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ABSTRACT

This paper studies a fundamental problem that arises in
sparse representation and compressed sensing community:
can greedy algorithms give us a stable recovery from incom-
plete and contaminated observations ? Using the Regularized
Orthogonal Matching Pursuit (ROMP) algorithm, a modified
version of Orthogonal Matching Pursuit (OMP) [1], which
was recently introduced by D.Needell and R.Vershynin [2],
we assert that ROMP is stable and guarantees approximate
recovery of non-sparse signals, as good as the Basis Pursuit
algorithm [16]. We also will set up criterions at which the
algorithm halts, and the upper bounds for the reconstructed
error. It will be proved in the paper that these upper bounds
are proportional to the noise energy.

Index Terms— Compressed Sensing, Sparse Represen-
tation, Orthogonal Matching Pursuit, Basis Pursuit, Greedy
Algorithm.

1. INTRODUCTION

In the last two years, there has been numerous works on the
emerging field of compressed sensing [3], [4], [5], [6], [7].
The basis idea is how to reconstruct exactly a signal from
vastly incomplete observations. Mathematically, consider a
problem of recovering a sparse signal v € R™ which has only
few non-zero coefficients. All we know about the signal is m
non-adaptive measurements x which is observed from

z = dv 1

Where & is a R™*™ matrix, called sensing matrix. Of
course when the measurements m is equal to length of the
signal, we can easily recover the signal perfectly, provided
the matrix is invertible. In the case m < n, we also wish to
recover exactly the signal v from these few incomplete mea-
surements.

The two appealing algorithmic approaches to signal re-
covery called basis pursuit (also named L1-minimization) [8],
[4], [9] and greedy pursuit such as Orthogonal Matching Pur-
suit (OMP) [10], [9], [11], [12] have been received much at-
tention. Using L1-minimization approach, Candes and Tao

proved a beautiful result in their paper [13] that one can re-
construct the signal precisely by solving the linear program

(Ly) min ||v||; subjectto y = Pv
provided that the sensing matrix ® obeys a Restricted Isome-

try Condition which is defined as follow

Definition 1. (Restricted Isometry Condition for sensing ma-
trix): let ® be a measurement matrix. ® satisfies Restricted
Isometry Condition (RIC) if there exists a constant number
ds € (0, 1) such that

(L=dpM)llvl3 < l9vfl3 < (1+60)lv]l3 2)
With every T-sparse vector v € R™ and |T| < | A |

It was shown in [13] by the authors that if d35, < 1/3,
then solving L; recovers perfectly every sparse signals with
support T satisfying |T'| < | A|.

Although L1-minimization has strong guarantees of exact
recovery, it has disadvantages in computational cost and im-
plementation complexity. As a result, another line of research
that seem valuable to explore is OMP algorithm. This recov-
ery scheme is especially simpler to implement and potentially
faster than basis pursuit (BP).

From stochastic point of view, Tropp and Gilbert [14] an-
alyzed the performance of OMP algorithm for a set of m x n
random matrices that if pleasing four properties (admissible
measurement matrices), then OMP can recover perfectly the
signal v with high probability provided that number of mea-
surements is proportional to the sparsity T of signals: m =
C -|T| - log(n). Nonetheless, their claim is only appropriate
for some sets of signals which are statistically independent
from rows of sensing matrix.

Taking advantage of fast implementation of Fourier trans-
form, Rauhut [15] investigated the performance of OMP for
the case of Fourier matrix. By numerous experiments, they
suggested that O(T'log(n)) measurements are sufficient for
OMP to recover precisely the T-sparse signal v. They also
mathematically explained their empirical works for the first
iteration of OMP, they showed that at the first iteration, OMP



can identify a correct column from the sensing matrix, pro-
vided the measurements m ~ Tlog(n). Unfortunately, be-
cause of subtle stochastic dependency between columns of
the matrix, it is difficult to analyze subsequent iterations of
the OMP algorithm.

Recently, D.Needell and R.Vershynin [2] introduced a
novel algorithm called Regularized OMP which is a variant
of OMP. They showed that for any matrix with the Restricted
Isometry Constant proportional to 1/4/log(T"), ROMP can
identify exactly every T-sparse signals. This RIC is equiva-
lent to the number of measurements m ~ Tlog"(n) where
the constant k is dependent on the choice of sensing matrix,
for instant, £ = 2 if the sensing matrix is i.i.d Gaussian or
Bernoulli, and k£ = 5 with partial Fourier matrix.

Unfortunately, in real scenarios, signals are usually not
likely to be truly sparse, but compressible or can be compress-
ible under some bases. It implies that coefficients of signals or
transformed signals decay with power law. Furthermore, we
could not assume that measurements are completely clean. In
this paper, we will concentrate on the issue of using ROMP
to stably reconstruct compressible signals from a set of noisy
measurements. To be concise, we get the measurements of
the form

y=®v+e=ax+e 3)

Where & is the sensing matrix, v is an unknown compressible
signal, and e is an arbitrary unknown noise vector bounded
by a known energy ||e|]l2 < 7. In the case of basis pursuit,
Candes and Tao [16] stated that if sensing matrix ® obeys a
RIC with 645 < 1/2, then the solution of L}-minimization
(L1) ly — ®vll2 <7

min v subject to

give us a stable result, in the sense that small changes in the
observations should results in small changes of the recov-
ery. More precisely, they showed that the solution v of Lo
is within a noise level: |[v* —v|js < C11 -1+ Cor - |lv —
vrll1/ VT, where vr is a vector of length n with T" biggest ab-
solute entries of v. A question is now still remained is whether

ROMP also achieve stability as good as Lj-minimization ?
Our paper will answer for this doubt.

The remainder of the paper is organized as follows, sec-
tion 2 describes some notations and matrix tools that will be
used throughout the paper. Section 3 will restate the ROMP
algorithm of [2]. In section 4, we give a quick look at the re-
sult of D.Needell and R.Vershynin [2] when signal is exactly
sparse and measurements are not polluted by noise. The two
subsequence sections 5 and 6 are the main components of this
paper. In section 5, we will introduce two important theorems
that guarantees stable recovery of the algorithm. The proofs
will be showed in section 6 . Section 7 will support our claims
by numerous experiments.

2. NOTATION AND MATRIX TOOLS

In this section, we provide a few notations of sub-vectors and
sub-matrices and introduce some useful operator norm for-
mulas which were simply verified by Tropp [17]

Suppose that S is a set € {1,...,n}, then |S| is the car-
dinality of set S. If a vector v has only |S| non-zero entries,
then we call v has support S.

Define v|g as a sub-vector of length |.S| whose entries are
extracted from |.S| entries of vector v, and @ is a sub-matrix
whose columns are withdrawn from |.S| columns of matrix ®.
The pseudo-inverse of the matrix ®g is denoted by Pl , and
it may be calculated using the formula <I>f9 = (P5Ps) D%,
The matrix Pg will denotes the orthogonal projection onto
the span of |.S| atoms of the matrix ®. This projector may be
expressed using pseudo-inverse: Pg = <I>S<I>T9.

Define || A||2 2 as a operator norm. For ease, we will sim-
plify || - || = || - ||2,2- We have two useful lower norm bounds
which is simply proved by Tropp [17]

Proposition 1. For every matrix A,

| Az ||
zeR(A) |z|2
z#0

> [|AT| 4)

If A is invertible, this result implies

- [Azla
1

m > |A7Y| Y 5
i 2ol = a1 )

The symbol R(A) denotes the range of matrix A.

3. ALGORITHM

ROMP is an iterative algorithm which is fundamentally based
on OMP with some modifications. Let us start with the
ROMP algorithm.

Algorithm
INPUT:

o A sensing matrix ® € R™*"

o The measurement vector x € R™

o The support T’ of signal v
OUTPUT:

o AindexsetI; € {1,...,n}

o A residual vector ry € R™

e A reconstructed signal v € R™
PROCEDURE:

1. Initialize: Let the residual vector r; = v, the index set
I, = 0, and start the iteration counter witht = 1.



2. Identify: Choose a set J of |T| biggest absolute values
of the observation vector u = ®*ry.

3. Regularize: Divide the set J into subsets Jy, which sat-
isfies

(@) <2-|u(g)] foralli,j & Jy

and choose the subset Jy with the maximum energy of
[l ||

4. Update: Set I, = I; 1 U Jy
Calculate the new output approximation by solving the
least square equation

vy = argmin ||y — ®r,¢||2
C

Update the residual: ry = x — ®r,v;

5. Stopping: Check the stopping criterion, if not, then
keep increasingt =t + 1

The main difference between OMP and Regularized OMP
algorithm is the identification and regularization steps. In
stead of choosing only one biggest correlation between the
residual and columns of the matrix at each iteration as in
OMP, ROMP choose a set of |.Jy| coefficients from | J| biggest
absolute coefficients of ®*r;. By this way, ROMP can recover
signals perfectly without going through all |T| iterations. As
a result, ROMP performs much faster that OMP. Numerous
experiments has proved these observations.

4. RECOVERY OF SPARSE SIGNALS

In the paper of D.Needell and R.Vershynin [2], they showed
that in the situations that measurements are not corrupted by
noise and signals are truly sparse, then at most after |T'| iter-
ation, ROMP will identify correctly |T'| columns of sensing
matrix that corresponds to |T'| nonzero entries of the signal v,
provided that sensing matrix ® obey a Uniform Uncertainty
Principle (UUP). The claim based on the theorem 3.1 of their
paper [2]

Theorem 1. Assume ® satisfies the Restricted Isometry Con-
dition with éor < 0.03/4/log(T), then at each iteration of
ROMP, after the regularization step, at leat 50% of newly se-
lected set Jy belongs to the support of v. If we define J; =
JoNT, J2=Jy/T, then

[J1| = |12 (6)

The theorem implies that after at most |T'| iterations,
ROMP will select the set I; which has cardinality less than
2|T'| and covers the entire support T |I;| < 2|T| and T' € I;.
Therefore, the recovery signal can be easily obtained by solv-
ing x = ®r,v. This linear system has more observations than
unknown and the matrix ®;, is invertible since the Restricted
Isometry Constant do < 1. As aresult, v is retrieved exactly:
v = @Rx

5. RECOVERY OF COMPRESSIBLE SIGNALS
FROM NOISY OBSERVATIONS

Naturally, we could not expect to recover exact a signal when
measurements are polluted by noise. What we want to con-
sider is how good the recovery signal will be ? The answer
is dependent on the choices of appropriate stopping criterions
for the algorithm which is used to reconstruct the signal. Ob-
viously, a good stopping criterion should base on the noise
energy 7.

At first, for simplicity, we set up the problem for the case
signals are truly sparse. Afterward, theorem 3 will answer to
the question of compressible signals.

5.1. With sparse signals

Theorem 2. If ® is a measurement matrix with restricted
isometry constant o7 € (0,Cr/(2Cr+1)). After iteration t,
the Regularized Orthogonal Matching Pursuit algorithm halts

if:

Irdle < Kior x 1 @)
Where K1 7 is defined by:
Cr(1 — d21) 1

Ky

= with Crpr =
’ CT(l — 2(527‘) — dor T

5.64/log|T|

If the algorithm terminates at the end of iteration t, then we
will conclude that:

o The algorithm has selected at least t indices from the
optimal set T.

o The solution v* of the algorithm will obey
v —v¥||la < Ko x 7 (8)

Where Ko = V2. (Kir+1)

In particular, if until number entries of the set I, start
greater than 2|T|, formula (7) is still not satisfied, then the
algorithm halts when |I;| > 2|T| and v obeys

lv— vt < Kspxn 9)
Where Kg’T = 1/ 3/2 . {(2 + 5)(K1,T + Kl,T/CT) + 2}

From the theorem, we observe that the smaller energy the
noise is, the better recovery signals the algorithm can find,
and as 7 = 0, ROMP recover exact signals. It is the case that
D.Needle and R.Vershynin showed in their paper.

At the first glance, it seems that the stopping criterion is
complicated. However, the value K 7 can be simplified. De-
fine the restricted isometry constant as:

dop = Cr = ! with a>1
T a0+ 1) a2+ 5.61/log T])
(10)
K 7 is then represented by
Cr+1 1 a
Kir=1 <1 =
LT Jr(2C’T—|—1)(a—1) L



Corollary 1. Suppose the restricted isometry constant of ma-
trix ® has the form as in (10). If after iteration t

a-n
(a—1)
Then the algorithm selects at least t indices from the set T

and terminates at the end of iteration t. Also, the solution v*
of the algorithm will obey

lrelle < arn

lo = v*l2 <

2a —1)v2
(aai)\[.n (12)

-1

The corollary 1 obtains easily from an obvious result:
do1 < 1/2. Furthermore, suppose the factor a = 2, then the
recovery error of the algorithm is only 3+/2 - 7). This result for
ROMP is quite competitive to L1-minimization approach [?],
yet the price for outperforming is a much smaller restricted
isometry constant.

Corollary 2. Suppose formula (11) is still not assured when
number entries of the set I start greater than 2|T)|, then the
algorithm halts when |I;| > 2|T'| and the recovery error obeys

3 a
lo —vf]l2 < \/;'(7+28VZOQ|T|)'Q_1'77 13)

The upper bound of error approximation in inequality (13)
seem to be quite big, and is proportional to \/log(T'). How-
ever, our numerous experiments demonstrate that in practice,
this bound is much smaller, and it is equivalent to the bound in
(12). In the best situations, when the algorithm selected all T’
indices in the support of v as | ;| start greater than 2|T°|. Then
the recovery vector vf will be the projection of measurement
y onto the span of |I;| columns of sensing matrix .

V=0l y =0} (Prvte)=v+ e (14)

Recovery error will be optimally bounded using inequali-
ties in corollary 4 (in section 6)

lof —vlly = [[@], ellz < 197, @1, 22197, ll2.2 lell2

V/ (15)
< f#{fﬂ.ngg\/ﬁn
— dor

The stability of the ROMP algorithm implies that ROMP
can identify every sufficient large coefficients of vector v.
When the noise energy is small enough, all support 7" will be
identified, and the approximation error is as (15). Corollary 3
will develop such a condition on the noise energy.

Corollary 3. ROMP will select all the indices of set T if the

noise level is bounded by:

Cr(1—26) -6 ‘ '
(L_0)VI1o(Cr+1) el (@) (16)

n=<

Value 4 should be constant with every sparsity T" of sig-
nal, and should be as close to 1 as good since the number of
measurements are proportional to reciprocal of the Restricted
Isometry Constant. Figure 1 describes the ratio Cr/(2C7+1)
with different support 7', we realize that as |T'| goes to infin-
ity, this ratio is almost constant, then § is not dependent on
T. However, § is quite small as the support 7" is big. By
numerous experiments, we conjecture that /log(T") in the
denominator of d,7 can be disappeared.

0.1

Fig. 1. Ratio Cr/(2CT + 1) with different supports 7”s

Suppose a = 4, we demonstrate values Ko 7 and K3 1
with different supports 7" on figure 2. From the figure, we see
that as T goes to infinity, K3 7 comes to 67. So that when
027 = 0.012, the maximum recovery error is 67 - 7.
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Fig. 2. Values of K, 7 and K3 1 with different 77s



5.2. With compressible signals

If not only the measurements are corrupted by noise, the sig-
nal is compressible. the ROMP algorithm can also have stable
recovery. Suppose v be a signal whose coefficients follows
the power law, that is if we arrange entries of v in decreasing
order of magnitude |v|(1) > [v|(2) > ... > |v](y,), We say

[l < B/

Where p controls the decay rate of coefficients.
Suppose vr is a vector of T" biggest absolute entries of v, then

o= vrlls < Ky R- 7)1

Here, K, is a constant that only depends on p.

Let ®,,; be a subset of columns of measurement matrix
which is corresponding to 27" nonzero entries of the original
signal v, x,,; be the optimal approximation over ®,,;. We
have the theorem 3

Theorem 3. If © is a measurement matrix with restricted
isometry constant d47 € (0,Cor/(2Cor + 1)). After iter-
ation t, the Regularized Orthogonal Matching Pursuit algo-
rithm halts if:

[7ell2 < K127 X ([|y — Zoptll2 + 1) 17

If the algorithm terminates at the end of iteration t, then we
will conclude that:

o The algorithm has selected at least t indices from the
optimal set T.

o The solution v* of the algorithm will obey

[v— vl
VIT]
In particular, if until number entries of the set I, start greater

than 4|T|, formula (17) is still not satisfied, then the algorithm
halts when |I;| > 4|T| and v* obeys

[o—0v%]l2 < Kz o7 n+V1+ 0(Kapr+1) (18)

v —vr|l
VIT]

Where K1 o7, K2 o1 and K3 o7 are defined as in theorem

[v—22 < K3or-n+V1+6(Ksor+1) (19)

2

The theorem states that ROMP can recover stably |7T'|-
largest entries of the unknown signal v. This result can be
comparable with L1-minimization [16].

We can derive results that are similar to corollary 1 and 2
from theorem 3 with one additional term. For instant, if a = 4
and T goes to infinity, 47 will comes to 0.0115, K3 o7 reach
68, and the maximum recovery error will be

lv—vrl:

VT

v — vy < 6817 +69.5-

-+~
= i =
Jo It
B S —— B T —
. I
\-\__fé’/
J J2 J

Fig. 3. Simple relation between subsets

6. PROOFS OF THEOREMS 2 AND 3

6.1. Theorem 2

Before proving the theorem, let us show some simple results
that can imply directly from the definition of RIC.

Corollary 4. Let &g and ®; be two subset of columns of

sensing matrix ® where S and J are two disjoint sets in
{1,...,n} and|S|,|J| <|T)|, then

950, Psus — || < dor

[@5®s]| < dar
62T
ol dg| <
@, Ps] < T 6ar

Those results are quite straight forward, we leave the
proof for appendix. The theorem will be more clarified by
having the lemma 1 at hand.

Lemma 1. After iteration t, the ROMP algorithm still identify
at least half of the correct subset T if

» Cr(1—-96)v1+4
K — — X
Cr(l—26)—2¢

27"tH2 > (20)

Before proving the lemma 1, let us restate the lemma 3.7
in the paper of N.Deanna and R.Vershynin [2] which will be
used for our proof.

Lemma 2. Let z be a vector € R®. Then there exists a subset
A € {1,2,...,k} such that entries of z in A obey

2(8)] < 2 [2(5)]

And the total energy is satisfied

Vi,j e A

1
z > —— |z
1214ll2 = o5 log(d)” 2
We are now going to prove lemma 1

Proof. From now on, for simplicity, we write down ¢ and
consider it as dyp. Define S = T/I; (figure 3 describe
roughly the relation between subsets that we are consider-
ing). At the iteration ¢, the residual r, is computed by

rn=y—Pn,y=x+e— P,z — Pre 1)
= (I>51)|S - Pjt(bs’l)“; +e— Pfte



We assume that at iteration ¢, more than half of subset J,
are outside the correct support 7', it indicates that | J| > |J1].
Using this hypothesis, we find the upper bound of ||®% r[2.
Lemma 1 will be stated from the negation of this upper bound.

From the regularization step, since |u(i)| < 2- |u(j)| with
Vi, j € Jo, the assumption |J2| > |.J;| conduct a lower bound
of energy of v j,

1
[y, ll2 = EIIU\JOHz 22
Furthermore, we also obtain a lower bound for energy of v ,
from lemma 2

[z ll2 = [oawale (23)

B
2.54/1og|T|

We now start finding a lower bound of ||us||2. Since J is a
subset corresponding to |J| biggest coordinates of vector u
and from (21), we get
sl > luislle = 125l

= [25(I — Pr,)®svis + P5(1 — Pr,)e|2

> ||@5(1 = Pr,)®svisl2 = [/ = Pr, [llell2

> Q7M™ sl = v+

(24)

Where ) = ®%(I — P;,)®g and the last inequality of (24) is
followed from (5) since @ is invertible. Analyzing ||Q |
R =Il-UT-QI =+ -Q)+..]
<1+ =Q+ 1T -QIP + ...
And therefore,

L1y 1
Q== >

L+ =Ql+ T = Q[+ .

=1-[I=Q]

Here
1 =Qf = [ = ®5(I — Pr,)®s|
< | — 2525 + |25P7, @5l
< | — @5Ps| + |25 Py, |19, @5
1 1
< =
S0P TS TS
Where the last inequality are followed from corollary 4.
Substitute above inequalities to (24), we get

)
Juysllz = (1 - ﬁ)||v\s||2 —nv1+0

1—-26
= lvisl VT3

The upper bound ||« s, || is developed as follows

(25)

lwjg,ll2 = [1@5,7ell2 = 197, [(1 = Pr,)®svs + (I = Pr,)e]|l2

< |[|®5, (I — Pr,)®svisll2 + [| @5, (I — Pr,)e]l2
< || @5, Psvisllz + (|95, Pr, @svsllz + |25, 111 — Pr,l[le]l2
(26)

Since entries of vector V) J, are zeros, the first term at the left-
hand side of the last formula of (26) can be represented

27, @svisllz = (@7, (Psvis + Prv11,) — vy 2
= |97, @ 1usV1us — U, |2
Since J5 and S are two disjoint subsets, so
@75, Psvisllz < 197,05Pusvmus — V)susll2

= ||[(I)§2US(DJ2US - I]’UlJQUS”Q
< d|vipuslle = dllvisll2

Terms 274 and 3"¢ of the last inequality of (26) can be
simply bounded based on the corollary 4

15, Pr, ®svisle < 183, 1, [, sll]lvs]l2

0
=5 llusll

And
125,111 = Pr.lllells < nv1+6

Thus, the upper bound of ||u , [|2 will be

1
1-6

w2 < [vsll2 +nv1+4 (27)

Combining (22), (23), (25) and (27), the condition |J2| > |.J1]
lead to

) 1-26
T5llusllz +0vV1+6> Cro—=llvsllz = Crnv1+4

Where C'r is defined by:
1

5.64/log|T|

Cr =

It is concluded that

(L=VIF(Cr+1)

Cr(1=28) =5 (28)

vjsllz <

From (28), we can understand the correlation between
power noise and energy of entries of v that are not being se-
lected by the algorithm at iterations 1 — ¢. If the power noise
is small, the energy of unidentified entries of v is small. It
implies that the recovery signal v* is a good approximation of
.

It is also noted that the sufficient condition become worth-
less when the denominator is negative, so Cp(1—2§) —J must
be strictly greater than zero, which yields § < Cr/(2Cr+1).
This is a very essential requirement of restricted isometry con-
stant J to guarantee the theorem meaningful.

In addition, following from inequality (27)

1-6

losllz > —5—= (17, ellz = 7v1+0)



So, in order for the inequality (28) to be satisfied, we need

1-6, . (1—8)VI+8(Cr+1)
T(||‘I>J2Tt\\2—77vl+5) < Cr(1—20)—36 n
Thus
Cr(1—6)VI+s
@*
125l < 5 T as =5

We are now ready to complete the theorem 2

Proof of theorem 2 :

From lemma 1, the algorithm halts if the inequality (20) fails.
However, this condition does not seem practical since the
subset .J> is unknown at each iteration. We investigate three
possible cases.

Case 1: If at a iteration ¢

Cr(1-9)

[7e]l2 < Cr(1—28) -6 "

(29)

Then, since || @4, 7¢[l2 < /14 0[[r¢]|2, the inequality (20)
fails. Therefore, we set one criterion that the algorithm will
stop at iteration ¢ if (29) occurs.

Since the new signal estimate v¥ is obtained by solving the
least-square problem v* = argmin,, ||y — @7, c||2, so the resid-

ual

l

Irell2 = ly — 1,05 |2 = |®7,0}, — Pror — €2
> || ®rur v, — ®rurvrurll2 — llell2
> |08 Il vk s, — vrurll2 — 7

Where the last inequality of the above formula come from (4),
and ||<I>TTu 1, || is the reciprocal of minimum singular value of

matrix ®ryy,, which is smaller than 1/+/1 — 0. This yields
Irell2 > V1= 8]0k, —vror la—n = V1 = dllv—v|la—n

Substituting the upper bound of ||7¢||2 in (29) to the above
formula and note that 6 < 1/2, we obtain

Cr(l—-9

o=l < VB G g 4 1)

Case 2: If the inequality (20) still hold at each iteration
until at a iteration ¢, the cardinality of set [, start greater than
2|T|. Thus we set another stopping criterion to be |I;| >
2|T'|. In this case, the lemma 1 says at every iterations, ROMP
identify at least haft of correct support of 7" until |I;| > 2|T.
As a result, the support 7" must belong to I;: T € I;, and the
recovery error is optimal and computed as in (15).

[vF —vllz < 2v2n

Case 3: If after ¢ iterations ¢, |I;| start greater than 2|7,
but (20) fails and (29) is not satisfied. In this case, the selected
set I; of the algorithm may not cover the support of signal as
in case 2 (since lemma 1 may fail).

Now, from the proof of lemma 1, (20) fails lead to in-
equality (28), we will develop the upper bound for the recov-
ery signal

Ufft = @Ly = @L(‘I’sws + @71, Y1, + )

= (I)L(q)svw + (I)]tll‘[t + 6)

Therefore,

||U|ﬁ1t — vy, ll2 = @], (Psvjs +e)|2
< [|@F, @sllllvsllz + 125 [[le]l2

v1+90
1-9

<@+ 9)lvslz +n
The recovery bound is then followed

[f = vll2 = [[vfpyr, = vz ll2

< H/Uii[t =vr, 2 + llvjsllz (30)

V1+9
1-6

< (2+0)|vslla +n

Substitute (28) for (30) and using & < 1/2, we get the
inequality (19) of theorem 2, and the theorem is now proved.

The corollary 3 can be derived from the claim of inequal-
ity (28) in the proof of lemma 1. When (28) fails at every
iterations until |I;| > 2|T°|, then from lemma 1, ROMP algo-
rithm can identify all support T" of signal v.

6.2. Theorem 3

Proof. Let var be a vector of length n with support 27" taken
from 2|7’ biggest (in magnitude) entries of v, and v(a7) be a
vector of length n: va7ye = v — var. We have

y=dv+e= (I)U2T+<I)U(2T)c +e

(31
= ZoT + Z(21)c + €

Where (27)¢ is denoted the complement set of 27". We
can consider ®v(p7ye as an another noise, vor as truly 27'-
sparse signal that need to be reconstructed. So the problem of
stably recovering compressible signal become the problem of
recovering truly sparse signal. Following the lines of proof as
the section 6.1, one of the criterion to halt the algorithm is

[7ellz < K or - ([2@r)ell2 + [lefl2)

(32)
= Ko7 - (|ly — z2r(l2 + [le]|2)

Note that K1 o7 and the following K> o7, K3 o7 are de-
fined as in theorem 2.



We can have another stopping criteria. From the definition
of z,, in section 5.2

Topt = Popt - argmine|ly — Poprcl|

In the words, z,,; is the projection of y onto the space
spanned by ®,,,. So,

1y = opell2 < lly = zorl2

Then we can stop the ROMP algorithm if
el < K20 X ([ly — Toptll2 + 1) (33)

As a result, the solution v# of ROMP will obey

[var — v¥|l2 < Ko7 - (|ly — 2272 + 1)
= Kaor - ([|®(v — vor)ll2 + 1)

Applying the triangular inequality: [|v — v¥||s < ||var —
v¥||a + ||v — vor||2 to the above formula, we get the bound of
recovery error

o= v¥|l2 < Koor - n+ (Kaor +1) - [|®(v — var)||2 (34)

If (33) is not satisfied when |I;| start greater than 4|7,
then we halt the algorithm when |I;| > 4|T|. In this case, the
recovery error will be derived as the formula (19) of theorem
2

lv = v¥l2 < Ksor -0+ (Ksor +1) - | @(v — var )2
(35)

The theorem 3 will be completed by applying the follow-
ing lemma 3 with a = v — vap to inequalities (34) and (35).

Lemma 3. Suppose the sensing matrix ® has a Restricted
Isometry Constant 0,7 € (0,1/2), then with any vector a €
R’I’L

foall < VITS (el + 1)

Where ar is |T'| biggest absolute entries of a.

Proof. We begin by partitioning the vector a into vectors ar,,
ar,, ... ar, in decreasing order of magnitude (except proba-
bly ar,). Subsets 11, T5, ..., T; with length |T'| are chosen
such that they are all disjointed. We do this because the re-
stricted isometry condition give us control over the small set
of columns of matrix ®.

From the definition of T; (¢ = 1, ..., 1), foreachp € T;_,
q € T;, we have a(q) < a(p). Thus

la(g)] < llaz,_, [11/IT

Then

2 < llar,_, 1/ VIT]

HaTq‘,

Therefore

1
[®allz = || > ®rar,
i=1

l
<> Vitillaz]2
i=1

!
2 <Y [ ®nar:
i=1

l
<V1+35-(lag |2+ > llaz,ll2)
=2

!

laz:_, [

<VI+6- (lag )2+ —=—)
= VT

TR lallx
< V146 (larl2+ ﬁ)

Applying the lemma 3 with a = v — va, we have

[0 = var)la < VIF3- (0~ var)yrle + 22

Since each entry in the subset T' of vector (v — vor) is
smaller than every entry in the subset T of vector (v — vr):

|(v = vor)r(q)| < (v — vr)r(p)| With ¢ € (v — var)|7s
p € (v —vr)|r, thus

(v = var)jr (@) < [I(v = vr)irll2/IT]

Then

(v —var)irll2 < [[(v —vr)i2ll /AT
So that

H(U—UT)|T||1
VIT]
=VI+6-|v—vrli/VIT|

The theorem 3 is now proved. O

||U—U2T||1)

H‘I)('U_U2T)||2< \/1+6'( \/m

7. NUMERICAL EXPERIMENTS

In this section, we will illuminate the theorems by some
demonstrations. Our simulations say that, in practice, the
theorem bounds are quite optimistic, and those can be even
reduced by a factor of \/log|T|, that is what we conjectured.

We first do experiments with a series of truly sparse sig-
nals. In each experiment, a signal of length 1024 with differ-
ent sparsities is sensed by a Gaussian matrix of size 300 x
1024. The measurements are then contaminated by white
Gaussian noise: y = ®v+e, withe ~ N(0, 02). The variance
o will be changed during the experiments in order to change
the noise level.



Figure 4 shows the results of recovery errors at different
noise levels and different sparsity |T'|. The setup of our ex-
periments is described as follows. At each noise level, we
perform 1000 independent trials. At a given trial, the signal is
generated by choosing |T'| coefficients uniformly at random,
then set each coefficient a value +1 or —1 with equal proba-
bility. An example of such a signal is shown in figure 6a. A
300 x 1024 Gaussian matrix is generated and fixed during ex-
periments. ROMP will reconstruct the signals from 300 noisy
measurements. The average recovery errors over 1000 trials
is lined out in figure 4

Stopping criterions of the algorithm is setup as in the the-
orem. It bases on two conditions: when 7; is smaller than
K1 7 -norwhen |I;| is strictly greater than 2|T|. Suppose the
constant a = 3, it is equivalent to say the restricted isometry
constant has value §o7 = 0.028. Then considering again the
formula (11), we have one stopping criterion: [|r||2 < 1.5,
and the smallest theorem constant bound will happen to be
3.53. This result seems to be reasonable comparing to the
simulations.

We show one demonstration of effectiveness of the algo-
rithm in figure 6a, ROMP is used to recover a 50-sparse sig-
nal from 300 noisy measurements with noise level ¢ = 0.05
(noise energy 7 = 0.71). Only after 3 iterations, the algorithm
stops as ||7¢]|2 < 1.5, and the reconstructed vector has error
approximation ||v* — v||2 = 1.57, which is roughly twice the
noise energy 7).

We secondly run experiments with compressible signals
with decay factor 7/9. Signals of length 1024 are generated
from the equation

Usore(n) =5 - n=8/9

Those signals are then randomly permuted and multiplied
with a uniformly random sign sequence. Following the same
setup as the first case, with instead of sparse signals, we use
compressible signals with different |T'| largest absolute co-
efficients. The recovery error with different noise levels are
showed in figure 5. This result one again assert the stability
of ROMP algorithm.

8. APPENDIX

We are now considering the proof of corollary 4.
PART 1:
P50 Psus — Il = ﬁfﬁx*@gwq’sw - DNz

_ * ok *
= Hrz?\la—xlx Do Psusr — 272

= [|[ @5, Psusll — 1
< (1+d2r) —1=or

it i
(00— T o L)
(snlen fonlan]en] e Tan]

Recovery error

e}
T
1

0 1 2 3 4 5 6 7 8 9
MNoise level

Fig. 4. Recovery error of truly T-sparse signals with different
noise levels

PART 2:

19505 ®s0s = Il = max [[(®5u,Ps0s = Dzl

PLbg — T 5P, Y >
> S 5
= ‘El‘fz(l < 5 dg oDy — 1 ) ( 0
%)
= max *
lyll=1 < eyes )Y
> max |05yl = [|P5Ps]|

Therefore, from part 1
[25Ps]| <[Py, Psus — ]| < dor

PART 3: The statement is easily followed from part 2 and
definition of RIC

* — * 62T
[} @] < [[(@5D,) [ ®5Ps]| < ——
1—bor
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Fig. 6. Example of recovery signal with size = 1024, sparsity
T = 50, noise level o = 0.05 and so noise energy n = 0.71,
number of iterations = 3, recovery error = 1.57.
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Fig. 7. Example of recovery compressible signal with size =
1024, T' = 50 biggest coefficients, noise level o = 0.05 and
so noise energy 7 = 0.72, number of iteration = 5, recovery
error = 3.04.



