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achieve the information-theoretic limits. On the otherdhaam
Abstract—The problem of recovering pthe sparsity pattern  jnformation-theoretic analysis can reveal where thereetiily
of a fixed but unknown vector 5 € R” based on a set of gyjsts g gap between the performance of computationally

n noisy observations arises in a variety of settings, including .
subset selection in regression, graphical model selection, signaltr"letable methods, and the fundamental limits. Indeed, the

denoising, compressive sensing, and constructive approximatio information-theoretic analysis of this paper makes cbuotri
Of interest are conditions on the model dimensiorp, the sparsity tions of both types.

index s (number of non-zero entries in 5*), and the number With this motivation in mind, the focus of this paper is
of observationsn that are necessary and/or sufficient to ensure 5, the information-theoretic limitations of sparsity reeoy.

asymptotically perfect recovery of the sparsity pattern. This - . . .
paper focuses on the information-theoretic limits of sparsity In particular, our analysis focuses on the noisy and high-

recovery: in particular, for a noisy linear observation model based dimensional setting, meaning that the observations areen
on measurement vectors drawn from the standard Gaussian inated by noise, and all three problem parameters-ntimeber

ensemble, we derive both a set of sufficie_nt conditions for of observations:, the model dimensiorp, and thesparsity
asymptotically perfect recovery using the optimal decoder, as jqey s, defined below—tend to infinity simultaneously. Our

well as a set of necessary conditions that any decoder mUStmain results. stated more preciselv in Section I-B. are siece
satisfy for perfect recovery. This analysis of optimal decoding ' P y !

limits complements our previous work [20] on thresholds for the Sary and sufficient conditions on the triplet, p, s) for asymp-
behavior of ¢;-constrained quadratic programming for Gaussian totically reliable sparsity recovery. The analysis giveeren

measurement ensembles. complements our earlier paper [20] that established precis
thresholds on the success/failure Qfconstrained quadratic
programming for sparsity recovery. Full details of the itssu
Suppose that we are given a set ofobservations of a described here can be found in the technical report [21].
fixed but unknown vectop* € RP. In a variety of settings, it
is knowna priori that the vectop* is sparse, meaning that its
support setS—corresponding to those indicédor which /61* We begin with a more pTECiSG formulation of the problem,
is non-zero—is relatively small, say with siz6| =: s < p. as well as a discussion of previous work, with emphasis an tha
Sparsity recovery refers to the problem of correctly estiinga Most closely related to the results in this paper. gt R? be
the support sef based on a set of noisy observations. Thig fixed but unknown vector; we refer to the ambient dimension
sparsity recovery problem is of broad interest, arisingan v p as themodel dimensianDefine the support set gf* as

I. INTRODUCTION

A. Problem formulation and past work

ious areas, including subset selection in regressionctsirme S .= e 1 x 20 1
estimation in graphical models [16], sparse approximadion = iedloph [ 57 #0) @)
signal denoising [4], and compressive sensing [6], [2]. We refer to its sizes := |S| as thesparsity index Finally,

A great deal of work over the past few years, which weuppose that we are given a setobbservations, of the form
review briefly in Section I-A, has focused on the performance T o .
of computat)i/onally tractable methods, many baSedEpmr i = @i+ W i=1....m )
other convex relaxations, both for recovering the exacdtsstya where eachr; € RP is a measurement vector, an@f; ~
pattern as well as related problems in sparse approxima@ibn N (0, 02) is additive Gaussian noise. Of interest are conditions
equal interest and complementary in nature, however, &e tn the triplet (n,p,s) under which a given method either
information-theoretic limits associated with the perfame succeeds or fails in recovering the sparsity pattgérn
of any procedure for sparsity recovery. Such understandif@pservation models: The linear observation model (2) can
of fundamental limitations is crucial in assessing the bée studied in either its noiseless variant’ (= 0), or the
havior of computationally tractable methods. In particulanoisy setting ¢> > 0); this paper focuses exclusively the
there is little point in proposing novel methods for spamoisy setting. In addition, previous work has addresseth bot
sity recovery, possibly with higher computational comgex deterministic families and random ensembles of measuremen
if currently extant and computationally tractable methodgectors{z;}?_,. The analysis in this paper is based on the



standard Gaussian measurement ensembiewhich each think of the underlying true vectof* € RP with its support
measurement vectar; is drawn from the zero-mean isotropicS randomly chosen, uniformly over a(lf;) subspaces of size

Gaussian distributiodV (0, I, x,)- Accordingly, the average error probability,, of any decoder
is given by

Error metrics: There are various distinct criteria for assessing 1

how close an estimatg € RP is to the truthg*, including perr(0) = v > PlB(Y)#S | ).

(a) various?, norms|[3 — 3*||,, or (b) some measurement ) S, |S|=s

of predictive power (e.g.E[|Y; — Yi(3)|[5], whereY; is pgre the terP[p(Y) # S | S] corresponds to the probability,
the estimate based o). Given the abundance of recentgngitioned on the true underlying support beifignd aver-
results on sparse approximation (not all of which are ml;;ualaging over the measurement noigé the choice of Gaussian
comparable), it is particularly important to specify theo@® | 5nqom matrixX, and the choice of the entrig&; on the

of error metric. In this paper, we focus exclusively on theyaq supports, that the decoder makes an error. We say that
sparsity recovery problem, for which the error metric ispiyn (5) the sparsity recovery msymptotically reliablgerror-free)
the0—1 loss associated with the event of recovering the corrqptperr( ¢) — 0 asn — +oo, and (b) the sparsity recovery is

supportS—viz.. asymptotically unreliabléf for some constant > 0, the error
= ey A‘ ) 5 ) probability stays boundeg,,,(¢) > ¢ asn — +oo.
p(p,57) =1 Hﬁl 70 vie S} N {BJ =0 Vi¢ SH ' In addition to the three parametes, p, s), our results also

. . . (3) .involve the minimum value of the unknown vect@t on its
Related work: This paper focuses on mformatlon-theoretl%UIOIoort given by

limitations of sparsity recovery (i.e., using the error riee3))
as applied to the standard Gaussian ensemble. Independent M(B*) = min|5;| 4)
work analyzed information-theoretic aspects of sparse est s

mation problems, including rate-distortion analysis of - We begin by stating a set of conditions on the trifletp, s)
error [12], [17], and modified independent-subspace ensewhich are sufficient to ensure asymptotically perfect recpv
bles [11]. On the other hand, in terms of practical mettef the sparsity pattern:

ods, the use of;-relaxation for sparse approximation has %heorem 1(Sufficient conditions) If (n—s)M2(3*) — +oc

lengthy history [4], [18]. Th_ere are now various results %hen the following condition suffices to ensure asymptiyica
the performance of;-relaxations, both in the noiseless [1O]‘reliable recovery: for some fixed consta@its 0
S ' ’

[15] and noisy setting [19] for deterministic ensembles, a
well as the noiseless [8], [2], [9] and noisy setting [3], 1
[1], [7], [16], [22], [20] for random ensembles. Other work no>c maX{SIOg(p/s)’ M?2(3%) log(p — S)}' )
has provided conditions under which estimation of a nois
contaminated vector via the Lassof¥rconstrained quadratic
programming [1], [7] or other types of convex relaxation [3
is stable in thely sense; however, sudh-stability does not
guarantee exact sparsity recovery. Theorem 2 (Necessary conditions)Asymptotically reliable
It should be noted that the results given here apply to comecovery is impossible under the following condition: forrse
pletely general scaling of the triplét, p, s). In contrast, much fixed constanC’ > 0:
previous work has addressed one of two possible speciat case c
of sparsity scaling: (a) either thenear sparsity regimge.g n < [2*} slog =. (6)
21, [8], [7], in which s — ap for somea € (0,1): or (b) s M2(67) s
the sublinear sparsity regimée.g., 16], [22], in whichs/p The proof of this claim, given in Section II-C exploits a
tends to zero. Depending on the underlying motivation faorollary of Fano’s inequality [13], [5], in order to lower
sparse approximation, both of these sparsity regimes areboind the error for a restricted hypothesis testing problem
independent interest. In covering the full range of scalthg To interpret these results, we consider two distinct regiofe
results given here are complementary to those of our prsvicparsity:
paper [20] that provided threshold results, applicablestosgal
scaling of(n, p, s), for the success/failure of the Lasso wheiRegime of sublinear sparsity:First suppose that the sparsity
used for sparsity recovery with random Gaussian measurtemisnsublinear, meaning that= o(p) (including, for instance,
ensembles. We discuss connections to previous work in mane scalings = O(,/p)). Based on the two theorems, we
technical detail following the statement of our main resulidentify the critical scaling asvi?(3*) = ©(1/s). With this

The proof of this claim, given in Section 1I-B, is construeti
in nature, based on direct analysis of the error probability
ssociated with the optimal decoder.

below. scaling, the sufficient condition in Theorem 1 reduces to
L n > C s max{log(p — s),log 2}, whereas the necessary
B. Our contributions condition in Theorem 2 reduces to < C’ slogZ. For
A decoder is a mapping from the-vector of observations many choices of sublinear sparsity (e.g., = O(\/p)),

Y to an estimated subset—say of the foffn= ¢(Y). We we havelog(p — s) = O(logZ) + o(1), so that we can



summarize the two conditions as a threshold of the ordErthat lies inRa(Xy ). The optimal decoder chooses the best
n = O(slog(p—s)). To compare with our previous work [20] subsetS based on the minimal value of this error, ranging
on computationally tractable methods, we established#hat over all subset$/ of size s:

constrained quadratic programming (Lasso) has a threshold R

for success/failure of ordes = © (slog(p — s)), so that the S = ¢opt(Y) = arg min fUY, X, 8% (9)
Lasso very nearly achieves the information-theoretic bisun vi=s

] _ - ] ) Note that by symmetry, the error probabilﬂﬂ{g #S | S]is
Regime of linear sparsity: Next consider the regime of iy fact the same regardless of which underlying Sects as

linear sparsity, in whichs = ap for somea € (0,1). the true one. Consequently, we can view the choice afs
Considering first the sufficient conditions of Theorem 1, wgyqq (and hence non-random), and write

see that as long as1?(3*)s — +oo, thenn = O(p)

observations are sufficient to ensure asymptotically bidia Perr(¢) = Plp(Y) # 5], (10)
recovery. Comparing with our earlier analysis [20] én

constrained quadratic programming, this work showed thahich should now be understood as an unconditional proba-
if n < 2slog(p— s), then the Lasso fails with probability bility (with .S fixed).

converging to one, even jf12(3*) stays bounded away from Analysis of error probability: Consider the difference
zero. Given this dichotomy, Theorem 1 raises the intergstid\ (U) := f(U) — f(S) between the reconstruction err¢S)
question: does there exist a computationally efficientriepie  using the true subsé, versus the errof (U) candidate subset
for reliably recovering a linear sparsity pattesn=€ ap) based U. For any subsdl/ such thatXy is full rank, define the: x n

on only a linear fraction of observations & O(p))? matrices

Il. ANALYSIS My = Xy [X0Zxu] ' XZ, and (11a)
This section is devoted to the proofs of Theorems 1 and 2. L T —1 7
We begin by setting up some useful notation to be used G = luxn = Xu [XX0] X0 (11b)

throughout the remainder of the paper. Note thatll;; andIl{; are both orthogonal projection matrices,

A. Notation and set-up associated with the-dimensional range spadea(Xy) and
(n — s)-dimensional nullspacé&er(Xy) respectively. With
these definitions, some algebraic manipulation yieldsftiraa
given vectors* with supportS, the optimal decoder declares
U over S if and only if the random variable

For compactness in notation, let us Us¢o denote the: x p
matrix formed with the vectors, = (xx1, Zk2, ..., Zkp) €
R? as rows, and the vectorX; = (z1;,%2j,...,2Tn;) €
R™ as columns. Using” and W to denote the:-dimensional

observation and noise vectors respectively, we can rex\otit N i} 2 L2
linear observation model (2) in matrix-vector form as fol& AlU) = HHU (XS\Uﬂs\U + W) H — |Tsw || (12)
Y = Xg"+W (7) is negative. Overall, the optimal decoder fails if and orfly i

Given any subset’ C {1,...,p}, we use the notatiors;, &l least onel/ (with cardinality |U| = ) is preferable taS;

to denote theV|-dimensional subvectofs:, i € V}, and consequently, the probability of error can be written as
similarly for other vectors (e.g.Y, etc.). In an analogous ~

manner, we us&y to denote the: x |V'| matrix with columns PIS#S] = P[ U {AU) < 0}]~ 13)
{X;, i € V}. From herein, we assume without loss of U#S, |U|=s

generality thato” = 1, so thatW’ ~ N(0, Inxn) IS SIMPly | order to analyze this error probability, we begin by cdnsi

a standard Gaussian vector. (Notg that any scaling G‘Iirl be ering the range of possible integdrs= |S\U]|, corresponding
accounted for in the scaling af*, via the parametet(5%)). 1o the complement of the overlap. The following lemma makes

B. Proof of Theorem 1 use of known large-deviation bounds fgf variates [14] to
Optimal decoding: We begin by describing the “best” de_zh(a(;r:;ptenze the exponential decay rates of the randorableri

coder, that is optimal in terms of minimizing the probalilit

of error pe,.(¢) over all decoding rules. It is based on the. emma 1. For fixed k (with 1 < k < s), we have for any/
following real-valued function, defined on the substsC  with [S\U| = k,

{1,...,p}, as

UY,X,5%) = in{|Y — Xy8u)3}. (8 —(n—s)|BsyI”

fU3Y, X, 87) = argin {| ol @ piAw) <] < exp (n— 9850l
* 2
We frequently writef (U) as a shorthand; note that this value 12 (”58\U” + 4)
corresponds to the error associated with the best estirmétor « 272
+e _k -1+ l(n—s)inﬁsw|| (14)
1Those results [20] allowed the minimum value to scaleAdg(8*) = P 4 4 k '

f(s)/s, where f is any function such thdims_, 4 f(s) = +oo.



Weakened but simpler bound: In order to make further Q(log 2), so that the overall lower bound is dominated by
progress, we simplify the bound (14) (though possibly weakaax{s, M~2(3*)} log(p/s). On the other hand, i = o(s),
ening it) by noting that for alk > 1, we have||ﬁ;\U||2 > the lower bound is dominated by the maximum of linear
k M2(3*), so thatP[A(U) < 0] is upper bounded by growth s, and the quantity\ —2(3*)} log(p — s). Overall, we
( Ve M) N , £onclude that
—\n—3S n—s 2/ %
—= —1] 3. 1
eXp{ 12 (k M2(3°) + 4) }+8Xp{ 4 { 4 M=(8%) } } n > C max{slog(p/s)7 S VETTY log(p—s)},(lS)
(15) M2(5*)
The advantage of this weakened bound is that it is indepéndé some constanC' > 0 is sufficient for asymptotically
of the subsetl/, and depends only on the parameter= reliable recovery, as claimed in Theorem 1.
|S\U].

From this weakened bound (15), we see the necessity ?ait Proof of Theorem 2 N )
least for this analysis) of the requirement— s) M2(3*) — We now turn to the proof of the necessary conditions given
+00, so that the second error term decays asymptoticallj. Theorem 2. Our analysis is based on the following well-
Under this requirement, we have (for sufficiently largethat known lower bound [13] on the probability of error in a

the second error exponent can be bounded as multiway hypothesis testing problem in terms of Kullback-
Leibler divergences:

k{n—s N 2 k |n—s N
R M?(B%) - 1] < 1 [ 1 M?(B%) - 1] Lemma 2. The average probability of error in performing in
ke M2(3* a hypothesis test over a family of distributiofi;, ..., Py}
—(n =) (s )_ is lower bounded as
— 12(kM?2(B*)+38) N

The first error exponent is also upper bounded by this same w2 > D(Pi|P)) +log2

quantity, so that we can simplify the upper bound to Do > 1 =1
- log (N —1) ’

—(n — s)k M?(5%)
12 (kK M2(5*) + 8)
Denote by N(k) the number of subset§ of size s, with Note that this bound is actually a weakened form of Fano’s

overlap exactly equal td. A standard counting argumentin€quality [5], obtained by upper bounding the mutual infor

yields that, for eactk with 1 < k < s, there areN (k) := Mmation. _ _ _ )

(Z) (p;s) such subsets. Using this simple bound (16) arfgestricted p_roblem. Consider the collection of alN = (&)
union bound applied to the representation (13), we can upetosets of size chosen from{1, ..., p}. In order to produce
bound the error probability as lower bounds, we analyze the behavior of the optimal decoder

s ( hM2(3 ) for a restricted problem, in which we assume that for any
3 S\ (P—s —n—-:s - ixed supportsS, it is known a priori that 57 = M(3*%)
PS#S] < > (k:) ( k ) eXp{ 12 (k M2(3) + 8) ior all indicesi € S. (Recall thatM(8*) is the minimum
bsolute value of entries in the supportaif.) Consequently,
je optimal decoder for this modified problem is based on
Earching over allV subsets in our collection, seeking to
inimize the quantity

g(U) = |IY = Xp#|} = |(Xs — Xuv)T+ W],

P[A(U)<0] < exp{ } . (16) where D(P; || P;) denotes the Kullback-Leibler divergence.

k=1
To complete the proof, we use the bound (17) to derive su
cient conditions for each of the terms in the summation (1

to vanish asymptotically. In order to deal with the binomi
coefficients, we make use of the standard bounds

s se p—s (p—s)e
log( > < klog—, and log( ) < klog ———. -
k k k k wherev = M(3*)1, is a rescaled-vector of ones.

App|y|ng these two bounds, we conclude that the (|ogarithm Let us index the collection of alk-sized subsets with

of the) k" term in the summation (17) is upper bounded by = 1,2,..., N(d), and uselU[i] to denote the corresponding
9/ s support. For each index, let P, denote the multivariate
p—s} (n— )k M*(5*%)

k {2 + log s + log Gaussian distribution with meaki;;[; 7 and covariance matrix

k k 12(k M2(5*) +8) I,,. Note that the Kullback-Leibler divergence between any
Requiring this term to be negative asymptotically is ecleia  such pair is given byD(P; || P;) = 1| Xy(7 — Xy(;19]|3, so
to having that the corresponding Fano bound takes the form
— 1 N Frs =12
(n—s) 212@+.jf*){}H%s+bg>s}. L L S e — Xog 3 + 21og 2
M?2(5*) k k Derr 3 Tog[N — 1] .

In order to understand the behavior of this lower bound, we
considerk in two distinct regimes. On one hand, if = ~s
for some~ € (0,1), then the second term on the RHSJpper bounds via concentration: Thus, in order to en-

of the bound (18) is dominated by the teriag pw‘ss = sure thatp. stays bounded away from zero, we need




el 1 N -
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