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Abstract— The problem of recovering the sparsity pattern
of a fixed but unknown vector β∗

∈ R
p based on a set of

n noisy observations arises in a variety of settings, including
subset selection in regression, graphical model selection, signal
denoising, compressive sensing, and constructive approximation.
Of interest are conditions on the model dimensionp, the sparsity
index s (number of non-zero entries in β∗), and the number
of observationsn that are necessary and/or sufficient to ensure
asymptotically perfect recovery of the sparsity pattern. This
paper focuses on the information-theoretic limits of sparsity
recovery: in particular, for a noisy linear observation model based
on measurement vectors drawn from the standard Gaussian
ensemble, we derive both a set of sufficient conditions for
asymptotically perfect recovery using the optimal decoder, as
well as a set of necessary conditions that any decoder must
satisfy for perfect recovery. This analysis of optimal decoding
limits complements our previous work [20] on thresholds for the
behavior of ℓ1-constrained quadratic programming for Gaussian
measurement ensembles.

I. I NTRODUCTION

Suppose that we are given a set ofn observations of a
fixed but unknown vectorβ∗ ∈ R

p. In a variety of settings, it
is knowna priori that the vectorβ∗ is sparse, meaning that its
support setS—corresponding to those indicesi for which β∗

i

is non-zero—is relatively small, say with size|S| =: s ≪ p.
Sparsity recovery refers to the problem of correctly estimating
the support setS based on a set of noisy observations. This
sparsity recovery problem is of broad interest, arising in var-
ious areas, including subset selection in regression, structure
estimation in graphical models [16], sparse approximationand
signal denoising [4], and compressive sensing [6], [2].

A great deal of work over the past few years, which we
review briefly in Section I-A, has focused on the performance
of computationally tractable methods, many based onℓ1 or
other convex relaxations, both for recovering the exact sparsity
pattern as well as related problems in sparse approximation. Of
equal interest and complementary in nature, however, are the
information-theoretic limits associated with the performance
of any procedure for sparsity recovery. Such understanding
of fundamental limitations is crucial in assessing the be-
havior of computationally tractable methods. In particular,
there is little point in proposing novel methods for spar-
sity recovery, possibly with higher computational complexity,
if currently extant and computationally tractable methods

achieve the information-theoretic limits. On the other hand, an
information-theoretic analysis can reveal where there currently
exists a gap between the performance of computationally
tractable methods, and the fundamental limits. Indeed, the
information-theoretic analysis of this paper makes contribu-
tions of both types.

With this motivation in mind, the focus of this paper is
on the information-theoretic limitations of sparsity recovery.
In particular, our analysis focuses on the noisy and high-
dimensional setting, meaning that the observations are contam-
inated by noise, and all three problem parameters—thenumber
of observationsn, the model dimensionp, and thesparsity
index s, defined below—tend to infinity simultaneously. Our
main results, stated more precisely in Section I-B, are neces-
sary and sufficient conditions on the triplet(n, p, s) for asymp-
totically reliable sparsity recovery. The analysis given here
complements our earlier paper [20] that established precise
thresholds on the success/failure ofℓ1-constrained quadratic
programming for sparsity recovery. Full details of the results
described here can be found in the technical report [21].

A. Problem formulation and past work

We begin with a more precise formulation of the problem,
as well as a discussion of previous work, with emphasis on that
most closely related to the results in this paper. Letβ∗ ∈ R

p be
a fixed but unknown vector; we refer to the ambient dimension
p as themodel dimension. Define the support set ofβ∗ as

S := {i ∈ {1, . . . , p} | β∗
i 6= 0}. (1)

We refer to its sizes := |S| as thesparsity index. Finally,
suppose that we are given a set ofn observations, of the form

Yi = xT
i β∗ + Wi, i = 1, . . . , n (2)

where eachxi ∈ R
p is a measurement vector, andWi ∼

N(0, σ2) is additive Gaussian noise. Of interest are conditions
on the triplet (n, p, s) under which a given method either
succeeds or fails in recovering the sparsity patternS.
Observation models: The linear observation model (2) can
be studied in either its noiseless variant (σ2 = 0), or the
noisy setting (σ2 > 0); this paper focuses exclusively the
noisy setting. In addition, previous work has addressed both
deterministic families and random ensembles of measurement
vectors{xi}n

i=1. The analysis in this paper is based on the



standard Gaussian measurement ensemble, in which each
measurement vectorxi is drawn from the zero-mean isotropic
Gaussian distributionN(0, Ip×p).

Error metrics: There are various distinct criteria for assessing
how close an estimatêβ ∈ R

p is to the truthβ∗, including
(a) variousℓp norms ‖β̂ − β∗‖p, or (b) some measurement
of predictive power (e.g.,E[‖Yi − Ŷi(β̂)‖2

2], where Ŷi is
the estimate based on̂β). Given the abundance of recent
results on sparse approximation (not all of which are mutually
comparable), it is particularly important to specify the choice
of error metric. In this paper, we focus exclusively on the
sparsity recovery problem, for which the error metric is simply
the0−1 loss associated with the event of recovering the correct
supportS—viz.:

ρ(β̂, β∗) := I

[{
β̂i 6= 0 ∀i ∈ S

}
∩

{
β̂j = 0 ∀j /∈ S

}]
.

(3)
Related work: This paper focuses on information-theoretic
limitations of sparsity recovery (i.e., using the error metric (3))
as applied to the standard Gaussian ensemble. Independent
work analyzed information-theoretic aspects of sparse esti-
mation problems, including rate-distortion analysis of the ℓ2-
error [12], [17], and modified independent-subspace ensem-
bles [11]. On the other hand, in terms of practical meth-
ods, the use ofℓ1-relaxation for sparse approximation has a
lengthy history [4], [18]. There are now various results on
the performance ofℓ1-relaxations, both in the noiseless [10],
[15] and noisy setting [19] for deterministic ensembles, as
well as the noiseless [8], [2], [9] and noisy setting [3],
[1], [7], [16], [22], [20] for random ensembles. Other work
has provided conditions under which estimation of a noise-
contaminated vector via the Lasso orℓ1-constrained quadratic
programming [1], [7] or other types of convex relaxation [3]
is stable in theℓ2 sense; however, suchℓ2-stability does not
guarantee exact sparsity recovery.

It should be noted that the results given here apply to com-
pletely general scaling of the triplet(n, p, s). In contrast, much
previous work has addressed one of two possible special cases
of sparsity scaling: (a) either thelinear sparsity regime[e.g
2], [8], [7], in which s = αp for someα ∈ (0, 1); or (b)
the sublinear sparsity regime[e.g., 16], [22], in whichs/p
tends to zero. Depending on the underlying motivation for
sparse approximation, both of these sparsity regimes are of
independent interest. In covering the full range of scaling, the
results given here are complementary to those of our previous
paper [20] that provided threshold results, applicable to general
scaling of(n, p, s), for the success/failure of the Lasso when
used for sparsity recovery with random Gaussian measurement
ensembles. We discuss connections to previous work in more
technical detail following the statement of our main results
below.

B. Our contributions

A decoder is a mapping from then-vector of observations
Y to an estimated subset—say of the form̂S = φ(Y ). We

think of the underlying true vectorβ∗ ∈ R
p with its support

S randomly chosen, uniformly over all
(
p
s

)
subspaces of sizes.

Accordingly, the average error probabilityperr of any decoder
is given by

perr(φ) =
1(
p
s

)
∑

S, |S|=s

P[φ(Y ) 6= S | S].

Here the termP[φ(Y ) 6= S | S] corresponds to the probability,
conditioned on the true underlying support beingS and aver-
aging over the measurement noiseW , the choice of Gaussian
random matrixX, and the choice of the entriesβ∗

S on the
fixed supportS, that the decoder makes an error. We say that
(a) the sparsity recovery isasymptotically reliable(error-free)
if perr(φ) → 0 asn → +∞, and (b) the sparsity recovery is
asymptotically unreliableif for some constantc > 0, the error
probability stays boundedperr(φ) ≥ c asn → +∞.

In addition to the three parameters(n, p, s), our results also
involve the minimum value of the unknown vectorβ∗ on its
support, given by

M(β∗) := min
i∈S

|β∗
i |. (4)

We begin by stating a set of conditions on the triplet(n, p, s)
which are sufficient to ensure asymptotically perfect recovery
of the sparsity pattern:

Theorem 1(Sufficient conditions). If (n−s)M2(β∗) → +∞,
then the following condition suffices to ensure asymptotically
reliable recovery: for some fixed constantC > 0,

n > C max

{
s log(p/s),

1

M2(β∗)
log(p − s)

}
. (5)

The proof of this claim, given in Section II-B, is constructive
in nature, based on direct analysis of the error probability
associated with the optimal decoder.

Theorem 2 (Necessary conditions). Asymptotically reliable
recovery is impossible under the following condition: for some
fixed constantC ′ > 0:

n <

[
C ′

s M2(β∗)

]
s log

p

s
. (6)

The proof of this claim, given in Section II-C exploits a
corollary of Fano’s inequality [13], [5], in order to lower
bound the error for a restricted hypothesis testing problem.
To interpret these results, we consider two distinct regimes of
sparsity:

Regime of sublinear sparsity:First suppose that the sparsity
is sublinear, meaning thats = o(p) (including, for instance,
the scalings = O(

√
p)). Based on the two theorems, we

identify the critical scaling asM2(β∗) = Θ(1/s). With this
scaling, the sufficient condition in Theorem 1 reduces to
n > C s max{log(p − s), log p

s
}, whereas the necessary

condition in Theorem 2 reduces ton < C ′ s log p
s
. For

many choices of sublinear sparsity (e.g.,s = O(
√

p)),
we have log(p − s) = Θ(log p

s
) + o(1), so that we can



summarize the two conditions as a threshold of the order
n = Θ(s log(p−s)). To compare with our previous work [20]
on computationally tractable methods, we established thatℓ1-
constrained quadratic programming (Lasso) has a threshold1

for success/failure of ordern = Θ(s log(p − s)), so that the
Lasso very nearly achieves the information-theoretic bounds.

Regime of linear sparsity: Next consider the regime of
linear sparsity, in whichs = αp for some α ∈ (0, 1).
Considering first the sufficient conditions of Theorem 1, we
see that as long asM2(β∗)s → +∞, then n = Θ(p)
observations are sufficient to ensure asymptotically reliable
recovery. Comparing with our earlier analysis [20] onℓ1-
constrained quadratic programming, this work showed that
if n < 2s log(p − s), then the Lasso fails with probability
converging to one, even ifM2(β∗) stays bounded away from
zero. Given this dichotomy, Theorem 1 raises the interesting
question: does there exist a computationally efficient technique
for reliably recovering a linear sparsity pattern (s = αp) based
on only a linear fraction of observations (n = Θ(p))?

II. A NALYSIS

This section is devoted to the proofs of Theorems 1 and 2.
We begin by setting up some useful notation to be used
throughout the remainder of the paper.

A. Notation and set-up

For compactness in notation, let us useX to denote then×p
matrix formed with the vectorsxk = (xk1, xk2, . . . , xkp) ∈
R

p as rows, and the vectorsXj = (x1j , x2j , . . . , xnj)
T ∈

R
n as columns. UsingY andW to denote then-dimensional

observation and noise vectors respectively, we can re-write our
linear observation model (2) in matrix-vector form as follows:

Y = Xβ∗ + W. (7)

Given any subsetV ⊆ {1, . . . , p}, we use the notationβ∗
V

to denote the|V |-dimensional subvector{β∗
i , i ∈ V }, and

similarly for other vectors (e.g.,Y , etc.). In an analogous
manner, we useXV to denote then×|V | matrix with columns
{Xi, i ∈ V }. From herein, we assume without loss of
generality thatσ2 = 1, so thatW ∼ N(0, In×n) is simply
a standard Gaussian vector. (Note that any scaling ofσ can be
accounted for in the scaling ofβ∗, via the parameterM(β∗)).

B. Proof of Theorem 1

Optimal decoding: We begin by describing the “best” de-
coder, that is optimal in terms of minimizing the probability
of error perr(φ) over all decoding rules. It is based on the
following real-valued function, defined on the subsetsU ⊂
{1, . . . , p}, as

f(U ;Y,X, β∗) = arg min
βU

{
‖Y − XUβU‖2

2

}
. (8)

We frequently writef(U) as a shorthand; note that this value
corresponds to the error associated with the best estimatorof

1Those results [20] allowed the minimum value to scale asM2(β∗) =
f(s)/s, wheref is any function such thatlims→+∞ f(s) = +∞.

Y that lies inRa(XU ). The optimal decoder chooses the best
subsetŜ based on the minimal value of this error, ranging
over all subsetsU of sizes:

Ŝ = φopt(Y ) := arg min
|U |=s

f(U ;Y,X, β∗). (9)

Note that by symmetry, the error probabilityP[Ŝ 6= S | S] is
in fact the same regardless of which underlying setS acts as
the true one. Consequently, we can view the choice ofS as
fixed (and hence non-random), and write

perr(φ) = P[φ(Y ) 6= S], (10)

which should now be understood as an unconditional proba-
bility (with S fixed).
Analysis of error probability: Consider the difference
∆(U) := f(U)− f(S) between the reconstruction errorf(S)
using the true subsetS, versus the errorf(U) candidate subset
U . For any subsetU such thatXU is full rank, define then×n
matrices

ΠU := XU

[
XT

U XU

]−1
XT

U , and (11a)

Π⊥
U := In×n − XU

[
XT

U XU

]−1
XT

U . (11b)

Note thatΠU andΠ⊥
U are both orthogonal projection matrices,

associated with thes-dimensional range spaceRa(XU ) and
(n − s)-dimensional nullspaceKer(XU ) respectively. With
these definitions, some algebraic manipulation yields thatfor a
given vectorβ∗ with supportS, the optimal decoder declares
U over S if and only if the random variable

∆(U) =
∥∥∥Π⊥

U

(
XS\Uβ∗

S\U + W
)∥∥∥

2

−
∥∥Π⊥

S W
∥∥2

.(12)

is negative. Overall, the optimal decoder fails if and only if
at least oneU (with cardinality |U | = s) is preferable toS;
consequently, the probability of error can be written as

P[Ŝ 6= S] = P

[ ⋃

U 6=S, |U |=s

{∆(U) < 0}
]
. (13)

In order to analyze this error probability, we begin by consid-
ering the range of possible integersk := |S\U |, corresponding
to the complement of the overlap. The following lemma makes
use of known large-deviation bounds forχ2 variates [14] to
characterize the exponential decay rates of the random variable
∆(U):

Lemma 1. For fixedk (with 1 ≤ k ≤ s), we have for anyU
with |S\U | = k,

P[∆(U) < 0] ≤ exp





−(n − s)‖β∗

S\U‖2

12
(
‖β∗

S\U
‖2 + 4

)






+ exp




−k

4

[
−1 +

1

4
(n − s)

‖β∗
S\U‖2

k

]2



 . (14)



Weakened but simpler bound: In order to make further
progress, we simplify the bound (14) (though possibly weak-
ening it) by noting that for allk ≥ 1, we have‖β∗

S\U‖2 ≥
kM2(β∗), so thatP[∆(U) ≤ 0] is upper bounded by

exp

{−(n − s)k M2(β∗)

12 (kM2(β∗) + 4)

}
+exp

{
−k

4

[
n − s

4
M2(β∗) − 1

]2
}

.

(15)
The advantage of this weakened bound is that it is independent
of the subsetU , and depends only on the parameterk =
|S\U |.

From this weakened bound (15), we see the necessity (at
least for this analysis) of the requirement(n− s)M2(β∗) →
+∞, so that the second error term decays asymptotically.
Under this requirement, we have (for sufficiently largen) that
the second error exponent can be bounded as

−k

4

[
n − s

4
M2(β∗) − 1

]2

≤ − k

12

[
n − s

4
M2(β∗) − 1

]

≤ −(n − s)kM2(β∗)

12 (kM2(β∗) + 8)
.

The first error exponent is also upper bounded by this same
quantity, so that we can simplify the upper bound to

P[∆(U) ≤ 0] ≤ exp

{−(n − s)kM2(β∗)

12 (kM2(β∗) + 8)

}
. (16)

Denote byN(k) the number of subsetsU of size s, with
overlap exactly equal tok. A standard counting argument
yields that, for eachk with 1 ≤ k ≤ s, there areN(k) :=(

s
k

) (
p−s

k

)
such subsets. Using this simple bound (16) and

union bound applied to the representation (13), we can upper
bound the error probability as

P[Ŝ 6= S] ≤
s∑

k=1

(
s

k

)(
p − s

k

)
exp

{−(n − s)kM2(β∗)

12 (kM2(β∗) + 8)

}
.(17)

To complete the proof, we use the bound (17) to derive suffi-
cient conditions for each of the terms in the summation (17)
to vanish asymptotically. In order to deal with the binomial
coefficients, we make use of the standard bounds

log

(
s

k

)
≤ k log

se

k
, and log

(
p − s

k

)
≤ k log

(p − s)e

k
.

Applying these two bounds, we conclude that the (logarithm
of the) kth term in the summation (17) is upper bounded by

k

[
2 + log

s

k
+ log

p − s

k

]
− (n − s)kM2(β∗)

12 (kM2(β∗) + 8)
.

Requiring this term to be negative asymptotically is equivalent
to having

(n − s) ≥ 12

(
k +

8

M2(β∗)

){
2 + log

s

k
+ log

p − s

k

}
.

In order to understand the behavior of this lower bound, we
considerk in two distinct regimes. On one hand, ifk = γs
for some γ ∈ (0, 1), then the second term on the RHS
of the bound (18) is dominated by the termlog p−s

γs
=

Ω(log p
s
), so that the overall lower bound is dominated by

max{s,M−2(β∗)} log(p/s). On the other hand, ifk = o(s),
the lower bound is dominated by the maximum of linear
growths, and the quantityM−2(β∗)} log(p − s). Overall, we
conclude that

n > C max

{
s log(p/s),

1

M2(β∗)
log(p − s)

}
, (18)

for some constantC > 0 is sufficient for asymptotically
reliable recovery, as claimed in Theorem 1.

C. Proof of Theorem 2

We now turn to the proof of the necessary conditions given
in Theorem 2. Our analysis is based on the following well-
known lower bound [13] on the probability of error in a
multiway hypothesis testing problem in terms of Kullback-
Leibler divergences:

Lemma 2. The average probability of error in performing in
a hypothesis test over a family of distributions{P1, . . . , PN}
is lower bounded as

perr ≥ 1 −

1
N2

N∑
i,j=1

D(Pi ‖Pj) + log 2

log (N − 1)
,

whereD(Pi ‖Pj) denotes the Kullback-Leibler divergence.

Note that this bound is actually a weakened form of Fano’s
inequality [5], obtained by upper bounding the mutual infor-
mation.
Restricted problem: Consider the collection of allN =

(
p
s

)

subsets of sizes chosen from{1, . . . , p}. In order to produce
lower bounds, we analyze the behavior of the optimal decoder
for a restricted problem, in which we assume that for any
fixed supportS, it is known a priori that β∗

i = M(β∗)
for all indices i ∈ S. (Recall thatM(β∗) is the minimum
absolute value of entries in the support ofβ∗.) Consequently,
the optimal decoder for this modified problem is based on
searching over allN subsets in our collection, seeking to
minimize the quantity

g(U) := ‖Y − XU~v‖2
2 = ‖(XS − XU )~v + W‖2

,

where~v = M(β∗)~1s is a rescaleds-vector of ones.
Let us index the collection of alls-sized subsets with

i = 1, 2, . . . , N(δ), and useU [i] to denote the corresponding
support. For each indexi, let Pi denote the multivariate
Gaussian distribution with meanXU [i]~v and covariance matrix
In. Note that the Kullback-Leibler divergence between any
such pair is given byD(Pi ‖Pj) = 1

2‖XU [i]~v − XU [j]~v‖2
2, so

that the corresponding Fano bound takes the form

perr ≥ 1 − 1

2

1
N2(δ)

∑N
i,j=1 ‖XU [i]~v − XU [j]~v‖2

2 + 2 log 2

log[N − 1]
.

Upper bounds via concentration: Thus, in order to en-
sure that pe stays bounded away from zero, we need



to (upper) bound the quantity1
2

1
N2

∑N
i,j=1 ‖XU [i]~v −

XU [j]~v‖2
2

/
log[N − 1] away from one. For a given pair of

subsets(U, V ) in our collection, consider the random vari-
ableZU,V := ‖XU~v − XV ~v‖2

2. A little calculation shows that
ZU,V ∼ γ(U, V )χ2

n, where

γ(U, V ) = 2M2(β∗) (s − |U ∩ V |) . (19)

The following result bounds the upper tail behavior of the
random variableZ = 1

N2(δ)

∑
U 6=V ZU,V , and follows from

an application of Markov’s inequality:

Lemma 3. We have the tail boundP
[
Z ≥ 4M2(β∗)sn

]
≤ 1

2 .

Using this lemma, we are guaranteed that at least1/2 of
Gaussian ensembles satisfy the upper bound

1
2N2

N∑
i,j=1

D(Pi ‖Pj)

log[N − 1]
=

1
2N2

∑
U 6=V ZU,V

log[N − 1]
≤ 4M2(β∗)sn

log[N − 1]
.

Hence, as long as the RHS remains bounded from above away
from one, the Fano bound implies that the probability of error
averaged over the whole ensemble will remain bounded away
from zero, which yields thatn > log[N−1]

4M2(β∗)s is necessary for
asymptotically reliable recovery. To obtain a more transparent
bound, we lower boundlog[N − 1] = log[

(
p
s

)
− 1] via

log[N − 1] ≥ 1

2
log N ≥ 1

2
s log

p

s
,

where we have used standard lower bounds on binomial
coefficients. Consequently, we obtain the necessary condition

n > Ω

(
1

s M2(β∗)
s log

p

s

)
, (20)

which concludes the proof of Theorem 2.

D. Concluding remarks

In this paper, we have analyzed the information-theoretic
limits of the sparsity recovery problem for the linear ob-
servation model (2) with measurement vectors drawn from
the standard Gaussian ensemble. We have established both
lower and upper bounds on the number of observationsn
as a function of the model dimensionp and sparsity index
s that are required for asymptotically reliable recovery. There
are a variety of open questions raised by our analysis. First,
while our upper and lower bounds are essentially matching
for certain regimes of scaling (e.g., sublinear sparsity with the
minimumM2(β∗) = Θ(1/s)), it is likely that the the analysis
can be tightened in other regimes. In particular, the analysis
of the necessary conditions (Theorem 2) is loose at several
points, since it is based on analyzing a restricted ensemble,
and using a weakened form of Fano’s inequality. Second, one
corollary of Theorem 1 is that with the sparsity index scaling
linearly (s = αp for someα ∈ (0, 1)), as long, as the minimum
valueM2(β∗) decays sufficiently slowly, then asymptotically
reliable recovery is possible with only a linear number of
observations (i.e.,n = βp for someβ > 0). It remains to
determine if there exists a computationally tractable method
that approaches such performance in the linear sparsity regime.
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