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ABSTRACT

Greedy agorithms form an essential tool for compressed
sensing. However, their inherent batch mode discourages
their use in time-varying environments due to significant
complexity and storage requirements. In this paper a pow-
erful greedy scheme developed in [1, 2] is converted into an
adaptive algorithm which is applied to estimation of nonlinear
channels. Performance is assessed via computer simulations
on a variety of linear and nonlinear channels; all confirm
significant improvements over conventional methods.

Index Terms— Adaptivefilters, ARMA processes, Non-
linear systems, Compressed sensing

I. INTRODUCTION

Many real-life systems admit sparse representations, that is
they are characterized by small nhumber of non-zero coeffi-
cients. Sparse systems can be found in many signal process-
ing applications[3].

Two major algorithmic approaches to compressive sens-
ing are ¢1-minimization (basis pursuit) and greedy a gorithms
(matching pursuit). Basis pursuit methods solve a convex
minimization problem, which replaces the ¢, quasi-norm by
the /1 norm. The convex minimization problem can be solved
using linear programming methods, and is thus executed in
polynomial time [4]. Greedy agorithms, on the other hand,
iteratively compute the support set of the signal and construct
an approximation to it, until a halting condition is met [1, 2,
5]. Both of the above approaches pose their own advantages
and disadvantages. ¢1-minimization methods provide theoret-
ical performance guarantees but they lack the speed of greedy
techniques. Recently developed greedy algorithms, such as
those developed in [1, 2], deliver some of the same guarantee
as /;-minimization approaches with less computational cost
and storage.

Many signal processing applications require adaptive esti-
mation with minimal complexity and small memory require-
ments. Existing approaches to sparse adaptive estimation use
the £;-minimization technique, in order to improve the per-
formance of conventional algorithms. Chen et a. [6] incorpo-
rated two different sparsity constraints (the £, and thelog-sum

penalty functions) into the quadratic cost of the standard L east
Mean Squares (LM S) to improve thefiltering performance on
sparse systems. In [7], Angelosante et a. developed a recur-
sive subgradient-based approach for solving the batch Lasso
estimator. An /¢;-regularized RL S type algorithm based on a
low complexity Expectation-Maximization is derived in [8]
by Babadi et al. Sparse adaptive ¢;-regularized algorithms
based on Kalman filtering and Expectation Maximization are
reported in [9] by Kalouptsidiset al.

In contrast to the above work on adaptive sparse identifi-
cation, this paper focuses on the greedy viewpoint. Greedy
algorithms, in their ordinary mode of operation, have an in-
herent batch mode and hence are not suitablefor time-varying
environments. This paper establishes a conversion procedure
that turns greedy a gorithms into adaptive schemes for sparse
system identification. In particular, a Sparse Adaptive Or-
thogonal Matching Pursuit (SpAdOMP) agorithm of linear
complexity is developed, based on existing greedy a gorithms
[1, 2] that provide optimal performance guarantees. The de-
veloped algorithm is used to estimate ARMA and Nonlin-
ear ARMA channels. Computer simulations show that the
proposed algorithm outperforms most existing adaptive algo-
rithms for sparse channel estimation.

The paper is structured as follows. The problem formula-
tion and literature review are addressed in section I1. Section
I11 describesthe established a gorithm al ong with applications
to nonlinear sparse channels. Computer simulations are pre-
sented in section V. Conclusions are discussed in section V.

Il. GREEDY METHODS AND THE COSAMP
ALGORITHM

Consider the noisy representation of avector y(n) = [y1, -
,yn|T interms of abasis arranged in the columns of a matrix
P(n) atimen

y(n) = ®(n)c+n(n) D

where c is the parameter vector, ®(n) = [p(1),..., ¢d(n)]T
and n(n) = [n1,...,m.]7 is the additive noise. The mea-
surement matrix ®(n) € C™*¥ is often referred to as dictio-
nary and the parameter vector c is assumed to be sparse, i.e.,
llclle, < N, where| - |l¢, = |supp(-)| isthe ¢y quasi-norm.
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Wewill call the parameter vector s-sparse when it contains at
most s non-zero entries.

Recovery of the unknown parameter vector ¢ can be pur-
sued by finding the sparsest estimate of ¢ which satisfies the
¢5 norm error tolerance 0

subjectto  |ly(n) — ®(n)cll, < 0.

min||e¢, (Pr,)
Convex relaxation methods cope with the intractability of the
aboveformulation by approximating the ¢ , quasi-norm by the
convex £1 norm. The set of resulting techniquesisreferred to
as /1-minimization. The ¢5 constraint can be interpreted as a
noise removal mechanismwith § > ||n(n)]|7,.

The exact conditions for retrieving the sparse vector rely
either on the coherence of the measurement matrix [5] or on
the Restricted Isometry Property (RIP) [4]. A measurement
matrix ®(n) satisfies the Restricted Isometry Property for
ds € (0,1) if we have

(1= d.(m))llel?, < 1 @(n)ellZ, < (1 +du(n))llel?,- ()

for al s-sparse ¢. When § is small, the restricted isometry
property implies that the set of columns of ®(n) approxi-
mately form an orthonormal system.

A. The CoSaMP greedy algorithm

Greedy algorithms provide an aternative approach to /-
minimization. For the recovery of a sparse signa in the
presence of noise, greedy algorithms iteratively improve the
current estimate for the parameter vector ¢ by modifying one
or more parameters until ahalting conditionis met. Thebasic
principle behind greedy algorithms is to iteratively find the
support set of the sparse vector and reconstruct the signal
using the restricted support Least Squares (L S) estimate. The
computational complexity of these algorithms depends on
the number of iterations required to find the correct support
set. One of the earliest algorithms proposed for sparse signal
recovery is the Orthogonal Matching Pursuit (OMP) [5]. At
each iteration, OMP finds the column of ®(n) most corre-
lated with the residua, v(n) = y(n) — ®(n)e, using the
proxy signal p(n) = ®*7 (n)v(n), and addsit to the support
set. Then, it solves the following least squares problem:

é = argmin]y(n) — B(n)z,

and finally updates the residual by removing the contribution
of the latter column. By repeating this procedure a total of
s times, the support set of ¢ is recovered. Although OMP is
quite fast, it is unknown whether it succeeds on noisy mea-
surements.

A more sophisticated algorithm, called Compressed Sam-
pling Matching Pursuit algorithm (CoSaMP) and devel oped
by Needell and Tropp [1], is known to provide nearly op-
timal performance guarantees. An agorithm similar to the
CoSaMP, was presented by Dai and Milenkovic and isknown
as Subspace Pursuit (SP) [2].

As with most greedy algorithms, CoSaMP takes advan-
tage of the measurement matrix ®(n) which is approxi-
mately orthonormal (®*7 (n)®(n) is close to the iden-
tity). Hence, the largest components of the signal proxy
p(n) = &7 (n)®(n)c most likely correspond to the non-
zero entries of ¢. Next, the algorithm adds the largest com-
ponents of the signal proxy to the running support set and
performs least squares to get an estimate for the signal. Fi-
nally, it prunes the least square estimate and updates the error
residual. The main ingredients of the CoSaMP agorithm are
outlined below:

1. Identification of thelargest 2s components of the proxy
signa

2. Support Merger, which forms the union of the set of
newly identified components with the set of indices
corresponding to the s largest components of the least
square estimate obtained in the previous iteration

3. Estimation vialeast sguares on the merged set of com-
ponents

4. Pruning, which restrictsthe LS estimate to its s largest
components

5. Sample update, which updates the error residual .

The above steps are repeated until a halting criterion is met.
The main difference between CoSaMP and SP isin the iden-
tification step where the SP algorithm chooses the s largest
components.

In atime-varying environment, the estimates must be up-
dated adaptively to take into consideration system variations.
In such cases, the use of existing greedy algorithms on a
measurement block requires that the system remain constant
within that block. Moreover, the cost of repetitively applying
a greedy algorithm after a new block arrives becomes enor-
mous. Adaptive algorithms, on the other hand, allow online
operation. Therefore, our primary goa is to convert existing
greedy algorithms into an adaptive mode, while maintaining
their superior performance gains. We demonstrate bel ow that
the conversion is feasible with linear complexity. We focus
our analysis on CoSaMP/SP due to its superior performance,
but similar ideas are applicable to other greedy algorithms as
well.

I11. SPARSE ADAPTIVE ORTHOGONAL
MATCHING PURSUIT ALGORITHM

This section starts by converting CoSaMP and SP algorithms
[1, 2] into an adaptive scheme. The derived algorithm is then
used to estimate sparse Nonlinear ARMA channels.

The proposed agorithm relies on three modifications to
the CoSaMP/SP structure: the proxy identification, estima-
tion, and error residual update. Theerror residua isnow eval-
uated by

v(n) = y(n) — ¢" (n)e(n). )

The above formulainvolves the current sample only, in con-
trast to the CoSaM P scheme which requires all the previous



Table 1. The SpAdOMP Algorithm

Algorithm description Complexity
p(0) =0,¢(0) =0,w(0) =0 {Initiliazation}
v(0) = y(0) {Initial residual }
0 < i < 2Xmax {Step size}
For n:=1,2,...do
1 p(n)=pn—1)+¢"(n—v(n—1) {Form signal proxy} N
2: Q = supp(py,(n)) {Identify large components} N
3: A = QUsupp(e(n — 1)) {Merge supports} s
4 e(n) = y(n) — ¢y (n)ws(n —1) {Prediction error} s
5: wia(n) = wia(n — 1) + pefy (n)e(n) {LMSiteration} S
6: As = max(Jws(n)l, s) {Obtain the pruned support} s
7: cia, (n) =wia, (n), cac(n) =0 {Prune the LMS estimates}
8 v(n) = y(n) — ¢ (n)c(n) {Update error residual } s
end For O(N)

samples. EQ. (3) requires s complex multiplications, whereas
the cost of the sample update in the CoSaMP/SP is sn mul-
tiplications. A new proxy signal that is more suitable for the
adaptive mode, can defined as:

n—1

p(n) = Z &* (i)v(i) €)

and is updated by p(n) = p(n — 1) + ¢*(n — L)v(n — 1).
The last modification attacks the estimation step. The vector
c isupdated by standard adaptive algorithms such asthe LM S
and RLS.

LMSisone of the most widely used algorithm in adaptive
filtering due to its simplicity, robustness and low complexity.
Hence, for reasons of simplicity and complexity we focus on
the LMS agorithm. At each iteration the current regressor
¢(n) and the previous estimate w(n — 1) arerestricted to the
instantaneous support originated from the support merging
step. The resulting algorithm is presented in Table 1, where
¢ and w|, denote the sub-vectors corresponding to the in-
dex set A, max(|al, s) returns s indices of thelargest elements
of a and A€ represents the complement of set A. The follow-
ing Theorem establishes the steady state Mean Square Error
(MSE) error performance of the SpAdOMP agorithm:

Theorem 1. (SPAdOMP)?. The proposed algorithm, for large
n, produces an s-sparse approximation c(n) that satisfies the
following steady-state error bound

lle —e@)lle, S Crm)n(n)lle; + Ca(n)l[ @ ()6 lea(n)],

where e, (n) isthe estimation error of the optimum Wener fil-
ter and C(n), Ca(n) are constants independent of ¢ (given
explicitly in [10]) and are only functions of the restricted

1Proof is omitted due to space limitations.

isometry constants, A, (the minimum eigenvalue of the in-
put covariance matrix) and the step-size .

A. Sparse NARMA identification

The nonlinear model that we will be concerned with, consti-
tutes a generdization of the class of linear ARMA models
[11] and is known as Nonlinear AutoRegressive Moving Av-
erage (NARMA) [12]. The output of NARMA models de-
pends on past and present values of the input as well as the
output

T M, ) i )

Yi = f(yifla' < Yi—My, Tiy

where y;, z; and n; are the system output, input and noise,
respectively; M, M, denote the output and input memory
orders; 7, is Gaussian and independent from z,; and f(.) is
a sparse polynomial function in several variables with degree
of nonlinearity p. Known linearization criteria [11] provide
sufficient conditions for the Bounded Input Bounded Output
stability of (5).

Using Kronecker products we write Eq. (5) as a linear
regression model

yi = ¢ (i)c+mn; (6)

where y, = [%—17"' 7yz‘—MJT, x; =[x, 7331‘—1\41]T
and ¢" (i) = [ ¢, (i) or(i) ¢.,(i) ]. Consider the
p-fold Kronecker products y'® = (®%_,y,] and w§”) =

i

[®§-’:1w7;], then the output and input regressor vectors are

respectively given by ¢ (i) = [y(", - ,y{”] and ¢ (i) =
[mgl), e ,mEp)]. qbfm(z’) denotesall possible Kronecker prod-
uct combinations of y, and x; of degree up to p. The
components of ¢ = [ ¢ ¢l ¢l ]" correspond to the

coefficients of the polynomial f(-). Hence, if we collect n
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successive observations, recovery of the sparsest parame-
ter vector can be accomplished by solving the mathematical
program (P, ).

IV. SIMULATION RESULTS

In this section, we compare through computer simulations the
performance of existing algorithms and the algorithm pro-
posed in this paper. Experiments were conducted on both
linear and nonlinear channel setups. In al experiments the
output sequenceis disturbed by additive white Gaussian noise
for various SNR levels ranging from 5 to 26dB. SNR is the
ratio of the noiseless channel output power to the noise power
corrupting the output signal (o /o2). The Normalized Mean
Square Error, defined as E[||c(n) — ¢||7,]/E[|[c[|7,] is used
to assess performance. To reduce the realization dependency,
the parameter estimates were averaged over 30 Monte Carlo
runs.

In the first experiment sparse ARMA channel estimation
is considered. The channel memory is M, = M, = 50 and
the channel to be estimated is given by

Yn = A1Yn—6 + a2Yn—48 + Tn + blmn—l?; + b2xn—34

where (a1, as] = [—0.5167 — 50.2828,0.1801 4 j0.1347] and
[b1,b2] = [-0.5368 — 50.9198,1.0719 + j0.0318]. Thein-
put sequenceis drawn from a complex Gaussian distribution,
CN(0,1/5), and the number of samples processed was 500.
The step size for the conventional LM S, log-LMS[6] and the
SpAdOMPwassetto i ys = 1x 102, ULOG-LMS = 2X 102
and pspadomp = 7 x 1072, Fig. 1(a) shows the excellent
performance match between the Genie LS (which knows the
true support), CoSaMP [1] and OMP [5], al of which have
quadratic complexity. The LMS, log-LMS and SpAdOMP
have an order of magnitude less computational complexity,
but only SpAdOMP achieves a performancegain closeto Ge-
nieLS (9dB less).

In the second experiment the following NARMA channel
is considered

2 2
Yn = @1Yn—50 + a2V _g + b1Zn_g + ba|Tn_21|"Tn_21

where [a;, as] = [~0.1586 — j0.7064, —0.1428 — ;0.0478]
and [by, b = [—0.8082 — j0.5221, —0.5177 + j0.7131] and

the channel memory is M, = M, = 50. The input se-
guence is generated from a complex Gaussian distribution,
CN(0,1/4), consisting of 1000 samples. The step size pa-
rameters uryps = 6 X 10~3 and wspasomp = 0.3 are
used for the conventional LMS and SpAdOMP. OMP and
SpAdOMP lag behind Genie LS by 5dB and 12d B respec-
tively in performance. It isworth pointing out that SpAdOMP
obtains an average gain of 19d B over the conventional LMS.
Notethat thissignificant NM SE gainisthe product of both the
denoising mechanism and the compressed sampling virtue of
the CoSaM P/SP agorithm, which are lacking in conventional
adaptive algorithms such as LMS.

V. CONCLUSIONS

Inthis paper, an adaptive al gorithm for sparse approximations
with linear complexity was developed using the underlying
principles of existing batch-greedy algorithms. The proposed
algorithm was applied to sparse NARMA identification. Sim-
ulation results validated the superior performance of the new
agorithm.
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