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Abstract

Recent theory of compressed sensing informs us that near-exact recovery of an unknown sparse signal is possible
from a very limited number of Fourier samples by solving a convex L; optimization problem. The main contribution
of the present paper is a novel non-parametric shape estimation framework and a computational algorithm for binary
star shape objects, whose radius functions belong to the space of bounded-variation functions. Specifically, in contrast
with standard compressed sensing, the present approach involves directly reconstructing the shape boundary under
sparsity constraint. This is done by converting the standard pixel based reconstruction approach into estimation of a
non-parametric shape boundary on a wavelet basis. This results in an I.; minimization under a nonlinear constraint,
which makes the optimization problem nonconvex. We solve the problem by successive linearization and application
of one-dimensional compressed sensing, which significantly reduces the number of sampling requirements as well
as the computational burden. Fourier imaging simulation results demonstrate that high quality reconstruction can
be quickly obtained from a very limited number of samples. Furthermore, the algorithm outperforms the standard

compressed sensing reconstruction approach using the total variation norm.
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I. INTRODUCTION

onsider a Fourier imaging problem to reconstruct a circular homogenous target with a support D against a
uniform background. Conventional approaches for such problems are usually based on an inverse Fourier
transform to reconstruct the pixel values within a field of view (FOV). In these approaches, the minimum number of

measurement data is determined by the Nyquist sampling theory. If the sampling positions are randomly distributed



and the domain D is a sparse subset of the set representing the FOV, the recent theory of compressed sensing (CS)
informs us that we can reduce the required number of samples significantly and still obtain perfect reconstruction
by solving a convex optimization problem [1], [2]. Moreover, the number of Fourier samples can be further reduced
for a piecewise constant image by replacing the L; norm with the 2-D total variation (TV) norm [1]. However,
intuition tells us that we can further reduce the Fourier samples. For example, the zero frequency of the Fourier
transform contains all the information about the size of a circular object. Then, why do the standard Fourier or CS
approaches require considerably more measurement samples ?

The answer to this puzzling question is that most of the standard Fourier or CS approaches focus on reconstructing
pixel values or the expansion coefficients in some basis rather than reconstructing the boundary information directly.
Hence, regardless of whether the object is a circle or a complicated irregular object, the total sampling requirement
is similar as long as the number of non-zero coefficients in some basis are the same [1].

The main contribution of this paper is the presentation of a novel non-parametric shape estimation framework
and a computational algorithm. This is an extension of our previous parametric shape estimation works [3], [4], [5]
to the non-parametric regime using a general boundary model with bounded variations to include all practical shape
boundaries with cups and discontinuities. Since this class of signals decay in a manner similar to a power-law within
a wavelet basis [6], the coordinate functions of the boundary can be compactly expanded in a wavelet basis; hence,
the original linear inverse problem can be converted into a one-dimensional nonlinear inverse problem of estimating
the expansion coefficients under a sparsity constraint. However, due to a nonlinear constraint, the problem becomes
nonconvex. Successive linearization and one-dimensional CS reconstruction [1], [2] are employed for the proposed
algorithm, which significantly reduces the number of sampling requirements and the computational burden.

In the case of a piecewise constant image, such objects can be recovered very well using the standard CS
reconstruction using the 2-D TV norm. However, our algorithm provides important advantages over the standard CS
using the TV norm. In particular, the resolution of the standard CS using the TV norm is grid dependent. Hence,
in order to represent cusps, oblique lines, and sharp corners, the standard CS reconstruction requires very fine
discretization, which makes the reconstruction computationally expensive and requires substantially more Fourier
samples.

This paper applies the new algorithm to a Fourier imaging problem. Especially, we are mainly interested in
recovering boundary of star-shaped objects centered at the origin. Extensive simulation results show that accurate
recovery of the complicated boundaries is feasible even with a severely limited number of Fourier samples and our
algorithm outperforms the standard CS approach using the TV norm.

Schmid et al [7] reported on complexity regularized shape estimation, which uses the minimum description
length (MDL) principle for model order selection. Specifically, they employ a parametric boundary representation

such as Fourier descriptors, and the optimal model order is selected by comparing quality measures from multiple



reconstructions with distinct model orders [7]. However, our approach is fundamentally different from [7] since
our algorithm is non-parametric and the optimal model order is automatically selected using a simple thresholding

scheme. Hence, the present approach is much simpler and more accurate.

II. NON-PARAMETRIC SHAPE ESTIMATION PROBLEM

Consider a real-valued image f consisting of a constant-valued 2-D object:
B fl, reD
f(r)_ { O, I‘ERQ\D . (1)
The region D is unknown, whereas the intensity f; is known. As shown in Figure 1(a), the boundary S = 0D

need not be continuously differentiable, and may have cusps and discontinuities. In a Fourier imaging problem, the

measurements are samples of a 2-D Fourier transform:

g(k) = / h / b f(r) e 2™ dr k € R2 )

Mathematically, a boundary S is a one-dimensional (1-D) manifold in R?: i.e. S 2 {s(t):te€I=[0,1]} C R?
where [ is a unit interval. As explained before, we are mainly interested in estimating a star shaped object centered
at the origin. The representation of a star shaped object is then given by s(t) = h(t) [ cos(2xt) sin(27t) ]T,
where h(t) is an angle dependent radius function for ¢ € [0, 1]. We assume that the radius function h(¢) belongs to
BV|0, 1] - the space of objects with bounded variations within the unit interval [6]. More specifically, the space
BV|[0,1] is a collection of functions whose total variation norms on [0, 1] are bounded: i.e. if h(t) € BV]0, 1], we

have [6]:

[V h() — (e — B)]
||h|v—;g%/0 I < 0. 3)

This class of boundary is a more general representation of a boundary than the smooth boundary since it includes
boundaries with cusps and discontinuities. Furthermore, the signal in this class decays in the manner of a power
law within a wavelet basis [6]. More specifically, if B = {b, },en is an orthonormal wavelet basis such that the

function h(t) can be expanded as follows

n=1 n=1

then for all h € BVI0, 1] we can show that 6,,) decays in the manner of a power-law [6]: [0(,,)| < C'- n~3/2 where
0(n) is the n-th largest wavelet coefficient and C' denotes a positive constant. This implies that the wavelet expansion
coefficients decay very rapidly and the radius function h(t) is sparse in a wavelet basis. By stacking the expansion

coefficients, we have

0 = {On}nen = {I(h, bn) [ }nen - ()



Consider the following generic measurement framework from K noiseless measurement data, y 2 {y(kz)}fil
y = F(0), where F(6) is the noiseless nonlinear mapping from the surface S = S(6) to the Fourier measurement
vector {g(k;)}X . The problem of estimating @ then leads to the nonlinear least squares problem. There are,
however, several technical difficulties in solving the nonlinear least square estimation problem. First, even if the
mapping from the pixel values to the Fourier measurements is linear in the original inverse problems, the mapping
from 6 to the measurement y = F(0) is severely nonlinear. Second, the unknown vector 6 is infinite dimensional
whereas we only have a finite-dimensional observation vector y. Hence, the problem is a severely underdetermined
nonlinear inverse problem, and some kind of regularization is needed to obtain accurate reconstruction of the

boundary. Our approach is to exploit the sparsity of @ to regularize the solution.

III. MAIN RESULTS

Rapidly developing theory of compressed sensing (CS)[1], [2] addresses the following underdetermined inverse

problem of sizes (K, N) with K < N, N — oo:
y = Ax, A e CEXN (6)

where y is the K-dimensional measurement vector, and x denotes the N dimensional unknown signal, respectively.
It is well known that there exist infinitely numerous solutions for the underdetermined problem Eq. (6). However, if
X is sparse and assumes non-zero values only at M locations, then the situation is drastically different. In particular,

consider the following computationally feasible convex optimization approach [1], [2]:
(P1): miny||x|[1 subject toy = Ax 7

where || - ||1 denotes the L; norm. The remarkable discovery of CS theory is that if the matrix A satisfies certain
conditions, called CS1-CS3 in [2] or the uniform uncertainty principle [1], (P1) guarantees the exact recovery of

x. Furthermore, if the measurement is noisy, (P1) can be modified to incorporate the influence of noise power:
(P1l,): ming||x||1 subject to ||y — Ax|]2 <€ (8)

where || - ||2 denotes the Ly norm and e is the noise power, respectively. For this case, the reconstruction is still

stable and the estimation error is bounded by
||X>k — )A(||2 § 016 (9)

where x* and % denote the true unknown parameters and the estimate of x from K measurements, respectively,
and (] is some constant [1], [2].

The direct application of (P1) for our non-parametric shape estimation can be written as follows:

(NP1): ming||0||1 subject toy =F(0) . (10)



The main technical issue in (NP1) is that the constraint is now nonlinear with respect to 8. Hence, the basic concept
of the present nonparametric shape estimation approach is to successively linearize the nonlinear functional F(8)

at the current estimate of the wavelet coefficients vector. Specifically, for the noiseless measurements, we have
y =F(0") =F(6) + F'(6,) (6" — 0,) + o(]|60" — On]]2) (11)

where F/(0,,) denotes the Fréchet derivative of the nonlinear function F(-) at 6,,, 8* denotes the true parameter,

and o(-) is the “small 0” notation. We further introduce the following notation:
r,=y—F(8, +F(0,0,cCr | A,=F(,) cCFN, (12)
(NP1) can then be converted into a form of the standard CS:
(P1"): miny||@||1 subject to ||r,, — An0||2 < €, (13)

where €, is given by ¢, = o(||0™ — 0,,||2). We now have the following:
Proposition 1: Suppose the Fréchet derivative F/(0,,) € RE*N n = 1,2, ... | satisfies the CS1-CS3 [2] or the
uniform uncertainty principle [1]. For a given initial estimate 8, successive application of (P1’) guarantees the

n-th reconstruction error (,, bounded by

G 21107 = Onll2 <o (||0" —Ooll2), n=1,2,-. (14)
Proof: The theorem can be proven by an inductive argument. The base for the induction is the observation of the
linearization error €y = o (||0™ — g||2) due to Eq. (11). Then, Eq. (9) gives us {; = ||0* — 01||2 < o(||0" — Op]|2).
The induction step consists in showing that if (; < o (||@* — Op||2), then (x11 < (||@" — 6p||2). The induction step
follows directly since the linearization noise from the Taylor expansion Eq. (11) at 8y, is given by €, = o(||0™ —0k]|2)
and the reconstruction error from the standard CS results under noisy measurements, Eqs. (8) and (9), tell us
Chr1 < Crex, < 0(]|0" — Opl|2). This concludes the proof. u
Note that the new L; minimization problem (P1°) is based on the assumption that there exists a Fréchet derivative
of F(0) at 8,, for n = 1,2,---. To calculate this quantity, a shape derivative or domain derivative is needed, as
was discussed in detail in our previous works on the parametric shape estimation problem [4]. More specifically,
the (4, j)-th elements of the Fréchet derivative F'(6,,) can be calculated by computing dg(k;; 8)/00; at 6 = 0,, as
follows [4]:

d9(k)
0,

1
_ fl /O efj27rh(t;0")(kw cos(2mt)+ky sin(27rt))bj (t)h(t; gn)dt ’ (15)

6=6,

where h(t;8,,) denotes the radius function calculated using 6,,. The computation of Eq. (15) can be easily done

using the 1-D quadrature rule.



IV. RECONSTRUCTION ALGORITHM

Compared to the standard CS with TV norm [1], the computational complexity of our algorithm is smaller.
Furthermore, a variety of pursuit algorithms for 1-D signal estimation can be used [1], [2], [8]. This paper follows

the iterative soft-thresholding method of Daubechies et al [8]. Here, 0(i) denotes the i-th elements of the vector 6.

1) Set n = 0. Initialize 8y using a circle.
2) Calculate quantities r,, and A, using successive linearization at 6,, as shown in Eq. (12).
3) Set 0 = @,,. For [ = 0,1, , Nyaq. apply the following iterative soft-thresholding to solve (P1’):
a) BSH) = 0511) + AT (rn — AnO,(ll)), where o is an appropriate step size.
b) For all 4, if [0V (4)] < A, then 67V (i) = 0. Otherwise, 0™ (i) = 08V (i) — Asign(67V (4)).
4) Update 0,11 = 02N’””).
5) If not converged, n < n + 1 and go to Step 2.
Note that our algorithm is different from the original iterative soft-thresholding algorithm presented by Daubechies
[8] in that in our approach the original problem (NP1) should be successively linearized as the estimate updates.

If r,, and A,, were not updated for each n, the proposed algorithm would be identical to the original iterative

soft-thresholding algorithm [8].

V. NUMERICAL RESULTS

In order to generate a 2-D star shaped object, we first chose the object Blocks from the Wavelab package [9], and
scaled it by 0.5 and added one to generate a radius function h(t). This yields the original radius function, as shown
in Figure 1(b). The corresponding 2-D boundary of a star shaped object with the radius function is illustrated
in Figure 1(a). Suppose K numbers of Fourier samples are taken randomly from the sampling positions k;, €
[—Ekmaz /2, kmaz /2] X [—kmaz /2y kmaz/2] for i = 1,..., K, where k4, denotes the maximum spatial frequency.
For K.z = 25, the proposed reconstruction results using various numbers of Fourier samples are illustrated in
Figs. 2(a), and (b) for sample numbers of K = 150, and K = 250, respectively. Nearly perfect reconstruction of the
boundary can be obtained with only 150 Fourier samples using the proposed algorithm. Here, the initial surface Sy
is set to be the unit circle with radius rg = 1. In order to demonstrate that the proposed algorithm outperforms the
standard CS using the TV norm, we have modified the [1-Magic software (http://www.acm.caltech.edu/l1magic/)
to incorporate the random Fourier samples and performed the simulation using the same sampling points as for the
proposed method. The boundary estimations after segmenting the standard CS reconstruction using the TV norm
with K = 150, and K = 250 are shown in Figs. 2(c), and (d), respectively. Overall, significant improvements were
observed using the proposed method over the standard CS using the 2-D TV norm.

In order to quantify the convergence behavior of the proposed algorithm, Figure 3(a) presents the normalized root-



mean square error (NRMSE) plots of the proposed algorithm with respect to the iteration number. The NRMSE of
the n-th estimate 8,, is defined as NRM SE(n) = ||0* — 6,,||2/v' N, where N is the dimension of the parameter 6,
and 6" denotes the true parameter vector. For all the sample numbers, the NRMSE converges as iteration proceeds.
In Figure 3(b), we present the NRMSE plots of reconstructions using the proposed algorithm and the standard CS
using the TV norm with respect to various numbers of Fourier samples. Again, it is clearly seen that the proposed
algorithm outperforms the standard CS using the TV norm especially when the number of Fourier samples are very
limited.

As a final example, we applied the algorithm to the reconstruction of a 2-D boundary of a low resolution Rotavirus
image reconstructed using cryo-electron microscopy [10](see Figs. 4(a)(b)). The low resolution map was generated
with in-house reconstruction packages using Rota virus samples measured from actual experiments. Again, the slice
boundary is scaled such that the maximum radius is 1.5. In this experiment, we compared various reconstruction
basis functions such as Haar wavelets, Daubechies wavelet with an order of 5 for the same number of measurement
data K = 200 at k;q, = 25. As shown in Figs. 4(c),(d), we observe that the smoothness of the reconstructed
boundary depends on the regularity of the basis. Even though the global shape are fully recovered using all choices

of basis, the Daubechies wavelet with an order of 5 provided the best reconstruction.

VI. CONCLUSION

We have developed a novel non-parametric shape estimation algorithm for inverse problems using compressed
sensing. The proposed algorithm converted the 2-D shape estimation problem into a 1-D estimation problem by
successive linearization using shape derivatives. This significantly reduced the sampling requirements of the imaging
problem as well as the computational complexity. Fourier imaging simulation results using star shaped objects
demonstrate that high quality reconstructions could be quickly obtained from a very limited number of samples

and the proposed algorithm outperformed standard compressed sensing using the TV norm.
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(a) A star-shaped object, and (b) its corresponding radius function using Blocks functions in WaveLab [9].



Fig. 2.

(a)(b) Reconstruction of Blocks boundary using the proposed algorithm with various number of Fourier samples: K = 150, and
K = 250, respectively. (c)(d) Standard CS reconstruction using TV norm with K = 150, and K = 250, respectively. The image and the

15} 1 15 1
1 1 1 1
0sf 1 05 1
2 2
5 g
£ £
s s
g o 18 o ]
8 8
7 3
> >
-05F 1~ -0s q
_al 1 1 ]
-15f 4 -15 4
2 . . . . . . . 2 . . . . . . .
=2 -15 -1 -05 ) 05 1 15 2 =2 -15 -1 -05 0 05 1 15 2
X-coordinate X-coordinate
2 2
15F q 15 q
] ; ]
] 05 ]
o @
® T
£ £
5 5
g 18 o 1
8 8
7 s
> >
17 Z0s ]
] o1 ]
1 s ]
-2 -2
=2 -15 -1 -05 0 05 1 15 2 =2 -15 -1 -05 0 05 1 15 2

X-coordinate

(©)

X-coordinate

(d)

frequency domain were discretized into 100 x 100 for the standard CS reconstruction using TV norm.
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Fig. 4. (a) Low resolution Rota virus 3-D surface model, (b) a boundary of its central slice, (c) proposed reconstructions of Rota virus
boundary using Haar wavelets, and (d) Daubechies wavelets of 5. All experiments were done at kpqr = 25, K = 200 and N = 512.
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