} to be the

; i < —6)1.
support ofg*, and letS¢ be its complement. For any EV W Xsll < An(l=91 (13)
subsetl’ C {1,2,...,p}, let X7 be then x |T| matrix  Moreover, it has conditional covariance
with the vectors{X;,i € T} as columns. We use the
shorthand notatios = |S| and N = |S¢| =p — s. cov[V | W, Xs] = M, [Ssese — Sges(Sss)  Tsse],



where Lemma 4. Under the theorem assumptiongf — 0
. . i €1 ege 7] < e '
My, = NBT(XEXs) 7B and limy— oo TE[maxjese Zj] < ¢
1 - Lemma 5. For anyn > 0, we have
+ W7 [Inxn — X (XIX4) Xg] W (14) yi

2
i i 74 ~ n
. 1 < _ .
is a random scaling factor. P max Zi >n+ ]E[Jjgpe%)g ZJ]} < exp ( 2v*>
The following lemma captures the behavior of the (16)
random scaling facton/,, defined in equation (14): Lemma 4 implies that for alb > 0, we have
Lemma 3. The random variablé\/,, has mean Elmaxjese Z;] < (1 + $)eA, for all n sufficiently
22 . . o2(n—g) large. Therefore, setting = g)\ne in Lemma 5, we
E[M,] = 7”1 b7 (Xss) ' + 42&5) have for fixeds > 0 andn sufficiently large:
n—s— n
Moreover, it is sharply concentrated in that for any ~
§ > 0, we haveP[|M, —E[M,]| > E[M,]] — 0 as P {%%X Zj>(1+ 5)>\n6] <
n — —+o00. ~ 5 _
. e 11 <
With these preliminary results in hand, we now P Lné%}gzj - 2)‘”6+]E[§ré%}§zj]} -

turn to analysis of the collections of random variables 52722
{U;,i € S} and{V},j € S°}. 2exp (_ 81; )
c) Analysis of M(V): We begin by analyzing
the behavior OfInanGSc Vj| First, for a fixed but From Lemma 4, we have\%/y* — +00, which
arbitrary 6 > 0, define the event implies thatP[max;ege Z; > (1+ 6)Ane] — 0 for all
o _ 6 > 0. By the arbitrariness o > 0, we thus have

T0) = {|Mn = E[My]| 2 OE[Mn]}- P[max;es- Z; < eA,] — 1, thereby establishing that
By conditioning on7 (¢) and its complementZ (6)]°,  property (12a) of Lemma 1 holds w.p. one asymptot-
we have the upper bound ically.

d) Analysis of M(U): Next we prove that
max;es |U;| < pn = minegs |G| with probability
+ P[T(5)]. one asn — +oo. Conditioned onXg, the only
) ) random component it/; is the noise vectoil/. A
By the concentration statement in Lemma 3, Weraightforward calculation yields that this conditioned
have P[7(0)] — 0, so that it suffices to analyze Ry ig Gaussian, with mean and variance

. < : c
Plmax Vi > An] < P max [V > An | [T(9)]

the first term. Sety; = E[V;|Xs], and let Z
be a zero-mean Gaussian vector withv(Z) = e 1t
cov(V | Xg,W). Then we have Yi = E[Ui | Xs] = —Auej EXSXS b,
max |[V;| < max|[|u;| + [ Z;] ’
jES®

jese g

—1

Y, = varlU; | Xg] = U—e? {1X5XS} e;
< (1- )\, +max|Z], o

jest respectively.
where we ha}ve usgd the upper bound.(13) on the Now define the event
mean. This inequality establishes the inclusion of
events{max cg- |Z;| < eA,} C {maxjege |V}] < (0) = O (v > 6D maxnAn
A}, thereby showing that it suffices to prove the T e n—s—1"
convergence Plmax;ege | Z;| > €A, | [7(0)]] — 0. =
Note that conditioned on7(§)]¢, the maximum By applying the union bound and some algebra, the

or |v/| > 2E[Y/]}.

value of M, is v* := (1 + §)E[M,]. Since probability of this event is bounded as

Gaussian maxima increase with increasing vari- i K

ance, we haveP max;cge |Z;| > e\, | [T()]] < P[T(8)] < s = — 0,
= 5. n—s 21

P |max;ecge |Zj\ >eM\,|, Where Z is zero-mean s

Gaussian with covariance” ¥s-|s). It suffices to since 2 — 400 asn — +oo. For convenience in
show thatP[max;c ge Zj > e)\,] converges to zero. notation, for anye € R andb € R, we useU;(a, b)
Accordingly, we complete this part of the proof viato denote a Gaussian random variable with mean
the following two lemmas: and varianceh. Conditioning on the everf () and



its complement, we have th&{max;cs U; > p,] is vector (V1,...,Vy) is Gaussian with covariance of

upper bounded by the form M, [Escsc: ESCSLEss)’IZSSC]; thus, the
zero-mean versio(Vi, ..., Vy) has the same covari-
PlmaxU; > pn | T(8)]+PIT(9)] < ance. Moreover, Lemma 3 guarantees that the random
K scaling term)/,, is sharply concentrated. In particular,
Plmax Us(ui,v7) > pn] + 55— (17)  defining for anys > 0 the event7 (§) := {|M,, —
s E[M,]| > 6E[M,]}, we haveP[T (§)] — 0, and the
where eachl;(pf, v}) is Gaussian with meap? :=  pounds
6D maxAn —+— and variancev; := 2[E[Y;] respec-

tively. In asserting the inequality (17), we have used ~
the fact that the probability of the evefihax;cg Y; > P[;Ié%}g Vil > (2 =€) An] 2
pn} increases as the mean and varianc¥;ahcrease. _
Continuing the argument, we have 1-P[T@O)])P [ﬁ&ggﬂ/ﬂ >(2—€) A, | T((S)C} >
P U (uf,vf) > < P Ui(pr,vf)| >
[I?GaSX (,UL 'Uz) Pn] [I?GaSX| 1(:”‘1 % )| pn] (1 _ P[T((S)]) P l:Hé%X|Z7(U*)I > (2 _ 6) )\n:| )
1 JE5"
< B a0t o)
P o ) where eachZ; = Z;(v*) is the conditioned version
where the last step uses Markov’s inequality. W%f V, with the scaling factorM,, fixed to v* =

* * d n
now decomposel;(ij,vf) = 2DmaxAnz=s=1 + (1 — §)E[M,]. (Here we have used the fact that

U;(0,v7), and write the probability of Gaussian maxima decreases as the
variance decreases, and thair(f/j) > v* when
E [max IUi(u?,vi‘)l} < ODpa Ay — conditioned on7 (4)<.)
ies n-s—1 Our proof proceeds by first analyzing the expected
+E {maxﬂ?(o,vf)@ ) value, and then exploiting Gaussian concentration of
€S measure. We summarize the key results in the follow-
With this decomposition, we first bound := ing:

2E[Y;] and apply standard results on Gaussian ma

ima [21] to conclude that )f_emma 6. Under the stated conditions, one of the

following two conditions must hold:

iIE [maX|Ui(uf,v;‘)|} < (a) either 22 — +o0, and there exists some> 0
Pn_ L 7€5 such that\-E[max;cse Z;] > (2 — €)1 + ]
1 9D ) n 43 /202 Drnax 10g8] for all sufficiently largen, or
Pn mam g, —s—1 n—s—1 |’ (b) there exist constants,y > 0 such thatZ; <

a and %E[maxjesc Z;] > vVlIog N for all

which converges to zero by the second condition on . An
sufficiently largen.

A, in the theorem statement.

D. Proof Outline for Theorem 1(a) Lemma 7. For any 7 > 0, we have

We establish the claim by proving that under the )
stated conditionspax;es- |V;| > A, with probability P[max Z;(v*) < E[max Z;(v*)]—n] < exp <_ i *> )
one, for any positive sequencg, > 0. We begin by /€5 j€ese 2v 15
writing V; = E[V}]+V;, whereV; is zero-mean. Now (18)

max|V;| > maX|‘7j| — max [E[V;]| Using thes_e tvx{o Iemm.as, we complete the proof
jese jese jese as follows. First, if condition (a) of Lemma 6 holds,
> man|Vj| — (1 =e)An, then we setp = (2_6% in Lemma 7 to obtain
7€ that P[5- maxjese Z;(v*) > (2 — ) (1 + 1)] >
where have used Lemma 2. Consequently, the eve?t 7 (2—e)% 4222 . .
= Lo — exp (—7* "), which converges td since
{maxjese |V;| > (2 — ¢)A,} implies the event 8v
{maxjegs- |V;| > An}, so that i— — +oo from Lemma 6(a).
On the other hand, if condition (b) holds, then we
use the boundi: E[maxjcge Z;] > vy/Iog N and

From the preceding proof of Theorem 1(b), wesetn = 222¥9eXN in | emma 7 to obtain that the
know that conditioned onXs and W, the random probabilityP[ - maxjese Z;(v*) > 2 (2—¢)] is lower

. > V. _ .
Ploax Vi[> An] 2 Plmax |V > (2 =€) An]



bounded by for somep € (—1,+1). As shown by Zhao and
Yu [16], this family of Toeplitz matrices satisfy con-

1 o < YVlog N dition (8). Moreover, the maximum and minimum
Pl—max Z;(v*) > ———] > . .
Ap jES°¢ 2 eigenvalues(,,;, andC,,..) can be computed using
722 log N standard asymptotic results on Toeplitz matrix fami-
1 —exp (‘ Su* ) lies [22]. Figure 2 shows representative results for this

Toeplitz family with p = 0.10. Panel (a) corresponds
This probability also converges to since 2= > to linear sparsitys = ap with a = 0.40), and panel

v

1/a and log N — +oo. Thus, in either case, we (D) corresponds to sublinear sparsity= ap/ log(ap)
have shown thatim,, . . P[5t maxjese Z;(v*) > with o = 0.40). Each panel shows three curves, cor-

(2 — €)] = 1, thereby completing the proof of Theo- fesponding to the problem sizgsc {128, 256, 512},

rem 1(a). and each point on each curve represents the average
of 200 trials. The vertical lines to the left and right of
E. Simulations 6 = 1 represent the theoretical upper and lower bounds

on the threshold. Once again, these simulations show

We conclude with some simulations to confirmg,qq agreement with the theoretical predictions.
the threshold behavior predicted by Theorem 1. Weé

consider the following three types of sparsity indices: lll. DiscussioN

(a) linear sparsity meaning thats(p) = ap for The problem of recovering the sparsity pattern of
somea € (0, 1); (b) sublinear sparsitymeaning that a high-dimensional vectog* from noisy observa-
s(p) = ap/(log(ap)) for somea € (0,1), and (c) tions has important applications in signal denoising,
fractional powersparsity, meaning that(p) = ap”  graphical model selection, sparse approximation, and
for somea,y € (0,1). For all three types of sparsity subset selection. This paper focuses on the behavior
indices, we investigate the success/failure of the Lasssf /;-regularized quadratic programming, also known
in recovering the sparsity pattern, where the numbeis the Lasso, for estimating such sparsity patterns
of observations scales as= 26 slog(p —s) +s+1. in the noisy and high-dimensional setting. The main
The control parameterf is varied in the interval contribution of this paper is to establish a set of
(0,2.4). For all results shown here, we fixasl = general and sharp conditions on the observations
0.40 for all three ensembles, and set= 0.75 for the sparsity index (i.e., number of non-zero entries
the fractional power ensemble. In addition, we sein 3*), and the ambient dimensignthat characterize

\, = 1/M in all cases. Here we show the success/failure behavior of the Lasso in the high-
results for the uniform Gaussian ensemble, in whicHlimensional setting, in whicl, p and s all tend
each rowz,, is chosen in an i.i.d. manner from theto infinity. For the uniform Gaussian ensemble, our
multivariate N (0, I,,,.,,) distribution. Recall that for threshold result is sharp, whereas for more general
the uniform Gaussian ensemble, the critical value i§aussian ensembles, it should be possible to tighten
6., = 6, = 1. Figure 1 plots the control parameterthe analysis given here.
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