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Highly Undersampled Magnetic Resonance Image

Reconstruction via Homotopic ℓ0-Minimization
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Abstract— In clinical Magnetic Resonance Imaging (MRI),
any reduction in scan time offers a number of potential benefits
ranging from high-temporal-rate observation of physiological
processes to improvements in patient comfort. Following
recent developments in Compressive Sensing (CS) theory,
several authors have demonstrated that certain classes of MR
images which possess sparse representations in some transform
domain can be accurately reconstructed from very highly
undersampled K-space data by solving a convex ℓ1-minimization
problem. Although ℓ1-based techniques are extremely powerful,
they inherently require a degree of over-sampling above the
theoretical minimum sampling rate to guarantee that exact
reconstruction can be achieved. In this paper, we propose a
generalization of the Compressive Sensing paradigm based on
homotopic approximation of the ℓ0 quasi-norm and show how
MR image reconstruction can be pushed even further below
the Nyquist limit and significantly closer to the theoretical
bound. Following a brief review of standard Compressive
Sensing methods and the developed theoretical extensions,
several example MRI reconstructions from highly undersampled
K-space data are presented.

Keywords: Magnetic Resonance Imaging (MRI), Image
Reconstruction, Compressive Sensing, Compressed Sensing,
Nonconvex Optimization.

I. INTRODUCTION

In contemporary clinical practice, MRI is one of the most

popular imaging modalities due to its excellent depiction

of soft tissues, allowance of arbitrary vantage points, and

inherent absence of emitted ionizing radiation. Despite its

many advantages, a fundamental limitation of MRI is the linear

relation between the number of measured data samples and

net scan time. Increased scan duration presents a number of

practical challenges in clinical imaging including higher sus-

ceptibility to physiological motion artifacts, diminished clin-

ical throughput, and added patient discomfort. Recent trends

towards large-scale applications such as 3D and time-resolved

acquisitions generally require faster acquisition techniques to

achieve clinical practicality. Unfortunately, such accelerations

may result in a compromise of image quality (e.g. spatial and

temporal resolution, SNR).

The emerging theory of Compressive (or Compressed)

Sensing [1], [2] has offered great insight into both when and

how a signal may be recovered to high accuracy (or, in some

instances, exactly) even when sampled at significantly below
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the Nyquist rate. To date, most CS applications, especially

within medical imaging, have centered on the ℓ1-minimization

problem. In this paper, we describe a method for reconstruct-

ing MR images at sampling rates even further below that

which are achievable using ℓ1-based CS methods by directly

attacking the ideal ℓ0-minimization problem (see Figure 1

for an example). Following a review of Shannon sampling

theory in the context of MRI and a discussion of ℓ1-based

CS methods in Sections II-A and II-B, the ℓ0-minimization

problem is described in Section II-E along with both its

applied and theoretical implications. Moreover, a practical

scheme is presented for addressing the ℓ0 quasi-norm based

on homotopic approximation using a wide class of deformable

sparse priors, and an efficient semi-implicit numerical scheme

for computation is described in Section III. Finally, several

examples are presented in Section IV demonstrating the ability

of our proposed technique to achieve accurate reconstructions

beyond the capabilites of ℓ1-minimization and close to the true

theoretical minimum sampling rate.

II. THEORY

A. Shannon’s Sampling Theory and MR Image Reconstruction

Shannon’s sampling theorem has served as the dogma of

signal processing theory for over half a century and suc-

cessfully guided the development of countless technologies

ranging from telecommunication systems to MRI. While the

reader is certainly familiar with Shannon’s theorem, a brief

review of this classical argument is given to offer a convenient

juxtaposition against the more contemporary CS theory to be

discussed later in this section.

Letting x be a continuous variable representing spatial po-

sition, suppose f(x) is a signal of interest. For most practical

applications, f is neither analytic nor finite and thus must be

sampled into a discrete numerical sequence prior to any form

of processing. The significance of Shannon’s theorem is that,

given a certain assumption about the spectral properties of

f , conditions on the rate of sampling can be imposed such

that the continuous signal can be recovered exactly from the

discrete subset of sample measurements.

An ideal sampler of a continuous signal is described by the

periodic impulse train or Dirac comb,

sX(x) =

∞
∑

n=∞
δ(x − nX) =

1

X

∞
∑

n=∞
e

−2πjnx

X (1)

where δ is the Dirac delta (generalized) function and X is

the sampling period; the Fourier series expansion of the Dirac

comb is also shown. Given (1), f can be sampled by simply

taking the entrywise product between itself and the sampling
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(a) (b)

(c) (d)

Fig. 1. A comparison of ℓ1-minimization versus homotopic ℓ0-minimization based reconstructions of the canonical Shepp-Logan phantom. Given a 96%
undersampled K-space sampling mask containing only 10 radial lines (a) and its associated minimum energy or zero-filled reconstruction (b), ℓ1-minimization
(c) fails to recover the undersampled image while the proposed homotopic ℓ0-minimization (d) achieves exact reconstruction.

vector, i.e. fX(x) = f(x) · sX(x). Computing the Fourier

Transform of the sampled signal then yields

f̂X(k) =
1

X

∞
∑

n=∞
f̂(k − n

X
), (2)

where k is a spectral index. Resultantly, the one-sided band-

width of f must be less than 1

2X
to ensure that aliasing in

f̂X does not arise from overlap of the periodic copies of

f̂ . Conversely, any signal with a priori known maximum

supported absolute frequency, kmax, must be sampled at a

rate higher than TN = 1

2kmax
, the so-called Nyquist limit, to

ensure that the aforementioned overlap is avoided. When the

Nyquist criterion is satisfied during the sampling process, the

continuous signal, f , can be exactly recovered from fX by

simply filtering with an ideal low-pass signal of bandwidth

equal to half the Nyquist rate.

In the discrete domain, the sampling period, X , and spatial

resolution, ∆x, of fX are equivalent. If N measurements are

acquired at intervals of ∆k across the spectral band B =
[−kmax, kmax], then

∆k =
1

N∆x
= FOV−1, (3)

where FOV is the field-of-view of the signal space. Conse-

quently, for a target image of fixed spatial resolution and FOV,

absence of even a single measurement from the spectral grid

changes the effective local value of ∆k and leads to violation

of Shannon’s recovery condition. For higher-dimensional ap-

plications such as time-resolved 3D MRI, this rigid sampling

constraint and its inherent dependence on dimensionality can

be crippling.

In the event that the spectral or K-space measurement grid is

only partially filled, the inversion problem becomes underde-

termined and there are an infinite number of potential solutions

to choose from. Let F denote the forward Fourier transform
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operator. A simple technique for choosing a solution, u, from

this infinite set is to select the one with the minimum energy

(ℓ2) by solving

min
u

‖u‖2
2 s.t. Φu = Φf, (4)

where the measurement matrix Φ = Φ̂F and Φ̂ is the

characteristic function of the subset of measured K-space

values. f is again the signal of interest. It is trivial to show that

(4) is achieved by simply setting the complement of Φ̂ to zero

and directly inverting the spectral signal using standard Fourier

methods. In practice, aliasing present within the minimum-

energy solution arising from violation of Shannon’s theorem

typically results in an image of little diagnostic value.

Since its inception, substantial effort has been made to

decrease the required scan time in MRI. Early techniques such

as echo-planar imaging (EPI) [3] traverse the entirety of K-

space during a single relaxation cycle (TR), offering a dramatic

increase in speed but at the expense of demanding hardware

performance and significantly-lowered signal-to-noise (SNR)

levels. Alternatively, if the signal of interest is assumed to be

strictly real, Hermitian symmetry of K-space can be exploited

such that it is only necessary to perform measurements on

half of the spectral grid. In practice, however, the strict reality

assumption is violated due to B0 inhomogeneities, chemical

shift, and magnetic succeptibility distortions as well as arti-

facts from physiological motion and flow. As a result, errors

in phase must be corrected prior to making the Hermitian

assumption. If image phase is assumed to be smoothly varying

over space, the standard approach to phase correction involves

measuring a symmetric low-frequency band of K-space and

estimating the image space phase solely from this restricted

measurement set. The solution magnitude is then derived from

a moderately undersampled subset of K-space which also

includes the small support used in the phase estimation step.

A complex image is then formed by conjoining the image

magnitude and phase estimates, with only the real portion

of this generated image being retained as the solution. Due

to the necessity of acquiring a symmetric, low-frequency

spectral band for use in the phase estimation process, methods

which rely on Hermitian symmetry such as POCS [4] and

homodyne detection [5] can only decrease the number of

required measurements by less than half of that delimited by

Shannon’s theorem.

B. Compressive Sensing via ℓ1-Minimization

For many applications, the signal of interest rarely exhibits

true compact spectral support. Many images, such as those

produced in high-resolution MRI, can essentially be modeled

as piecewise-smooth functions containing a substantial number

of jump discontinuities. As the Fourier basis is comprised of

quadrature trigonometric functions, it is inherently inefficient

at representing sharp spatial gradients and a large number

of coefficients are required to provide sufficient suppression

of Gibbs ringing. A similar phenomenon occurs in textured

regions or signal areas containing significant high-frequency

variation. Such limitation placed on the class of signals of

interest naturally raises the question as to whether bandwidth,

(a) (b)

Fig. 2. The Shepp-Logan phantom (256 × 256) is a prime example of an
image that posseses a sparse representation in a transform domain, here the
magnitude of its gradient. While the image space representation (a) is clearly
not sparse (‖x‖0 ≈ 61% · N ), the transform representation of the image (b)
exhibits very high sparsity (‖∇x‖0 ≈ 3% · N ).

or effectively energy, is really the functional property that

should serve as the basis for determining recoverability.

At first glance, signals are not typically characterized in

terms of their bandwidth but rather anecdotally, such as, for

example, “cartoon-like” for piecewise-constant images like

the Shepp-Logan phantom shown in Figure 2. While this

qualitative assessment may seem trivial at face value, such

an intuitive descriptor is very powerful as it is, in essence,

outlining a transform space in which the signal of interest

possesses a sparse representation. For the aforementioned

piecewise-constant scenario, the magnitude of the image gradi-

ent will accordingly be sparse. If such a sparsifying transform,

Ψ, can be readily defined for a signal, one could ideally

select the estimation with the sparsest representation in Ψ
that still matches the limited observation set. Mathematically,

this search consists of solving the equality-constrained ℓ0-

minimization problem,

min
u

‖Ψu‖0 s.t. Φu = Φf, (5)

where, for some vector v, the zero quasi-norm, ‖v‖0, is a

measure of functional cardinality defined as follows:

‖v‖0 =
∑

x∈Ω

1 (|v(x)| > 0) , (6)

where Ω is the image domain and 1 is the indicator function.

Although Ψ is often assigned to be a unitary operator (e.g.

wavelet or discrete cosine transform), note that this is not

a required condition. For instance, in variational models, Ψ
may instead be a column vector of finite directional differ-

ence matrices analogous to the gradient operator. Redundant

transformations and tight frames such as curvelets [6] have

also recently been investigated [7].

Given knowledge of how to generate sparse or compressible

representations for a specific signal class via some transform

operator, the next logical question to ask is under what

sampling conditions the signal can be accurately reconstructed

Without loss of generality, consider the case where Ψ is equal

to the identity operator, which can arise either from a signal

of interest having inherent sparsity in its given domain or

by shifting the problem formulation in (5) from analysis to

synthesis form. The aforementioned question then resorts to
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identifying specific conditions on the operator Φ that assures

the solution given by (5) is identically f .

We consider this construction using the restricted isometry

property (RIP) of Candès and Tao [8]. Suppose a signal, f ,

resides on a set of spatial indices denoted by Ω. An N × |Ω|
measurement matrix, Φ, is said to be an S-restricted isometry

if, {∀f ∈ R
|Ω||‖f‖0 ≤ S} and N ≥ S,

(1 − δS)‖f‖2
2 ≤ ‖Φf‖2

2 ≤ (1 + δS)‖f‖2
2, (7)

where δS ∈ (0, 1) is the restricted isometry constant. Satis-

faction of (7) assures that no S-sparse signal is in the null

space of Φ and thus inversion of the measurement process is

feasible. Consider the N × |K| submatrix of Φ, ΦK , where

K = supp{f} and |K| ≤ S. Complimentary to the null

space argument, (7) provides a bound on the eigenvalues

of the Gram matrix Φ∗
KΦK , where ∗ denotes the complex

conjugate operator. This in turn allows the condition number

of the active system to be expressed by κ(ΦK) =
√

1+δS

1−δS
,

demonstrating the benefit of utilizing measurement matrices

with small restricted isometry constants. Furthermore, a simple

proof by contradiction employing (7) asserts that if Φ satisfies

δ2S < 1, (5) will have a unique minimizer [8] or, equivalently,

unique recovery of an S-sparse signal via ℓ0-minimization is

possible even if as few as 2S measurements are acquired.

Unlike the condition imposed by Shannon’s theorem, the

circumstances under which signal recovery by ℓ0-minimization

is possible are independent of dimensionality and instead

linearly proportional to the underlying complexity of a signal.

While the general construction of matrices satisfying (7)

is beyond the scope of this paper, the particular case of

random Fourier measurement ensembles will be investigated

in Section II-D. To date, RIP has been verified for several

classes of random measurement ensembles (see [9], [10] for a

detailed discussion) and there is substantial active research

(e.g. [11], [12]) into the construction of deterministic and

structured matrices obeying (7). There is also compounding

empirical evidence that suggests RIP holds for many practical

deterministic measurement paradigms employed in medical

imaging [1], [13], [14].

Despite the profound theoretical implications that arise for

measurement matrices obeying (7), directly solving the ℓ0-

minimization problem to recover an S-sparse signal residing

on Ω requires a combinatorial search through all
(|Ω|

S

)

potential

solutions and is thus intractable for most practical application.

The remarkable result of Compressive Sensing theory, pio-

neered by Candès et al. [1] and Donoho [2], is that if one

replaces the ℓ0 quasi-norm prior in (5) with the ℓ1 norm,

namely

min
u

‖Ψu‖1 s.t. Φu = Φf, (8)

then exact signal recovery is still possibly albeit at the cost

of a modest degree of oversampling. In other words, given

a sufficient rate of sampling, the solutions to (5) and (8) are

equivalent. Moreover, (8) is a tractable convex optimization

problem. In practice, the degree of oversampling required to

achieve exact reconstruction of a signal of cardinality S via ℓ1-

minimization is roughly 3S − 5S [15], or about twice what is

theoretical necessary for the analogous ℓ0 case. Nonetheless,

this approach offers the ability to sample drastically below

the Nyquist rate and perform the signal reconstruction in a

computationally practical manner.

C. Robust Compressive Sensing

In most medical imaging applications including MRI, sig-

nals are rarely noise-free and it is desirable to investigate how

measurement error affects the stability of the reconstruction

program. Suppose that the measured data is given by fn =
f + n, where n is a noise process such as Additive White

Gaussian Noise (AWGN) found on each of the quadrature

measurement channels in MRI. Addressing the potential for

measurement error, (8) can be reformulated as

min
u

‖Ψu‖1 s.t. ‖Φu − Φfn‖2
2 ≤ ǫ, (9)

where ǫ is a statistic describing the magnitude of the error.

For AWGN processes observed in ℓ2, ǫ is generally taken

as the noise variance. Alternatively, ǫ may be subjectively

defined as the maximum allowable error in the generated

approximation. Again refering to the exemplary case Ψ = I ,

the solution to (9) will exhibit approximatory error on the

order of ‖u−f‖2 ≤ C ·ǫ, where the multiplicative constant C

depends only on the restricted isometry constant [16]. For a

fixed measurement matrix, Φ, the accuracy of approximation

for a signal reconstruction by ℓ1-minimization thus degrades

gracefully in the presence of increasing levels of noise and the

reconstruction process is both robust and stable.

Additionally, most medical images do not possess truly

sparse representations in any domain as nearly all transform

coefficients are of non-zero value. Fortunately, many images

are compressible in the sense that image information is

strongly captured by a small subset of these coefficients.

For example, the dominating morphological features of many

anatomical MR images such as angiograms can be closely

approximated by sparse models generated with transforms

promoting piecewise smoothness, e.g. bounded variational

models and many types of wavelets. For the case Ψ = I ,

let fS denote the signal constructed from only the S-largest

coefficients of f . In [16], it was shown that when a dense

signal is reconstructed according to (8), the approximation

error will be bounded as ‖u−f‖1 ≤ C ·‖f−fS‖1, where C is

again only dependent on the restricted isometry constant. Con-

sequently, for a compressive signal, most of the information

will nonetheless be captured during the measurement process

and the approximation will be on par with the best possible

S-term approximation given full a priori specification of the

signal.

Following the theoretical development of CS within the

mathematics community, medical imaging and, in particular,

MRI was immediately recognized as a strong candidate for

a specific application where this new concept could have

dramatic practical implications. In the past several years,

the practical performance of CS theory and, specifically, ℓ1-

minimization based techniques, has been successfully demon-

strated for a large range of clinical applications including

non-Cartesian and 3D MR angiography (MRA) [13], [17],

and time-resolved imaging [18]. More recently, several groups
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in the MRI community have proposed novel numerical tech-

niques for attacking (9) with specific focus on image recon-

struction including nonlinear Conjugate Gradient (CG) [13],

interior point (IP) [19], Bregman iteration or inverse scale

space [20], and iterative reweighted Least Squares or FOCUSS

[14], [21] methods. As there has not been an extensive com-

parison of the computational performance of these techniques

on large-scale problems to date, which numerical approach, if

any, will best meet clinical demands is still an open question.

D. The Extension to ℓp (0 < p ≤ 1)

In Section II-B, it was stated that fewer measurements

are necessary to exactly reconstruct a given signal via ℓ0-

minimization than by ℓ1-minimization. While a direct solution

of (5) is infeasible for most practical applications, it is natural

to ask whether there exists an alternative prior, or class of

priors, that admit better sampling bounds than ℓ1 and are

computationally feasible. Following assertions made in [2] and

that (assuming 00 = 0) the zero quasi-norm is commonly

defined as

‖v‖0 = lim
p→0

∑

x∈Ω

|v(x)|p, (10)

Chartrand [22] proposed use of the ℓp semi-norm (0 < p ≤ 1)
class of sparsity priors within a basis pursuit reconstruction

framework and showed asymptotic convergence of the ℓp

sampling bounds towards ℓ0 using RIP. Although Donoho

[2] dismisses the practical use of ℓp semi-norm priors as

numerical achievement of the global minimum can no longer

be guaranteed as a consequence of their non-convexity, these

functionals (unlike the ℓ0 prior) admit a non-zero gradient

almost everywhere and thus at least local minima, many of

which are more than sufficient in practice, can be found via

standard descent methods as opposed to combinatorial search.

In [22], Chartrand offers several examples of computed “local”

minima providing signal and image reconstructions that are

exact to within numerical precision at sampling rates well

below those achievable by ℓ1-based methods.

Consider the ℓp recovery problem

min
u

‖Ψu‖p
p s.t. Φu = Φf, (11)

where 0 < p ≤ 1. Extending on [22] for Ψ = I , a sufficient

condition for exact recovery of a signal of cardinality S via

(11) is given by

δ2M <

[

1 +

√

2M

S
·
(

S

M

)
1
p

]−1

(0 < p ≤ 1), (12)

for any M ≥ S (see Appendix for derivation). Next, suppose

Φ is an N × |Ω| matrix comprised of randomly selected rows

(uniform probability) of the discrete Fourier transform (DFT)

matrix defined on Ω; by definition, N denotes the number of

measurements performed by applying Φ to a signal. For any

γ > 0, Rudelson and Vershynin [10] showed that if

N ≥ C

(

2M log |Ω|
γ2

)

log

(

2M log |Ω|
γ2

)

log2 2M (13)

(a)

Fig. 3. As the ℓp sparsity prior is evolved towards ℓ0, the restricted isometry

constant, δ3S (M = 3
2
S), is progressively relaxed. Given (13) and defining

the expected oversampling factor required for exact reconstruction by
N(p)
N(0)

,

a decrease in required number of samples towards the theoretical minimum
sampling rate limit can be seen as p → 0.

for some absolute constant C,

Eδ2M ≤ γ (14)

with high probability, where E denotes the expected value

operator. When γ is equated to the right side of (12), it

follows that decreasing p implies an analogous decrease in

the required number of measurements, N , needed to achieve

exact reconstruction. As anticipated, the use of diminishing

values of p allows a signal to be exactly reconstructed from

fewer and fewer measurements. Consider again the 256× 256
Shepp-Logan phantom showed in Figure 2, where S ≈ 2200
for the gradient magnitude transformed signal. For this ex-

ample case, Figure 3 portrays the relaxation of the recovery

conditions under diminishing values of p for a typically chosen

partitioning M = 3

2
S (e.g. [8], [15]).

Chartrand’s work and the extension given in (12) provide

an exact characterization of the performance of reconstructions

employing the ℓp semi-norms (0 < p ≤ 1), but the results are

not at all surprising - utilizing approximations that are closer to

the ℓ0 quasi-norm than ℓ1 correspondingly lower the required

number of measurements necessary to accurately reconstruct a

signal. When considering p to be a static variable, as done in

[22], an open problem exists on how to assign this variable.

While relatively smaller values of p offer the potential for

reconstruction of a signal from fewer measurements, this gain

comes at the cost of increasing numerical stiffness. Which

value of p offers the optimal tradeoff between these properties

has yet to be determined.

E. Compressive Sensing with General Concave Priors

The clear advantage of migrating from ℓ1 to ℓp recon-

struction form suggests the following question: can other

functionals be used in place of ℓ1 to offer similar advantages

as ℓp for the sparse reconstruction problem? Reconsider the

limit definition of the ℓ0 quasi-norm given in (10). While the
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Fig. 4. Homotopic approximation of the ℓ0 semi-norm using the Laplace

error function, 1 − e
|u|
σ , shown at diminishing values of σ.

ℓp functional is certainly the most popular choice for defining

ℓ0 as a sequence limit, there exist many possible functionals,

generically denoted by ρ, that satisfy

lim
σ→0

∑

x∈Ω

ρ (|u(x)|, σ) =
∑

x∈Ω

1 (|u(x)| > 0) , (15)

where σ represents a sequence index or scale parameter. As

will be discussed, only a small subclass of such functionals can

be practically employed for the sparse reconstruction problem.

A key motivation for employing the ℓp limit sequence given

in (10) is that every sequence element can be independently

and successfully used as a prior for the sparse reconstruction

problem and still yield a unique and exact solution. Conse-

quently, there is a sense of stability for the entire solution path,

not only at the sequence limit σ = 0. Consider the general

class of semimetric functionals, i.e. positive definite and zero-

symmetric, that are non-decreasing over R
+. These functionals

provide a measure of deviation of the function of interest from

zero and as σ → 0, by definition, they provide a progressively

refined measure of signal sparsity that approaches that yielded

by the ℓ0 quasi-norm.

In the event that ρ is strictly concave over R
+, the functional

is inherently subadditive and thus a true metric. It can then be

shown that, for any fixed value of σ, a unique and exact so-

lution to the sparse reconstruction is possible (see Appendix),

analogous to the results of Section II-D. For example, it can be

shown that many robust error norms and other redescending

M-estimators [23] such as the Laplace function,

ρ (|u(x)|, σ) = 1 − e−
|u(x)|

σ , (16)

shown in Figure 4, the Geman-McClure function [24],

ρ (|u(x)|, σ) =
|u(x)|

|u(x)| + σ
, (17)

and the concave logarithmic penalty

ρ (|u(x)|, σ) = log

( |u(x)|
σ

+ 1

)

, (18)

all yield exact signal reconstructions for any σ ∈ [0,∞). In

fact, if a signal can be exactly recovered by ℓ1-minimization,

it is guaranteed recoverable via any ρ that is non-decreasing

and concave over R
+. A proof of this claim can be found in

the Appendix. Furthermore, for the above examples as well

as many others, if ρ is scaled by a constant factor such that

ρ(1, σ) = 1, σ → ∞ admits ρ(|u|, σ) → |u|. In other words,

ρ interpolates the function space between ℓ1 and ℓ0 across

σ ∈ [0,∞) in the same manner as does ℓp for p ∈ [0, 1].

As anticipated and will be discussed in the proceeding

sections, when σ is progressed towards zero, signals are

observed to be recoverable from many fewer samples than via

ℓ1-based approaches when using priors such as (16-18); e.g.

the result in Figure 1d was achieved using the Laplace prior

defined in (16). Although an exact formulation of the restricted

isometry constants for general priors as a function of σ has yet

to be determined, based on the interpolatory property of the

described functionals and convincing empirical evidence (see

Section IV), it is conjectured that a tight relation analogous to

(12) given for the ℓp priors also exists.

Following the brief example in Figure 1 where the Shepp-

Logan phantom is shown to be recoverable from only 10

radial Fourier projections corresponding to roughly 4% of

the data, Figure 5 shows a comparison of results generated

by homotopic ℓ0 minimization and ℓ1-minimization for a

sequence of different sampling rates. The minimum-energy

results obtained via zero-filling are also depicted. As expected,

given a sufficient sampling rate (in this case, 18 or more

Fourier projections), the results obtained by ℓ1-minimization

and homotopic ℓ0 minimization are identical and both exact.

As the sampling rate is further reduced, however, the ℓ1-

based reconstruction quickly begins to degrade whereas the

homotopic ℓ0 reconstructions continue to be exact all the way

down to the case of only 10 Fourier projections. Beyond this

point, neither the proposed or ℓ1-based method are able to

exactly reconstruct the phantom image although homotopic ℓ0

continues to provide superior results.

For a tabulation of additional non-convex functionals that

have potential application for sparse recovery, see [25]. We

also note that Candès et al. [26] have recently introduced a

reweighted ℓ1 minimization scheme for CS which implicitly

minimizes (18). Additionally, several authors have proposed

the use of everywhere-differentiable quasi-convex priors sat-

isfying (15) (e.g. the Tukey biweight and Gaussian error

function) for problems including noise removal [23], [27],

[28], superresolution [29], [30], and recently medical image

reconstruction [31], [32], [33]. As discussed in the Appendix,

strict concavity over R
+ of the prior functional is key to

asserting solution uniqueness for the sparse reconstruction

problem. Smooth quasi-convex functionals contain a small

convex well about the origin which inherently violates the

concavity condition and guaranteeing uniqueness under RIP

is no longer straightforward. Although quality reconstructions

are possible using quasiconvex regularizers, the migration to

strictly concave priors generally offers both improved practical

performance as well as theoretical guarantees of recoverabil-

ity.



IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. XX, NO. XX, JANUARY XXXX 7

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Fig. 5. The practical benefit of homotopic ℓ0 is elucidated when viewing a sequence of images recovered under progressively increasing sampling rates.
Considering radial sampling using (a) 9, (b) 12, (c) 15, and (d) 18 equally spaced Fourier projections corresponding to approximate undersampling rates of
96%, 95%, 94%, and 93%, respectively. (e-h) depict the minimum energy reconstruction of (a-d) obtained by zero-filling. Similarly, (i-l) are the reconstructions
obtained via ℓ1-minimization and (m-p) are the reconstructions obtained via homotopic ℓ0-minimization using the Laplace error function. While the ℓ1 and
homotopic ℓ0 reconstructions are identical under 18 projections, ℓ1-minimization fails to provide exact reconstructions from any fewer number of projections
whereas homotopic ℓ0 minimization achieves exact reconstructions even in the 12 projection example (and from as few as 10 projections, as shown in Figure
1). Even in the case of 9 projections where neither method yields exact signal recovery, the homotopic ℓ0 result is clearly superior to its ℓ1 analog.

F. A Continuation Approach to ℓ0-Minimization

In practice, computationally-challenging problems such as

the ℓ0-minimization problem are often attacked by a procedure

known as homotopy or continuation. Under this scheme, a

related but simplified problem is first solved and its solution is

used as the warm-start initializer for a slightly harder problem

that is closer to the target. This process is then repeated

until the target problem is reached or the solution becomes

stationary [34]. While the optimality of this paradigm cannot,

in general, be theoretically guaranteed, the observed practical

gain is often substantial. In many cases, the solution to the

simple problem lies relatively close in the function space to

the solution of the hard problem. As the algorithm progresses,

this extremal point is then tracked to the solution of the hard

problem, avoiding many of the local extrema that would be

encountered if the hard problem was attacked directly. If the

exact solution of the hard problem is not achieved, the found

local minimum is often far more satisfactory than that found

without the continuation process.

We note that several authors have successfully employed
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everywhere-differentiable deformable approximators of non-

convex target priors for image recovery and, in particular,

limited-view tomography [31], [32]. Most of these approaches

are based on the Graduated Non-Convexity (GNC) method

developed by Blake and Zisserman [35] for solving the shape-

from-shading problem in computer vision. We give a simi-

lar paradigm based on continuation of deformable concave

metrics towards the ℓ0 quasi-norm for undersampled MRI

reconstruction within the CS setting.

For any particular concave metric ρ satisfying (15), consider

the sequence of problems given by

ut+1 = arg min
ut

∑

x∈Ω

ρ
(

|ut(x)|, σt
)

s.t. ‖Φut − Φf‖2
2 ≤ ǫ,

(19)

where σt+1 < σt. We call this process homotopic ℓ0-

minimization as the subproblems asymptotically approach the

ℓ0-minimization problem as t → ∞ and thus σt → 0.

Practically, the solution to subproblem t is used as the initial

estimate of the solution to subproblem t+1. An efficient, semi-

implicit numerical solver for (19) will be presented in Section

III and practical assignment of
σt+1

σt
will also be discussed.

Following discussions in Sections II-D and II-E, when

σ > 0, ρ is continuous and possesses non-zero gradient on

at least some subset of R and thus admits a weak Euler-

Lagrange equation for which extrema can be readily computed

using standard descent methods. It has also been shown in

the previous sections that there exist conditions on Φ such

that each subproblem of (19) is independently capable of

sparse signal reconstructing and thus viable reconstructions

are possible even under early termination of the sequence.

For example, in Figure 3 it was demonstrated that, for the

ℓp prior case, the required number of samples is effectively

stationary for p < 0.1. Consequently, it may occur that, as

p is progressively reduced, the generated solution does not

change under further reduction of p.

We briefly address the question of which functional prior,

ρ, is optimal. As long as ρ satisfies the concavity and metric

conditions described in Section II-E, (19) should, in theory, be

invariant to the particular functional specification as all choices

will asymptotically reach the ℓ0 quasi-norm. In practice, we

have consistently observed very similar results obtained by

reconstructing a signal under different prior functionals and

thus, at this time, the optimal choice of ρ has not yet been in-

vestigated further. Several example reconstructions employing

different sparsity priors can be seen in Figures 5-8. In terms

of computational efficiency, the optimal choice of ρ is still an

open question that we hope to address in a future work.

G. Reconstructing Complex Sparse Signals

Multidimensional spatial localization in MRI relies on the

provision of both frequency and phase atomic encoding, yield-

ing complex signals which must be measured in quadrature.

Following the discussion in Section II-A, if the signal of

interest is dominantly real, a phase correction step such as

homodyne detection [5] can be incorporated directly into

the reconstruction process to avoid the need for complex

signal analysis as well as offer the potential for improved

performance [13]. In many scenarios such as velocity encoding

of blood flow, phase information is crucial to image formation

and the Hermitian assumption simply cannot be used. One

must instead handle the data in its complex form.

In [20], it was suggested that sparsity be enforced separately

in the real and imaginary channels, an approach well known in

the MR image denoising literature (e.g. [36]). We also adopt

this complex generalization of the sparsity prior, namely
∑

x∈Ω

ρ (|Ψu(x)|, σ) →
∑

x∈Ω

ρ (|ΨRu(x)|, σ) + ρ (|ΨIu(x)|, σ)

(20)

where R and I denote the real and imaginary operators. We

note that separate regularization of image-space magnitude and

phase components is also possible [37] and will be investigated

in a future work.

H. A Brief Note on Multicoil MRI

A major advance in the MRI community came with the

advent of parallel or multicoil imaging techniques. Multicoil

methods such as SENSE [38], although offering accelerated

acquisitions, can also be classified as “Nyquist-limited” as they

are governed by Papoulis’ Generalized Sampling Expansion

theorem [39] which essentially states that, given C orthogonal

encoders, a signal can be exactly reconstructed if it is sampled

at a rate above 1

C
of the Nyquist limit on each of the C

channels. In practice, the individual elements of a coil array

are never truly orthogonal and a certain amount of coherance

exists between sensitivity profiles, the degree of which tends

to increase with the number of coils. Consequently, the an-

ticipated 1

C
speed-up is rarely achievable, especially in the

presence of noise. However, the loss in rate reduction can often

be partially recovered though the use of the aforementioned

Hermitian-driven partial K-space methods in conjunction with

parallel MRI reconstruction [40].

When sampled at or above the Nyquist rate, the multicoil

image reconstruction is inherently overdetermined and no

solution to the problem exists. Consequently, the SENSE

approach developed by Pruessmann et al. [38] formulates the

reconstruction as an unregularized least-squares approxima-

tion, namely

min
u

‖Γu − Γfn‖2
2, (21)

where the block operator, Γ, now incorporates both the Fourier

measurement matrix as well as a vector of coil sensitivity

profiles.

The amplification of noise during the reconstruction of

parallel MR images is well-known and several works have

addressed the regularization of (21). While the smoothing

behavior of minimum-energy Tikhonov methods limits their

clinical practicality for morphology-driven imaging such as

MR angiograpy, maximum a posteriori (MAP) approaches

employing edge-preserving priors have proven very promising.

In particular, Raj et al. [41] employed non-convex image priors

similar to those discussed in Section II-E to the parallel MRI

denoising problem using a formulation nearly identical to one

subproblem of (19) but with σ fixed; a graph cut procedure

was then used for minimization of the energy functional.
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More recently, several authors [13], [17] have demonstrated

the use of ℓ1-based regularization methods for undersampled

parallel MRI reconstruction analogous to that discussed in

Section II-B for single receiver imaging. Given the well-

established foundation of non-linear regularization in parallel

MRI reconstruction, extension of the proposed reconstruction

paradigm in Section II-E to this paradigm is straightforward.

A more detailed discussion will be presented in a separate

work.

III. METHODS

In this section we discuss the practical implementation of

the homotopic ℓ0-minimization process given in Section II-

F. An efficient fixed-point method for solving each complex

subproblem of (19) is first derived and one approach to embed-

ding the scheme within the continuation procedure is proposed.

Algorithm parameter selection is also briefly discussed.

A. A Fixed-Point Method for Sparse Image Reconstruction

In many instances in optimization theory, constrained prob-

lems are converted to analogous unconstrained form prior

to analysis to allow the use of more general and intuitive

numerical solvers such as descent-based methods. It is this

approach we will use to address the iterative reconstruction

problem defined in (19). Consider the energy functional given

by

E(u, σ, λ) =
∑

x∈Ω

ρ (|Ψu(x)|, σ) + λ
2
‖Φu − Φf‖2

2, (22)

where λ controls the tradeoff between solution sparsity and

data fidelity. For each subproblem of (19), an analogous

unconstrained problem is given by

v = arg min
u

E(u, σ, λ). (23)

When the prior functional, ρ, is convex, the Kuhn-Tucker

theorem [42] asserts that there exists a parameter λ ≥ 0
such that minimizers of (22) and its constrained analog are

equivalent. Similarly, for the non-convex case, λ can be chosen

such that the so-called duality gap between the two problems

is minimized and the solutions will be arbitrarily close to one

another. In general, analytic determination of λ as a function

of ǫ is quite challenging and this parameter is often either

assigned manually or determined iteratively using estimation

techniques such as cross-validation [43]; in this work, only the

former approach is taken.

Given the functional definition in (22), minima of E are

yielded as solutions of the associated Euler-Lagrange equation,

L(u, σ, λ) = Ψ∗Λ(u)Ψu + λΦ∗ (Φu − Φf) = 0, (24)

where the diagonal matrix, Λ(u), is defined by

Λ(u)x,x =
ρ′(|Ψu(x)|, σ)

|Ψu(x)| . (25)

As ρ is, by construction, continuous but non-differentiable at

the origin, the derivative, ρ′ is taken in the weak sense, e.g.

a weak derivative of ρ(|u|) = |u| is given by the signum

function, ρ′(|u|) = sgn(u). In practice, a small constant,

ǫ is often added to the denominator of (25) for increased

numerical stability, e.g. |Ψu(x)| →
√

|Ψu(x)|2 + ǫ. When

the sparsifying operator Ψ is a scalar transformation, e.g.

a wavelet, its application within Λ is straightforward. For

vectorial cases such as the 2D discretized gradient operator

given by

Ψ =

[

Dx

Dy

]

, (26)

Ψ will transform u from Ω × 1 to CΩ × 1, where C is the

dimensionality of the vector transform. For the example in

(26), C = 2. Consequently, Λ(u) must be CΩ × CΩ. To

rectify this discrepancy, Λ(u) can be generalized as

Λ(u) → IC ⊗ Λ(u), (27)

where IC is a C × C identity matrix and ⊗ is the Kronecker

product.

Consolidation of the target variable u yields

[Ψ∗Λ(u)Ψ + λΦ] u = λΦ∗Φf. (28)

Additionally, let

B(u) = Ψ∗Λ(u)Ψ + λΦ∗Φ (29)

denote the Hessian approximate. Following the Lagged Dif-

fusivity approach given in [44] for TV minimization which is

itself a special case of the half-quadratic regularization [24],

[25], (28) can be cast into fixed-point form and iterated as

ut+1 = B−1(ut)λΦ∗Φf. (30)

Moreover, when λΦf is defined by the recursion

λΦ∗Φf = B(ut)ut − L(ut, σ, λ), (31)

a robust quasi-Newton iteration,

ut+1 = ut + ∆t, (32)

is obtained for the computation of u, where

B(ut)∆t = −L(ut, σ, λ). (33)

In our particular implementation, inversion of the Hessian ap-

proximate implicit to (33) is performed via conjugate gradient

(CG) iteration.

As discussed in Section II-G, reconstruction of under-

sampled MR images requires the analysis of complex data.

Fortunately, such a generalization of the described fixed-point

solver is straightforward. Following the discussion in Section

II-G, a complex generalization of the unconstrained energy

functional in (22) is given by

E(u, σ, λ) =
∑

x∈Ω

[ρ (|ΨRu(x)|, σ) + ρ (|ΨIu(x)|, σ)]

+ λ
2
‖Φu − Φf‖2

2,

(34)

where R and I again denote the real and imaginary operators.

Differentiation of E(u, σ, λ) w.r.t u then yields the Cauchy-

Riemann system
[

B(Ru)R iλΦ∗Φ
λΦ∗Φ iB(Iu)I

] [

u

u

]

= λ

[

Φ∗Φf

Φ∗Φf

]

; (35)



IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. XX, NO. XX, JANUARY XXXX 10

however, as this system is overdetermined, the least-squares

approximate of the solution is computed. Denoting the com-

plex Hessian approximate as

C(u) = B(Ru)R + iB(Iu)I + λΦ∗Φ, (36)

and

L̃(u, σ, λ) = B(Ru)Ru + iB(Iu)Iu + λΦ∗Φu − 2λΦ∗Φf,

(37)

a quasi-Newton iteration for the complex homotopic ℓ0 mini-

mization problem is given by

ut+1 = ut + ∆t, (38)

where

C(ut)∆t = −L̃(ut, σ, λ). (39)

The iterative equation given in (38) will serve as the update

step in the continuation algorithm that is given in the next

section. In particular, (38) will be solved once per inner

iteration of the homotopy continuation scheme described in

(19).

B. Practical Employment of Homotopic ℓ0-Minimization

In the previous section, an iterative numerical procedure for

solving each complex subproblem of (19) was developed. We

now show how this method can be embedded in a simple two-

level algorithm to realize the continuation process described

in Section II-F.

For some fixed value of σ, a minimum of the complex

energy function can be found by placing (38) into a simple

while-loop that is terminated only when a global measure of

the difference between sequential iterations falls below some

level tolinner . When a (potentially local) minimum is found,

σ can then be scaled by a factor β ∈ (0, 1) and the process

repeated until the solution becomes numerically stationary.

Analogous to tolinner , a threshold tolouter can also be defined

such that the algorithm exits when some global measure of the

difference between sequential solutions falls below this level.

Denote u as the current solution estimate, uinner as the last

solution estimate obtained under the same value of σ, and

uouter the last solution estimate obtained under a different

value of σ. The resulting algorithm is then given by

Algorithm 1. Pseudocode for Homotopic ℓ0 Minimization

u = Φ∗Φf , σ >> 0, β ∈ (0, 1)

while

(

‖u−uouter‖2

‖uouter‖2
≥ tolouter

)

uouter = u, σ = σ × β

while

(

‖u−uinner‖2

‖uinner‖2
≥ tolinner

)

uinner = u

Solve C(u)∆ = −L̃(u, σ, λ) for ∆
via CG iteration.

u = u + ∆
end

end

Future advances in numerical methods for the subproblems

of (19) can be naturally incorporated into this scheme by

modifying or replacing the inner loop off Algorithm 1, thus

preserving the similar progression of diminishing σ values.

C. Some Remarks on Parameter Selection

Algorithm 1 contains several parameters which influence

the solution path generated during the iterative procedure.

All parameter value ranges given will be under the assump-

tion that the measured signal has been normalized such that

maxΩ{|Φf(x)|} = 1.

First consider the tolerance parameter tolinner used to deter-

mine when an estimate for one subproblem of (19) has reached

numerical steady-state. As the sequence of problems utilizes

progressively smaller values of σ and thus become numerically

more stiff as the iterative process progresses, tolinner should

be set small enough that the algorithm advances only when no

more substantial work can be done at a particular σ level. We

typically employ tolinner < 1 × 10−2 such that the relative

net image change is less than 1% and have found that this

strict condition helps minimize propagation of error during

the continuation process. Analogously, tolouter should be set

several orders of magnitude below tolinner as too high a value

will lead to premature termination of the recovery process.

Typically, we set tolouter ≈ 10−3 × tolinner

As discussed in Section II-F, a large initial value of σ

is crucial to the efficacy of Algorithm 1. As σ is roughly

proportional to the width of the zero well of the sparsity

prior, for unity-scaled images we generally employ σ >> 1;

however, for the ℓp (0 < p ≤ 1) case σ is always initially set

to unity. Given a starting value of σ, β determines the rate

of deformation of the prior term as exemplified in Figure 4.

Qualitatively, β ∈ (0, 1) should balance rapid advancement

of the algorithm while maintaining assurance that solutions of

successive problems are adequately close. For the ℓp, we have

found that
σt+1

σt
∈ (0.90, 0.95) works well for most examples.

For all other cases where σ can range between 0 and ∞, we

generally employ
σt+1

σt
≈

√
10

10
or

σt+1

σt
= 0.5.

D. Computational Performance

Using parameterizations as outlined in the previous Section,

the presented numerical method is competitive with contempo-

rary methods for Compressive Sensing signal reconstruction.

In general, fewer than outer 40 iterations are required by

Algorithm 1 to achieve sufficient results and, in many cases,

far less are needed. We also note that, in all cases, the

maximum number of internal CG iterations used for inversion

of the Hessian approximate was limited to 250 with an early

termination tolerance of 1 × 10−2. On a standard PC with

a 3GHz Intel c© Pentium IV processor and 3GB memory, a

256×256 complex MR image reconstructed using a variational

sparsifying transformation runs on average at roughly 5-10s

per outer iteration or roughly 1-3 minutes total execution

time using a Matlab c© implementation. Depending on the

particular implementation, wavelet and related transforms may

take longer to process. While still not necessarily optimal for
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widespread clinical usage, these execution times are compa-

rable to the fastest existing methods known for large-scale

ℓ1-based reconstructions.

IV. EXAMPLES

Three example complex MR images reconstructed from

undersampled k-space data using the presented homotopic ℓ0

minimization scheme can be seen in Figures 6-8. In each case,

the fully sampled Cartesian k-space data (a) was undersampled

retrospectively by the given binary mask (b) to allow a direct

visual comparison of the generated reconstruction against the

true image. Although only Cartesian approximations of the

sampling paradigms such as radial and spiral are considered

in this paper to demonstrate robustness to varying sampling

patterns, the extension to true non-Cartesian k-space acquisi-

tion can be naturally embedded in this framework through the

use of a regridding process or non-uniform Fourier transform

and has been addressed in the context of ℓ1 minimization

in [13]. Subfigures (c-e) show the result of reconstructing

the respective undersampled images via zero-filling, i.e. the

minimum-energy solution, ℓ1-minimization, and homotopic

ℓ0-minimization; the fixed-point numerical solver presented in

Section III was used for the latter two reconstructions. A line

profile of a pertinent section of each image is shown in (f)

and enlargements of another section of the fully-sampled and

undersampled reconstructions are shown in (g-j). The window

and leveling of all images is uniform across all subimages of

each example.

In the three given examples, tolinner = 1 × 10−2 and

tolouter = 1 × 10−4. Additionally, for the ℓp prior case in

Figure 6, β = 0.9, and for the other two examples, we

used β =
√

10

10
as discussed in Section III-C. In each given

example, the regularization parameter λ was hand-tuned to

provide optimal performance for both the ℓ1 and homotopic

ℓ0 examples although we note that the relative improvement

of this fine-tuning step over simply setting λ statically to a

large value was minimal as the performance of both algorithms

appears to be fairly consistent for a wide range of large values

of λ. For both the ℓ1 and homotopic ℓ0-minimization examples

in all three given cases, λ ∈ (1×105, 1×106). The automation

of λ selection will be addressed in a future study.

For the standard General Electric c© resolution phantom

(256×256) shown in Figure 6, 86% undersampling (roughly a

7X reduction in acquisition time) by a Cartesian approximation

of multi-shot (8 interleaves) variable-density spiral sampling

leaves significant artifacts in the minimum energy reconstruc-

tion. While both ℓ1 and ℓ0 minimization do an excellent job at

suppressing aliasing, the ℓ1-minimization result suffers from

several regions of intensity inaccuracies such as on the upper

left-hand spoke of the center object as well as a slight blurring

of the resolution bars (see Figures 6g-j) and GE logo. In

contrast, the homotopic ℓ0 reconstruction provides a crisper

reconstruction of object edges here and, in general, provides

greater intensity fidelity to the fully-sampled image.

Similarly, Figure 7 shows a T1-weighted axial cross-section

of a wrist (512× 512) undersampled by 87% using a variable

density random mask akin to that described in [13]. As with

the preceding example, note that homotopic ℓ0-minimization is

able to provide a more accurate reconstruction of image con-

trast and sharper anatomical depiction than ℓ1-minimization

as exemplified in the enlargement of the carpal tunnel region

of the wrist (Figures 7g-j). In both of these cases, gradient-

based priors were employed to emphasize the recovery of

morphological information. As this transformation promotes

sparse edge representations, fine-scale texture information is

often lost and the images may appear somewhat piecewise

constant or “blocky.” When only morphology is of diagnostic

interest, however, this characteristic is not a concern.

Figure 8 depicts the reconstruction of a T2-weighted sagittal

image of the spine (512×512). In this case, 1D random phase

encoding along the anterior-posterior (AP) direction simulating

77% undersampling was utilized. The sparsifying operator

was the fast discrete curvelet transform (FDCT) [6] whose

semi-local behavior (as opposed to the strictly local gradient

operator employed in the previous examples) offers the benefit

of strong edge representation without blocking artifacts albeit

at the cost of added computational complexity. In this exam-

ple, both ℓ1 and homotopic ℓ0 reconstructions offer strong

suppression of aliasing artifacts. However, the tendency of ℓ1

minimization for uniform shrinkage of transform coefficients

leads to a global smoothing of the image while coefficient

hard thresholding associated with ℓ0 (and thus homotopic

ℓ0 minimization) instead offers strong edge retention. This

phenomena is especially evident in the enlargement of the

cervical spine (Figures 8g-j). Additionally, the inherent over-

completeness of curvelet frames minimizes the presence of

spiking artifacts typically observed when thresholding orthog-

onal wavelet coefficients.

The ℓ1-minimization procedure is generally very powerful

and the relatively inferior quality of the examples presented

using this approach is due to the fact that the degree of

undersampling was intentionally chosen to lie above the rate

at which ℓ1-minimization provided favorable results for the

given image. The slower rate of degradation of the homotopic

ℓ0 method as a function of sampling rate was exemplified in

Figure 5. When the sampling rate is sufficiently raised, fol-

lowing [1], the ℓ0 and ℓ1 minimization results are anticipated

to converge; however, in this work, we are only interested

in the case where the equivalence conditions are not satisfied

and, in particular, homotopic ℓ0-minimization allows accurate

reconstruction from undersampling rates greater than the level

at which accurate ℓ1-based reconstruction is possible.

V. CONCLUSION

In this work, we have presented a novel extension of the

Compressive Sensing paradigm for homotopic approximation

of the ℓ0-minimization problem and shown its practical and

successful application to the recovery of undersampled mag-

netic resonance images. Although the presented method has no

guarantee of achieving a global minimum as does its convex

ℓ1 analog, the computed local minimum of the homotopic

ℓ0 minimization problem typically allows for accurate image

reconstructions at higher undersampling rates than are achiev-

able via ℓ1-minimization. Moreover, we have demonstrated
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i) (j)

Fig. 6. Example: (a) standard General Electric c© resolution phantom, (b) simulated k-space trajectory (Cartesian approximation of multishot spiral, 86%
undersampling), (c) minimum-energy solution via zero-filling, (d) reconstruction by ℓ1 minimization, (e) reconstruction by homotopic ℓ0 minimization using
ρ(|∇u|, p) = |∇u|p, (f) line profile across the phantom resolution bars, (g-j) enlargements of (a,c-e), respectively.

that such local minima can be achieved in a computationally

practical manner even under the usage of several different

homotopic sparsity priors. While the specific application of

this technique within this work is for complex MRI recovery,

the extension to other medical imaging modalities such as x-

ray CT is quite natural and will be investigated in a future

publication.

APPENDIX: CONDITIONS FOR EXACT SIGNAL RECOVERY

WITH GENERAL CONCAVE METRIC PRIORS

Consider the generalized signal recovery problem for the

case Ψ = I , namely

min
u

∑

x∈Ω

ρ(|u(x)|) s.t. Φu = Φf, (40)

where f and u are again the true and approximated signals

defined on Ω. As described in Sections II-D and II-E, ρ is a

metric that is concave and non-decreasing over R
+. Before

deriving the conditions under which exact signal recovery is

possible, three lemmas are required.

Lemma 1: Let T0 = supp {f} and T c
0 = Ω \ T0. Addition-

ally, define the reconstruction error h = u − f . A sufficient

condition for the uniqueness a solution, u, of (40) is given by

∑

x∈T0

ρ(|h(x)|) ≥
∑

x∈T c
0

ρ(|h(x)|) s.t. Φh = 0. (41)

Proof: This proof essentially follows the approach taken

in [1] for the ℓ1 problem. A solution, u, of the minimization

problem in (40) will be unique if

∑

x∈Ω

ρ(|f(x)|) ≥
∑

x∈Ω

ρ(|u(x)|) s.t. Φu = Φf.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i) (j)

Fig. 7. Example: (a) Axial T1-weighted image of the wrist, (b) simulated k-space trajectory (variable density random, 87% undersampling), (c) minimum-

energy solution via zero-filling, (d) reconstruction by ℓ1 minimization, (e) reconstruction by homotopic ℓ0 minimization using ρ(|∇u|, σ) = log
(

|∇u|
σ

+ 1
)

,

(f) line profile across the 2nd and 3rd metacarpals, (g-j) enlargements of (a,c-e), respectively.

Noting the subadditivity of concave functions over R
+,

∑

x∈T0

ρ(|f(x)|) =
∑

x∈Ω

ρ(|f(x)|) ≥
∑

x∈Ω

ρ(|u(x)|)

=
∑

x∈Ω

ρ(|f(x) + h(x)|)

=
∑

x∈T0

ρ(|f(x) + h(x)|) +
∑

x∈T c
0

ρ(|h(x)|)

≥
∑

x∈T0

ρ(|f(x)|) −
∑

x∈T0

ρ(|h(x)|)

+
∑

x∈T c
0

ρ(|h(x)|).

(41) immediately follows.

Lemma 2: With no effect on (41), reorder the elements of

hT c
0

according to magnitude (descending). Next, partition hT c
0

into sequential subsets of size M ≥ K and denote these as

hTj
, where j is an index. By definition, |h(s)| ≥ |h(t)|, ∀s ∈

Tj, t ∈ Tj+1. Also note that, without consequence, the last

partitioned subset might be of cardinality smaller than M .

Following enumeration of h by descending magnitude,

ρ



M− 1
2

∑

j≥2

‖hTj
‖2



 ≤ M−1
∑

x∈T c
0

ρ (|h(x)|) . (42)

Proof: As ρ is monotone non-decreasing over R
+,

ρ(|h(s)|) ≥ ρ(|h(t)|), ∀s ∈ Tj, t ∈ Tj+1. By construction,

min
Tj

{ρ(|h(x)|)} ≥ max
Tj+1

{ρ(|h(x)|)}

which in turn implies

M−1
∑

x∈Tj

ρ(|h(x)|) ≥ max
Tj+1

{ρ(|h(x)|)} = ρ
(

‖hTj+1‖∞
)

.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i) (j)

Fig. 8. Example: (a) Sagittal T2-weighted image of the spine, (b) simulated k-space trajectory (random phase encoding, 77% undersampling), (c) minimum-

energy solution via zero-filling, (d) reconstruction by ℓ1 minimization, (e) reconstruction by homotopic ℓ0 minimization using ρ(|Ψu|, σ) =
|Ψu|

|Ψu|+σ
where

Ψ is the discrete Curvelet transform, (f) line profile across C6, (g-j) enlargements of (a,c-e), respectively.

By the equivalence of norms over finite domains, M− 1
2 ‖·‖2 ≤

‖ · ‖∞ and thus, again by monotonicity,

ρ
(

‖hTj+1‖∞
)

≥ ρ
(

M− 1
2 ‖hTj+1‖2

)

.

Summing over all subsets of T c
0 and utilizing the subadditivity

of ρ yields

M−1
∑

x∈T c
0

ρ (|h(x)|) ≥ ρ



M− 1
2

∑

j≥2

‖hTj
‖2



 .

Lemma 3: Suppose Φ satisfies the RIP (7) with δ2M ∈

[0, 1). The uniqueness condition in Lemma 1 then resorts to

M

S

∑

x∈T0

ρ

(

(

1 − δ2M√
2δ2M

)

√

S

M
|h(x)|

)

≤
∑

x∈T0

ρ(|h(x)|).

(43)

Proof: From [45], clever manipulation of the inner

products inherent to the restriced isometry identity in (7) yields

the relation

‖hT0‖2 ≤
√

2δ2M

1 − δ2M

∑

j≥2

‖hTj
‖2 (44)

under the assumption Φh = 0. Letting S = |T0|, (44) resorts

to
√

1

SM

(

1 − δ2M√
2δ2M

)

‖hT0‖1 ≤ M− 1
2

∑

j≥2

‖hTj
‖2
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by simple algebraic manipulation. Incorporating Lemmas 1

and 2,

ρ

(

(

1 − δ2M√
2δ2M

)

√

S

M
· S−1‖hT0‖1

)

≤ M−1
∑

x∈T0

ρ(|h(x)|),

and by Jensen’s inequality,

M

S

∑

x∈T0

ρ

(

(

1 − δ2M√
2δ2M

)

√

S

M
|h(x)|

)

≤
∑

x∈T0

ρ(|h(x)|).

Given Lemmas 1-3, conditions under which exact signal

recovery is possible via (40) when using general concave

metric priors will now be given. Additionally, a tight bound

for the specific case of ℓp priors (0 < p ≤ 1), given in (12)

will be derived.

Theorem 1: Let the measurement operator Φ be a restricted

isometry with

δ2M <

(

1 +

√

2M

S

)−1

. (45)

For any concave metric ρ, a signal can be recovered exactly

via (40).

Proof: A solution, u, of (40) will be unique if it satisifies

(43) in Lemma 3. Furthermore, u will be identically f only if

h = 0, ∀x ∈ Ω. By definition, M ≥ S and thus

∑

x∈T0

ρ

(

(

1 − δ2M√
2δ2M

)

√

S

M
|h(x)|

)

≤
∑

x∈T0

ρ(|h(x)|).

As ρ is non-decreasing for positive arguments, ρ(a|h|) ≤
ρ(|h|) for any a ∈ [0, 1]. Conversely, if a > 1, this relation

does not hold unless h = 0. If
(

1 − δ2M√
2δ2M

)

√

S

M
> 1,

(43) is not satisfied unless h(x) = 0, ∀x ∈ Ω. Moreover,

δ2M <

(

1 +

√

2M

S

)−1

assures that exact recovery is feasible.

For the particular case of S = M , (45) resorts to δ2S <√
2−1 ≈ 0.4142, which is exactly the condition for guaranteed

recovery by ℓ1-minimization given in [45]. Consequently,

any signal that can be recovered by ℓ1-minimization is also

recoverable by (40). While this condition assures the feasibility

of exact signal recovery via (40) and is as strong as what is

known for ℓ1-based methods, the bound is not tight and does

not convey any benefit of utilizing smaller values of σ.

When considering the case of the ℓp (0 < p ≤ 1) prior class,

the bound in Theorem 1 can be analytically tightened by a

considerable amount and clearly depicts the benefit of utilizing

small values of p. This is exactly the relationship portrayed in

Figure 3. The proof for the ℓp case relies on the separability of

power functions and involves straightforward manipulation of

(43). For the generalized case, ρ is not necessarily separable

and, to date, we have yet to derive an exact analytical bound

that that is variable with σ. Nonetheless, based on empirical

evidence including the examples in Section IV as well as

preliminary numerical simulation of (43), we conjecture that a

similar σ-dependent bound can be derived for the generalized

case.

Theorem 2: Let the measurement operator Φ be a restricted

isometry with

δ2M <

[

1 +

√

2M

S
·
(

S

M

)
1
p

]−1

(46)

for some p ∈ (0, 1]. For the given value of p, a signal can

exactly be recovered via ℓp-minimization as posed in (11).

Proof: By the separability of | · |p for any p, (43) trivially

yields

M

S

(
√

S

M

1 − δ2M√
2δ2M

)p

‖hT0‖p
p ≤ ‖hT0‖p

p.

If δ2M satisfies

M

S

(
√

S

M

1 − δ2M√
2δ2M

)p

> 1,

the uniqueness condition can only be true if h(x) = 0, ∀x ∈ Ω.

Consequently, signal recovery is exact. The above condition

is met only if δ2M admits to (46).

Unlike the general condition given in Theorem 1, for the

case ℓp, δ is clearly relaxed towards unity as p → 0. As

discussed in Section II-D, such a relaxation allows for a

reduction of the required number of measurements necessary

to guarantee exact signal recovery.
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