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Abstract— Statistical restricted isometry property (STRIP)
was recently formulated by Calderbank et al. to analyze the
performance of deterministic sampling matrices for compressed
sensing. In this paper, we study the STRIP by taking advantage
of concentration inequalities using Stein’s method. In particular,
we derive the STRIP performance bound in terms of the mutual
coherence of the sampling matrix and the sparsity level of the
input signal. Based on such connections, we show that a large
class of deterministic matrices can satisfy the STRIP with high
probability provided that they can nearly meet the Welch bound.
Such matrices include many classical spreading codes in code-
division multiple access (CDMA) such as the Kasami code, the
Gold code, the Frank-Zadoff-Chu code, and the more recent
partial FFT matrices based on difference sets etc. Simulation
results show that these deterministic sensing matrices can offer
reconstruction performance similar to that of random operators.

I. I NTRODUCTION

Over the past few years, there have been increased interests
in the study of compressed sensing (CS) [1]–[4], a new
framework for simultaneous sampling and compression of
signals. The CS theory is based on the assumption that a
signal is compressible or sparse. Consider a discrete-time,
length-N signalx that can be represented (or approximated)
by only K (K ¿ N ) coefficients. CS is accomplished by
computing a measurement vectory through the following
linear transformation [1], [2]:

y = Φx, (1)

where y represents anM × 1 sampled vector andΦ is
an M × N measurement matrix. It was proved in [1], [2]
that under certain conditions,x can be well recovered from
only M = O(K log(N/K)) measurements throughnon-linear
optimization.

One fundamental question in CS is how to construct
Φ so that the number of measurements is (near) minimal.

Cand̀es and Tao [5] formulated a sufficient condition called
the restricted isometry property(RIP). Simply speaking, the
RIP implies that thel2 norms of all K-sparse vectors are
preserved under the linear transform ofΦ. However, it is
often computationally infeasible to verify the RIP for a given
Φ. Besides, most known families of sampling operators are
random matrices, including the random i.i.d Gaussian or
Bernoulli matrices and partial Fourier or Walsh-Hadamard
matrices [6]. But these operators usually require huge memory
for storage and some of them are even difficult to implement
in the hardware. Deterministic matrices with the RIP have
been proposed in [7], [8]. However, their guaranteed RIP
performance is not comparable to that of random operators.

Recently, the statistical versions of the RIP have been
developed in [9], [10], where a deterministicΦ is required to
preserve thel2 norm for any K-sparse input vectorx within
a small fraction. Using elementary proof, the performance
bound of statistical TRIP (STRIP) has been developed and
the construction of a large class of deterministic matrices was
also proposed [10]. But it was noted in [10] that the empirical
performance of some deterministic matrices are much better
than the derived theoretical bounds.

In this paper, we investigate the STRIP of deterministic
matrices by exploiting Stein’s method. In particular, we show
that a normalizedM ×N deterministic sensing operator has
the STRIP with high probability if its mutual coherence is
on the order ofO(1/

√
M). Examples of these deterministic

matrices include the Kasami and Gold codes [11], the Frank-
Zadoff-Chu (FZC) code [12] and the deterministic partial FFT
matrices based on the difference sets [13]. Empirical results
show that these deterministic matrices can provide similar
reconstruction performance to that of the random ones despite
their low storage requirement.

The rest of this paper is organized as follows. In Section II,
we briefly review the concepts of the RIP and the STRIP



and introduce Stein’s method for concentration inequalities.
Section III presents our theoretical analysis of the STRIP
performance bound. Several examples deterministic operators
were also provided. Simulation results are given in Section IV,
followed by conclusions in Section V.

II. REVIEW

A. The RIP and the STRIP

The RIP [5] given below is an important sufficient condi-
tion to provide theoretical guarantee for exact sparse signal
recovery.

Definition 1 (RIP [5]): Let Ω denote the set of all length-N
vectors withK non-zero coefficients. AnM×N measurement
matrix Φ has the restricted isometry property (RIP) with
parameters (K, δ) for δ ∈ (0, 1) if it satisfies [5]

(1− δ)‖x‖2 ≤ ‖Φx‖2 ≤ (1 + δ)‖x‖2, for all x ∈ Ω.

Note that the RIP implies that forall N ×K sub-matrices
of Φ, the eigenvalues of their Gram matrices lie in the interval
of [1− δ, 1 + δ]. This is a very restrictive condition and the
currently known measurement matrices satisfying the RIP
with (near) optimal number of measurements fall into two
categories [6]: (i) Random matrices with i.i.d. sub-Gaussian
variables, e.g., normalized i.i.d. Gaussian or Bernoulli ma-
trices; (ii ) Random partial bounded orthogonal matrices in
which the sensing operators are obtained by choosingM rows
uniformly at random from a normalizedN × N Fourier or
Walsh-Hadamard transform matrices.

In some applications, deterministic sensing operators are
highly desirable due to storage limitations. However, the
construction of deterministic RIP matrices still remains as a
challenging task. As an alternative, statistical versions of the
restricted isometry property were proposed for deterministic
sensing operators [9], [10]. In this paper, we follow the STRIP
formulation given by Calderbanket al. in [10].

Let Φ be a normalizedM × N deterministic matrix and
denoteφi (1 ≤ i ≤ N ) as itsi-th column. In [10], the input
signalx is modelled as aK-sparse random vector with non-
zero coefficientsx1, x2, · · · , xK and the positions of these
coefficients are chosen uniformly at random. Under such a
model, the measurement vector can be expressed as [10]

y(π) = Φx =
N∑

i=1

φπ(i)xi, (2)

whereπ is drawn from the uniform distribution over the set
of all permutations of{1, · · · , N}. Φ is said to have the
STRIP provided that the following inequality holds with high
probability: ∣∣‖y(π)‖2 − ‖x‖2

∣∣ ≤ δ‖x‖2. (3)

The STRIP defined above is a much weaker condition than
the RIP. Through elementary proof, the STRIP performance
bound has been derived in [10] for a large class of determin-
istic matrices, as summarized by the following theorem:

Theorem 1 (STRIP [10]):Let Φ be a deterministicM ×N
sensing matrix satisfying the following properties:

• The columns ofΦ form a group under point-wise multi-
plication;

• The rows ofΦ are orthogonal and all row sums are equal
to zero, i.e.,

∑N
i=1 φi = 0.

Let x be aK-sparse signal where the positions of theK non-
zero entries are equiprobable. Then, forK−1

N−1 < δ < 1, the
following inequality holds:

P
(∣∣‖Φx‖2 − ‖x‖2∣∣ < δ‖x‖2) ≥ 1−

(
2K
M + 2K+7

N−3

)

(
δ − K−1

N−1

)2 . (4)

Note that the restrictions in Theorem 1 are rather weak.
For example, almost all linear codes [11] and partial FFT
matrices (excluding the first row) meet the conditions in
Theorem 1. However, not all of them have good performance
for compressed sensing. Besides, (4) implies that

P
(∣∣‖Φx‖2 − ‖x‖2

∣∣ > δ‖x‖2) < O
(

K

Mδ2

)
. (5)

As pointed out by Remark 2 in [10], empirical results sug-
gested that the actual bound of some deterministic matrices
decays much faster withM than that predicted by (5).

The above analysis suggests that in order to construct deter-
ministic operators satisfying the STRIP with high probability,
stronger restrictions need to be imposed onΦ. It is also
desirable to derive a better performance bound than (5). We
will address these issues in Section III by exploiting Stein’s
method for concentration inequality.

B. Concentration inequality based on Stein’s method

Stein’s method is a powerful tool to obtain bounds on the
distance between two probability distributions with respect to
a probability metric. One significant idea in Stein’s method is
the exchangeable pair. Two random variablesZ and Z ′ are
said to form an exchangeable pair if the probability density
function of (Z,Z ′) is equal to that of(Z ′, Z). In [14], Stein’s
method was used to derive measure concentration, as stated in
the following theorem:

Theorem 2 ( [14]): Suppose that(Z,Z ′) is an exchange-
able pair of random variables. LetF (Z,Z ′) be an an-
tisymmetric function, i.e.,F (Z,Z ′) = −F (Z ′, Z) with
E(F (Z, Z ′)|Z) = f(Z). Define∆(Z) as

∆(Z) =
1
2
E

(|(f(Z)− f(Z ′))F (Z, Z ′)|
∣∣Z)

.

Then,E(f(Z)) = 0 and if there exist non-negative constants
a0 anda1 such that∆(Z) ≤ a0 + a1f(Z) almost surely, then
for any t ≥ 0, we have

P(f(Z) ≥ t) ≤ exp
(
− t2

2a0 + 2a1t

)
(6)

and

P(f(Z) ≤ −t) ≤ exp
(
− t2

2a0

)
. (7)

As the STRIP is based on the permutation operatorπ, the
next section will derive new probability performance bound
of (3) by applying Theorem 2 to concentration inequality of
random permutation (i.e., whenZ = π).



III. A NALYSIS OF THE STRIPOF DETERMINISTIC

MATRICES

For anM ×N deterministic sensing matrixΦ whose row
sums are equal to zero, we derived the performance bound of
its STRIP in terms of its mutual coherence, as presented in
Theorem 3 below:

Theorem 3:Let x be a length-N , K-sparse signal with non-
zero coefficientsx1, x2, x3, · · · xK . Assume thatx has zero-
mean (i.e.,

∑K
i=1 xi = 0) and the positions of theK non-

zero entries are equiprobable. LetΦ =
[
φ1, φ2, · · · , φN

]
be

an M × N deterministic normalized sensing matrix, where
each column has unit norm, i.e.,‖φi‖ = 1 (1 ≤ i ≤ N ).
Assume further that all row sums ofΦ are equal to zero (i.e.∑N

i=1 φi = 0), and letµ denote its mutual coherence, i.e.,

µ = max
i 6=j

| < φi, φj > |. (8)

Then,

E
(‖Φx‖2) =

(
1 +

1
N − 1

)
|x‖2. (9)

Besides, the following inequality holds forδ > 1
N−1 :

P
(∣∣‖Φx‖2 − ‖x‖2

∣∣ < δ‖x‖2)

≥1− 2 exp


−

(
δ − 1

N−1

)2

16µ2K


 .

(10)

Remark: The restriction thatx has zero mean is needed only to
simplify the derivation so thatE(‖Φx‖2) is fixed. In practice,
for x with non-zero mean, we can add an all-ones row vector[
1 1 · · · 1

]
to measure the DC component of the signal.

The proof of the above theorem is outlined in the Appendix.
Note that forµ in (8), its lower-bound is given by [15]

µ ≥
√

N −M

(N − 1)M
. (11)

When the equality holds,Φ is said to meet theWelch bound
[15]. Next, if we further requires

µ ≤ α1√
M

, for some constantα1, (12)

we can derive from (10) that

P
(∣∣‖Φx‖2 − ‖x‖2∣∣ > δ‖x‖2) < 2 exp

(
−O

(
Mδ2

K

))
.

(13)
One can see that (13) decaysexponentiallywith M

K , while
the bound in (5) only decays linearly withMK . Thus, (13)
approaches 0 much faster with the increase ofM

K . The
improvement mainly comes from two facts (i) the restriction
of mutual coherence in (12) and (ii ) the use of exponential
concentration inequalities in (6) and (7).

From (13), we can easily arrive at the following proposition:
Proposition 1: Suppose thatx andΦ follow the same def-

initions in Theorem 3 withΦ’s mutual coherenceµ satisfying
(12). Then, we have

P
(∣∣‖Φx‖2 − ‖x‖2

∣∣ ≤ δ‖x‖2) > 1− 1
N

,

TABLE I

EXAMPLES OF DETERMINISTIC MATRICES SATISFYING THESTRIPWITH

HIGH PROBABILITY

M ×N Sampling Relations of Mutual
OperatorΦ M andN coherenceµ

N = (M + 1)
3
2

Kasami Codes [11]
M = 22p − 1, p ∈ Z+

1+
√

M+1
M

M = 2p − 1, p ∈ Z+ 1+2
√

M+1
M

Gold/Gold-like Codes [11]
N = (M + 1)2 or

1+
√

2(M+1)

M
N = M2,FZC Codes [12]
M prime

1√
M

Partial FFT Codes based N = 2pM + 1
on the difference sets [13] p ∈ Z+ andN prime

q
N−M

(N−1)M

if the sparsity levelK satisfies

K ≤ c0(δ)
M

log N
, (14)

in which c0(δ) = δ2

8α0
.

Recall that for i.i.d Gaussian and Bernoulli matrices, the
RIP holds with high probability when

K ≤ c1(δ)
M

log (N/M)
, (15)

where c1(δ) is a function depending only onδ. One can
observe that (14) takes a similar form to (15). Note that there
are no existing solutions of deterministicM × N sensing
operators that could achieve the RIP bound of (15). But
Proposition 1 suggests that whenK is on the similar order,
the STRIP can be satisfied with high probability.

In fact, there are many families of deterministic matrices
that can achieve the bound in (14). Table I lists some of these
operators along with their mutual coherence and size limita-
tions. All these operators have zero row sums. Note that the
construction ofΦ nearly meeting the Welch bound has been
extensively studied in code-division multiple access (CDMA),
such as the Kasami, Gold/Gold-like codes [11] (these binary
operators have hardware friendly implementation), and the
FZC codes [12]. It is worth mentioning that many codes in
[10] also satisfy the condition (12). For example, the dual BCH
codes are closely related to Gold/Gold-like codes, while chirp
codes have the same mutual coherence as FZC codes. The last
class in Table I is the deterministic partial FFTs (PFFTs) that
can exactly meet the Welch bound [13]. It includes the family
of equiangular tight frames [16] as a special case. The row
indexes of these PFFT are selected according to the difference
set in combinatorial design theory.

IV. SIMULATION RESULTS

Extensive simulations have been carried out to compare the
reconstruction performance of different random and determin-
istic sampling operators. For illustration purposes, we only
present here some results for63×512 and169×677 sampling
operators as follows:

1) 63 × 512 binary-coefficient matrices: These sampling
operators include the random i.i.d. Bernoulli{+1,−1}



matrix, the random partial Walsh-Hadamard matrix and
the deterministic Kasami code;

2) 169× 677 complex-coefficient sampling operators: Sam-
pling operators under comparison are the random com-
plex i.i.d. Gaussian matrix, the random PFFT matrix and
the deterministic PFFT based on the quartic difference
sets (PFFT-DS) [13].

The reconstruction algorithms are based on the orthogonal
matching pursuit (OMP) [18] and the subspace pursuit (SP)
[19], respectively. In particular, for the OMP, the non-zero
coefficientsxi (i = 1, · · ·K) of the input signal have the
Gaussian distribution; while for the SP,xi (i = 1, · · ·K)
follow the Bernoulli distributions.

Fig. 1 and Fig. 2 depict the empirical frequencies of exact
reconstruction for63 × 512 binary-coefficient matrices and
169× 677 complex-coefficient matrices, respectively. In these
simulations, 1000 trials were run for each sparsity levelK and
the positions of non-zero elements are selected uniformly at
random. Besides, we assume that the exact reconstruction is
achieved if the signal to noise ratio is greater than 50 dB.

From these figures, one can observe that the performance
of deterministic matrices are quite similar to those of the ran-
dom matrices. These results imply the promising application
of deterministic compressed sensing. They also suggest that
construction of deterministicΦ satisfying the STRIP with high
probability may be an interesting research direction.

V. CONCLUSIONS ANDFUTURE WORK

This paper investigates the STRIP for deterministic sam-
pling operators in compressed sensing. Specifically, Theo-
rem 3 derives the concentration inequalities of the STRIP
performance bound by exploiting Stein’s method. Based on
Theorem 3, we show that there exists a large class of deter-
ministic matrices satisfying the STRIP with high probability.
Examples of such matrices include the FZC codes, Gold
codes, Kasami codes, partial deterministic FFT matrices based
on the difference sets etc. Experimental results show that
these deterministic operators compare favorably with existing
random operators in reconstruction performance.

There are many intriguing questions that future work should
consider. First, the noise resilience of these deterministic
operators needs to be analyzed and evaluated. Secondly, as
indicated in Table I, existing deterministic matrices nearly
meeting the Welch bound have certain restrictions onN
and M . The construction of deterministic sensing operators
with arbitrary sizes will be an interesting question. Thirdly,
new reconstruction algorithms for deterministic compressed
sensing need to be developed. Furthermore, it is interesting
to consider the statistical model of the input signal in STRIP
formulation.

APPENDIX

OUTLINE OF PROOF OFTHEOREM 3

Here, we only provide an outline for the proof of Theorem 3.
Details will be presented in the journal version of this paper.
For the random permutation operatorπ in (2), we can define
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Fig. 1. Simulation results for different63× 512 binary sampling operators,
including the i.i.d Bernoulli matrix, the random partial Walsh-Hadamard
transform (PWHT) and the Kasami code [11]. (a) Results using the orthogonal
matching pursuit (OMP) [18] algorithm with Gaussian sparse signal. (b)
Results using the subspace pursuit (SP) [19] algorithm with(1,−1) binary
sparse signal.

its exchangeable pair asπ′ = π ◦ (I, J) [14], whereI and
J are chosen uniformly and independently at random from
{1, · · · , N}. (I, J) denotes the transposition ofI andJ , i.e.,
π′(I) = π(J), π′(J) = π(I) andπ′(i) = π(i) for i 6= I, J .

Define the antisymmetric functionF(π, π′) as follows:

F(π, π′) =
N2

4(N − 1)
(‖y(π)‖2 − ‖y(π′)‖2)

=
N2

4(N − 1)
(
2yH(π)r(π)− ‖r(π)‖2)

(16)

wherey(π) is given by (2) andr(π) is the difference between
y(π) andy(π′) that can be expressed as

r(π) = φπ(I)xI + φπ(J)xJ − φπ(I)xJ − φπ(J)xI . (17)

Next, according to Theorem 2, we need to find

f(π) = E (F (π, π′)|π)

=
N2

4(N − 1)
EI,J

(
2yH(π)r(π)− ‖r(π)‖2) .
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Fig. 2. Simulation results for different169 × 677 complex sampling
operators, including the complex i.i.d Gaussian matrix, the random partial
FFT (PFFT) matrix and the deterministic PFFT based on the difference sets
(PFFT-DS) [13]. (a) Results using the orthogonal matching pursuit (OMP)
[18] algorithm with Gaussian sparse signal. (b) Results using the subspace
pursuit (SP) [19] algorithm with(1,−1) binary sparse signal.

From the expression ofr(π) in (17), by summing over all
choices of1 ≤ I, J ≤ N , we have

EI,J

(
2yH(π)r(π)

)
=

4‖y(π)‖2
N

, (18)

EI,J

(‖r(π)‖2) =
4‖x‖2

N
+

4‖y(π)‖2
N2

, (19)

where we have used the assumptions that
∑N

i=1 φi = 0 and∑N
i=1 xi = 0. Substituting the above results intof(π) yields

f(π) = ‖y(π)‖2 − ‖x‖2 − ‖x‖2
N − 1

. (20)

By Theorem 2, we know thatE(f(π)) = 0, which implies
that (9) holds.

To get the concentration inequality in (10), we thus need to
bound

∆(π) =
1
2
E

(|(f(π)− f(π′))F (π, π′)|
∣∣π)

=
N2

8(N − 1)
E

((
2yH(π)r(π)− ‖r(π)‖2)2 ∣∣π

)
.

(21)

Using Cauchy-Schwartz inequality and (8), we can derive that
(
2yH(π)r(π)− ‖r(π)‖2)2 ≤ 16µ2(K − 2)‖x‖2 (xI − xJ)2 .

As a result,∆(π) can be bounded as follows

∆(π) =
N2

8(N − 1)
EI,J

((
2yHr− ‖r‖2)2 |π

)

≤ N2

8(N − 1)
16µ2‖x‖2(K − 2)E

[
(xI − xJ)2 |π

]

≤ 4µ2NK

N − 1
‖x‖4

≤ 8µ2K‖x‖4.
Finally, based on the above result, (10) can be easily obtained
from (6) and (7) in Theorem 2.
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