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Compressed Sensing for Surface
Characterization and Metrology

Jianwei Ma

Abstract—Surface metrology is the science of measuring small-
scale features on surfaces. In this paper, a novel compressed
sensing (CS) theory is introduced for the surface metrology to
reduce data acquisition. We first describe that the CS is natu-
rally fit to surface measurement and analysis. Then, a geometric-
wavelet-based recovery algorithm is proposed for scratched and
textural surfaces by solving a convex optimal problem with sparse
constrained by curvelet transform and wave atom transform.
In the framework of compressed measurement, one can stably
recover compressible surfaces from incomplete and inaccurate
random measurements by using the recovery algorithm. The nec-
essary number of measurements is far fewer than those required
by traditional methods that have to obey the Shannon sampling
theorem. The compressed metrology essentially shifts online mea-
surement cost to computational cost of offline nonlinear recovery.
By combining the idea of sampling, sparsity, and compression, the
proposed method indicates a new acquisition protocol and leads to
building new measurement instruments. It is very significant for
measurements limited by physical constraints, or is extremely ex-
pensive. Experiments on engineering and bioengineering surfaces
demonstrate good performances of the proposed method.

Index Terms—Compressed sensing (CS)/compressive sampling,
curvelets, incomplete measurement, sparse recovery, surface char-
acterization, surface metrology, wave atoms.

I. INTRODUCTION

ENGINEERING surfaces are composed of multiscale
topographies, e.g., roughness, waviness, form errors, ran-

dom ridges/valleys, and peaks/pits. The functional topograph-
ical features impact directly on the mechanical and physical
properties of the whole system, such as wear, friction, lubri-
cation, corrosion, fatigue, coating, and paintability in many
disciplines, including tribology, fluid mechanics, optics, semi-
conductors, microelectronics, manufacturing, biology, and
medicine. For instance, during the functional operation of in-
teracting surfaces, peaks and ridges act as sites of high contact
stress and abrasion, whereas the pits, valleys, and scratches
(i.e., polish line or line-like wear) affect the lubrication and
fluid retention properties. Surfaces also play a vital role in
biology and medicine with most biological reactions occurring
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on surfaces and interfaces, in vivo. Surface metrology has also
been used to support scientific discoveries in a variety of fields,
including anthropology, archeology, geology, and biochemistry.
Therefore, a highly accurate measurement, characterization,
and metrology is an important issue for corresponding func-
tional analysis [28], [29], [32], [33], [50].

Multiple methods were implemented to measure different
characteristics, including engineering surfaces [50]. Methods
including scan, ultrasonics, and scatter have also been devel-
oped. For instance, the metrological freak diffractometer based
on the scattering method images the source in the Fourier trans-
form plane: speckle techniques and holographic techniques for
roughness measurement. Recent instruments including scan-
ning electron microscope (SEM), scanning tunneling micro-
scope, atomic force microscope, magnetic force microscopy,
computer tomography (CT), and magnetic resonance imaging
(MRI) have largely improved part of restrictions of conven-
tional methods for different physical and medical applications.
The versatility of instruments has allowed many different sur-
face experiments to be carried out. These include the mea-
surement and detection of growth in biological specimens,
the initiation of some chemical reactions, the machining of
substrates, and the microfabrication and movement of material
around the surface.

All the aforementioned methods fall into direct measuring
(e.g., stylus methods measure the roughness in space domain)
and indirect measuring (e.g., CT and MRI collect data in the
radon and Fourier transform domains, respectively). We pro-
pose here another approach named compressed measurement.

The traditional strategy of surface characterization (denois-
ing, compression, feature extraction, etc.) and metrology re-
quires exact measurements of full surface, computation of the
complete set of filtering coefficients, selection of the significant
coefficients, and reconstruction of these coefficients to get a
required surface [28], [29], [32], [33]. Most existing methods
for surface characterization and metrology follow this rule.
However, very often, the number of measuring sensors may
be limited by physical constraints, the measurements may be
extremely expensive, or the sensing process may be slow so that
one can only measure the object for a few times. The traditional
strategy is extremely wasteful of the massive data acquisition
and measuring time. Therefore, many researchers are seeking
for methods of how one can reduce the amount of acquired data
without degrading the metrology quality.

A novel theory named compressed sensing (CS) or com-
pressive sampling has been proposed by Candès et al. [5]–[8]
and Donoho [20] to answer the question of data acquisition.
The basic principle of CS is that sparse or compressible
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signals can be reconstructed from a surprisingly small set
of measurements. Different from the classical Shannon sam-
pling theorem or Nyquist rate, the sampling rate must be at
least twice the maximum frequency presented in the signals;
the CS says that one can recover certain signals from far
fewer measurements than traditional methods use if the signals
themselves are compressible. The term “compressible” means
that the signals are sparse or transformed sparse, i.e., there
are only very limited pixels or transformed coefficients with
nonzero values. Actually, most natural and real-life surfaces are
compressible in some fixed transforms such as discrete cosine
transform, wavelet transform [14], [26], curvelet transform
[11], [12], and wave atom transform [17]. A few potential
applications of the CS theorem have been made in compres-
sive imaging, wireless sensing networks, analog-to-information
conversion, biosensing for deoxyribonucleic acid microarrays,
etc. For details, we refer readers to several review papers
[2], [9], [10].

Roughly speaking, if surfaces exhibit transform sparsity, and
if incomplete measurements result in incoherent artifacts in the
transform domain, then the surfaces can be recovered from
the incomplete measurement by appropriate nonlinear recovery
methods. In particular, if one measures linear combinations of
Fourier coefficients (called K-space measurement blow), CS
claims that the real surfaces can be accurately reconstructed
from a small measured subset of K-space, rather than an entire
K-space. In this paper, based on directional wavelet frames,
we apply the idea of CS to surface metrology, renamed com-
pressed measurement or compressed metrology, which directly
concerns geometric and structural features instead of pixel’s
information of surfaces.

The CS theory requires the following three aspects.

1) The desired surfaces are compressible, i.e., they have
sparse representation in a known transform domain. In
fact, real surfaces are naturally compressible in an appro-
priate transform. Here, we mainly care about the surfaces
with scratches that are sparse in the curvelet transform
domain and the surfaces with textures that are sparse in
the wave atom domain.

2) The measurement matrices should be noise-like
incoherent/uncorrelative to the sparse transforms.
Normally, the measurement matrices can be taken
as random matrices that are incoherent to almost all
sparse transforms. CS combines the idea of sampling
and compression, which can lead to build simpler and
cheaper measurement instruments for metrology in many
fields. How the measuring matrices are designed would
indicate a design of new measurement instruments.

3) A nonlinear CS recovery algorithm, particularly an
iterative curvelet/wave atom thresholding, is applied
by solving a convex-optimization problem with sparse
constrains.

It should be emphasized that the theme in this paper is totally
different from our previous work in [32], [33], [35], and [36].
In previous work, we focus on surface sparse representation
and feature extraction using sparse transforms. In this paper,
we focus on imaging or measurement mechanism by apply-

ing a new mathematical theory named CS. The compressed-
sensing measurement includes the following two steps: 1) on-
line encoding measurement and 2) offline decoding recovery.
In the offline recovery step, we also need to use some sparse
transforms to build a sparse-promoting nonlinear recovery al-
gorithm. In this paper, the sparse transforms are hired by an
iterative thresholding framework for compressed-sensing re-
covery, instead of feature extraction. The sparse representation
by curvelets and wave atoms addressed in previous papers [35],
[36] can be seen as prior knowledge in the compressed-sensing
measurement.

In the remainder of this paper, we first introduce the CS
theory from the point of view of mathematics in Section II. In
Section III, we describe that the curvelet transform and wave
atom transform naturally fit for sparse representation of textural
surfaces. Surfaces can be recovered stably by the proposed
iterative curvelet and wave atom thresholding described in
Section IV. Experiments on the compressed measurement for
various surfaces are given in Section V. Finally, conclusions
and a few new directions are drawn in Section VI.

II. ENCODE: COMPRESSED MEASUREMENT

CS handles a fundamental problem of recovering a finite sig-
nal x from a limited set of random measurements y. This theory
indicates that one can only do part of random measurements
of engineering surfaces, instead of high-density measurements
limited by the Shannon sampling theorem, to carry out highly
accurate metrology. Let Φ ∈ CK,N , K � N be a so-called
CS measurement matrix. Typical examples of the measure-
ment matrices are Fourier transform F followed by a random
undersampling operator R. The problem can be described as
[6], [8]

y = Φx+ ε = RFx+ ε. (1)

Here, ε denotes the possible measurement errors or noise. Most
of the time, x is not sparse in the space domain but is sparse in
the transform domain by a basis Ψ (i.e., x is transform sparse
or compressible if the most coefficients concentrate near zeros).
In this case, one can write (1) as

y = ΦΨϑ+ ε. (2)

To recover the sparse coefficient ϑ, one solves an optimiza-
tion problem by constructing the following cost function to be
minimized:

min
ϑ

{
‖y − Ãϑ‖2 + λ

N∑
i

p (|ϑi|)
}
, Ã = ΦΨ. (3)

Here, the first term denotes preserving information by measur-
ing how close the decoding solution is to the input information.
The second term is a regularization that represents a priori
sparse information of original signals. The p is a function of ϑ,
and λ is a positive constant that determines the importance
of the regularization term. This problem can also be solved
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Fig. 1. One-dimensional sample for compressed sensing. (a) Original unknown signal. (b) Randomly measured signal. (c) Recovered signal by compressed
sensing. The horizontal coordinate denotes sampling point, and the vertical coordinate denotes amplitude of the signal.

by l1-minimization, which is also known as basis pursuit with
inequality constraints and is described by [6]

min
ϑ

‖ϑ‖l1 , subject to ‖Ãϑ− y‖l2 ≤ ε. (4)

If without considering the noise ε, the convex optimization
problem is a linear programming known as basis pursuit [5],
which is given by

min
ϑ

‖ϑ‖l1 , subject to Ãϑ = y. (5)

It seems hopeless to solving the underdetermined equations
since the rows are much fewer than the columns in Ã. However,
the CS has told us that if the signal x is sparse or compressible,
the underdetermined system of equations can be exactly solved.
Supposing that there are S nonzero coefficients (i.e., so-called
S-sparse, ‖ϑ‖l0 = S � N ), one just needs measurement num-
bers K in Fourier space with frequencies selected randomly,
satisfying

K ≥ C · S · logN. (6)

Let us first look at a 1-D example to understand the idea of
CS. Assume that one has an unknown signal with N = 128
sampling points and S = 16 nonzero values, as shown in

Fig. 1(a). The numbers, positions, and values of the nonzero
values are unknown in our experiment. One cannot use such
information but can discover this information by the example
algorithm. The a priori knowledge used is that the signal is
sparse in the space domain. For instance, one considers a
64 × 128 measurement matrix Φ (i.e., K = 64) assembled
by random numbers to measure the 1-D original unknown
signal shown in Fig. 1(a). Each measurement, mathematically
speaking, equals to an inner product of a row of the measure-
ment matrix and the unknown signal. The measurements can
be repeated up to 64 times using the different rows of the
measurement matrix. Fig. 1(b) shows the measurement results.
The CS says that one can exactly recover the unknown signal
from these randomly measurements using nonlinear recovery
methods. Fig. 1(c) displays a recovered signal from the incom-
plete measurements by using a so-called gradient projection
for sparse reconstruction (GPSR) method proposed in [24].
The recovered signal is almost the same as original signal (the
mean-square error MSE = 9.087e − 006). Of course, for most
applications, the usable a priori knowledge is the sparsity of
signals in the transform domain instead of in the space domain.
The surfaces that we handle in this paper are sparse in the
curvelet and wave atom domains.
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Naturally, the following two basic questions arise: 1) What
are good CS matrices and how may measurements are required
for successful reconstruction and 2) what are the most efficient
decoder or recovery algorithm to solve the optimal problem?

To answer the first question, Candès et al. [5], [6] proposed
a sufficient condition named restricted isometry property (RIP)
for CS matrices. A measurement matrix Φ satisfies the RIP of
order S with constant δS ∈ (0, 1), if

(1 − δS)‖x‖2
l2
≤ ‖ΦTx‖2

l2 ≤ (1 + δS)‖x‖2
l2
,

x ∈ RN ; ‖T | ≤ S. (7)

Here, ΦT , T ⊂ 1, . . . , N , denotes the K × |T | submatrix ob-
tained by extracting the columns of Φ corresponding to the
indices in T . The RIP says that the mapping Φ acts like an isom-
etry on S-space vectors. It requires that every set of columns
with cardinality less than S approximately behaves like an
orthonormal system. A measurement matrix Φ satisfying the
RIP ensures the exact and unique recovery to be obtained.

Furthermore, for compressible signals, a good measurement
matrix should also be incoherent in the sparse basis. The greater
incoherence of the measurement/sparsity pair (Φ,Ψ) there is,
the smaller the number of measurements will be needed. Sup-
posing that Φ is obtained by selecting K rows uniformly at
random from anN ×N orthonormal matrix and renormalizing
the columns so that they are unit normed, one has

S ≤ C · 1
υ2

· K

(logN)4
(8)

where υ :=
√
N max1≤i,j≤N |〈φi, ϕj〉|(φi ∈ Φ, ϕj ∈ Ψ) is re-

ferred to as the mutual coherent between the measurement
basis Φ and the sparsity basis Ψ. Generally, υ(Φ,Ψ) ∈
[1,

√
N ]. In particular, υ = 1 when Φ is the canonical or

spike basis φm(t) = δ(t−m) and Ψ is the Fourier basis
ϕj = N−1/2ei2πjt/N . That is to say, if Φ is a partial Fourier
matrix obtained by selecting K rows uniformly at random,
we have S ≤ C ·K/(logN)4. It has been known that noiselet
measurement Φ and Haar wavelets Ψ have mutual coherent υ =√

2; noiselet measurement and Daubechies DB4 wavelets have
υ =

√
2.2 [9]. Normally, one can choose random measurement

matrices, which are largely incoherent to any fixed basis Ψ.
The known CS measurement matrices Φ satisfying the RIP are
random matrices, including Gaussian, Bernoulli, and random
partial bounded orthogonal matrices. Recently, how a determin-
istic and explicit measurement matrix is constructed has been
concerned by De Vore [18] and Indyk [27]. How the design
of the measurement matrices that need fewer measurement is
optimized was also emphasized by Elad [22].

Assuming that the measurement matrix Φ is an identity
matrix I (i.e., without undersampling) and Ψ is a wavelet
transform, the problem in (3) degenerates to the well-known
wavelet regularization (see, e.g., [1]). This regularization is
closely related to wavelet thresholding. Specifically, if the
penalty function is taken as l1 penalty p(|ϑ|) = |ϑ|, the solution
is a wavelet soft-thresholding rule; if the penalty function is
given by pλ(|ϑ|) = λ2 − (|ϑ| − λ)2I(|ϑ| < λ), the solution is
a hard-thresholding rule.

In addition to satisfying the RIP condition, the choice of Φ
depends on the physics of measurement problem. For example,
in the case of scattered field, the electric field integral equa-
tions (operator Φ) are used for recovering the scatter geometry
(signal x) from the randomly incomplete measured scattered
field (signal y). In this paper, we consider an optical mea-
surement system for frequency K-space measurements. The
prior knowledge that we used in the framework of compressed
measurement is that most scratched and textural surfaces can be
sparsely represented by a Ψ called curvelet or wave atom trans-
form. We proposed an iterative curvelet or wave atom thresh-
olding as a nonlinear recovery algorithm for the compressed
measurements. Now, the measurement matrix Φ is a random
sampling of Fourier coefficients of engineering surfaces, and
original unknown surfaces or features x can be recovered from
the measurements y by using the offline iterative thresholding
methods. It is also possible to directly reconstruct the wanted
features for metrology without the need to recover the full
surface. The compressed measurement is a simple and efficient
signal acquisition protocol with samples at a low rate and later
uses computational power for optimal reconstruction from the
incomplete set of measurements. The compressed measurement
essentially shifts online measuring cost into offline computa-
tional cost of nonlinear recovery. Therefore, this metrology
strategy can be called as computational metrology. Many ex-
isting sparse transforms and nonlinear optimal algorithms can
be incorporated into the compressed measurement for various
engineering surfaces.

III. SPARSITY IN CURVELET AND WAVE ATOM DOMAINS

Sparse transforms have successfully been applied for surface
metrology. An early method to be used as a filter is a Gaussian
or spline filter. Although it has been widely used in surface
metrology, the technique is insufficient in addressing the non-
stationary and multiscale nature of rough surfaces. Applications
of wavelets on surfaces analysis have become an increasing
interest (see, e.g., [13], [28], [29], and [44] among a vast amount
of current literature). The main advantages of wavelet-based
methods are space–frequency localization and multiscale view
of the features of surfaces. Unfortunately, traditional wavelets
are not optimal to analyze surfaces with scratches or textures
because wavelets ignore geometric properties of edges and
textures, which leads to strong oscillating artifacts along the
scratches of roughness (see [32]). Recently, Ma et al. [32]–
[36] proposed a series of so-called artifact-free characteristic
methods based on geometric wavelets. In particular, ridgelets,
curvelets, and wave atoms have been applied to extract straight
scratches, curve scratches, and textures from surfaces, re-
spectively. It should also be noted that from another way,
Brown et al. [4] considers the multiscale metrology by using
a so-called scale-sensitive fractal analysis, which was recently
used to characterize dental microwear textures in fossil hominid
to understand the diets and evolution of our lineages [46]. How-
ever, the use of sparsity in inverse problems on data recovery is
the most recent step.

Following the previous work on sparse representation of
surfaces based on curvelets and wave atoms, we extend these
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Fig. 2. (left) Window U0(ξ). (right) Its support.

sparse transforms to compressed measurement, which is a
special inverse problem on recovery of incomplete data.

A. Curvelets for Surfaces With Scratches

Curvelet transform allows an optimal sparse representation
of objects with C2 singularities. The needle-shape elements
of this transform own very high directional sensitivity and
anisotropy. For a smooth object f with discontinuities along
smooth curves, the best m-term approximation f̃m by curvelet
thresholding obeys ‖f − f̃m‖2

2 ≤ Cm−2(logm)3, while for
wavelets, the decay rate is only m−1. Surprising performance
has been shown in the fields of image processing, see, e.g.,
[35], [37], [38], [47]. It essentially obeys a parabolic scaling
law between the width and length of an element (width ≈
length2) and directional sensitivity (orientations = 1/

√
scale).

See Fig. 1 (left) for an example of curvelet elements. Thus, it
is good to characterize surfaces with general scratches. Several
curvelet-like geometric multiscale transform, e.g., bandlets [43]
and contourlets [19], have also been proposed to restore the
curve singularities in a different way.

In the following, we give an outline for the second-generation
discrete curvelet transform (DCuT) [11], [12], which is
considerably simpler to use than the original first-generation
formulation based on the block ridgelet transform. The
second-generation DCuT is implemented by means of special
frequency-window partitions. For details on curvelets, we refer
to recent review papers [39], [40].

Let V (t) and W (r) be a pair of smooth nonnegative real-
valued window functions such that V is supported on [−1, 1]
and W on [1/2, 2]. The windows satisfy the admissibility con-
ditions

∑∞
l=−∞ V 2(t− l) = 1, t ∈ R,

∑∞
j=−∞W 2(2−jr) = 1,

r > 0. These conditions are satisfied, taking, e.g., the scaled
Meyer windows [38], i.e.,

V (t) =

⎧⎨⎩ 1, |t| ≤ 1/3
cos

[
π
2 ν (3|t| − 1)

]
, 1/3 ≤ |t| ≤ 2/3

0, else

W (r) =

⎧⎪⎨⎪⎩
1, 5/6 ≤ r ≤ 4/3
cos

[
π
2 ν(5 − 6r)

]
, 2/3 ≤ r ≤ 5/6

cos
[

π
2 ν(3r − 4)

]
, 4/3 ≤ r ≤ 5/3

0, else

where ν is a smooth function satisfying

ν(x) =
{

0, x ≤ 0
1, x ≥ 1 , ν(x) + ν(1 − x) = 1; x ∈ R.

Let the Fourier transform of f ∈ L2(R2) be defined by
f̂(ξ) := (1/2π)

∫
R2 f(x)e−i〈x,ξ〉dx. Now, for j ≥ 0, let the

window Uj(ξ), ξ = (ξ1, ξ2) ∈ R
2 in the frequency domain be

given by

Uj(ξ) = 2−3j/4W
(
2−j |ξ|)V (2
j/2�θ), ξ ∈ R

2

where (|ξ|, θ) denotes the polar coordinates correspond-
ing to ξ. The support of Uj is a polar wedge deter-
mined by supp W (2−j ·) = [2j−1, 2j+1] and supp V (2
j/2�·) =
[−2−
j/2�, 2−
j/2�]. Fig. 2 shows an example of the window U0

and its support [38].
The system of curvelets is now indexed by the follow-

ing three parameters: 1) a scale 2−j , j ∈ N0; 2) an equi-
spaced sequence of rotation angles θj,l = 2πl · 2−
j/2�, 0 ≤ l ≤
2
j/2� − 1; and 3) a position x(j,l)

k = R−1
θj,l

(k12−j , k22−
j/2�)T ,

(k1, k2) ∈ Z
2, where Rθj,l

denotes the rotation matrix with
angle θj,l. The curvelets are defined by

ϕj,l,k(x) := ϕj

(
Rθj,l

(
x− x

(j,l)
k

))
, x = (x1, x2) ∈ R

2

where ϕ̂j(ξ) := Uj(ξ), i.e., Uj is the Fourier transform of ϕj .
Observe that in the spatial domain, ϕj,l,k rapidly decays outside

of a 2−j by 2−j/2 rectangle with center x(j,l)
k and orientation

θj,l with respect to the vertical axis (see Fig. 3). Fig. 4 shows
the support of windows at different scales and orientations. The
wedges are longer and thinner with growing j. Corresponding
to the time domain, curvelets have a well-localized needle-
shaped form.

For simplification, let μ = (j, l, k) be the collection of the
triple index. The system of curvelets (ϕμ) forms a tight
frame in L2(R2), i.e., each function f ∈ L2(R2) can be repre-
sented by

f =
∑

μ

cμ(f)ϕμ.
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Fig. 3. Elements of (left) curvelets and (right) wave atoms in the spatial domain.

Fig. 4. Supports of frequency windows for (dark grey) ϕ2,0,k and ϕ2,5,k ,
(light grey) ϕ3,3,k , ϕ3,6,k and ϕ3,13,k , and (grey) ϕ4,0,k and ϕ4,11,k .

Using Parseval’s identity, the curvelet coefficients are given by

cμ(f) := 〈f, ϕμ〉 =
∫
R2

f̂(ξ)ϕ̂μ(ξ)dξ

=
∫
R2

f̂(ξ)Uj

(
Rθj,l

ξ
)
e
i
〈

x
(j,l)
k

,ξ
〉
dξ. (9)

The algorithm of forward 2-D DCuT is given as follows.
1) Apply a 2-D fast Fourier transform (FFT) to compute the

Fourier coefficients f̂ of f .
2) Compute the product f̂Uj .
3) Apply the inverse 2-D FFT to obtain the discrete coeffi-

cients cμ(f).
The forward and inverse DCuTs have the same computa-

tional cost of O(N2 logN) for an (N ×N) image. The redun-
dancy of the curvelet transform is about 2.8 when wavelets are
chosen at the finest scale, and 7.2 otherwise (see, e.g., [12]).

B. Wave Atoms for Surfaces With Oriented Textures

However, curvelets are not optimal for oscillatory textures;
thus, they are not good to characterize surfaces with oriented

textures, e.g., engineering surfaces by grinding, milling, polish-
ing, and honing.

Very recently, Demanet and Ying [17] introduced the so-
called wave atoms, which are a variant of 2-D wavelet packets
and obey the parabolic scaling of curvelets (see Fig. 3, right).
The warped oscillatory functions or oriented textures have a
significantly sparser expansion in wave atoms than in other
fixed standard representations like Gabor filters, wavelets, and
curvelets. The texture-shape elements of wave atoms capture
not only the coherence of the pattern along the oscillations like
curvelets, but also the pattern across the oscillations. Fig. 3
shows the difference between the elements of the curvelets and
wave atoms. The texture-shape elements of wave atoms also
own very high directional sensitivity and anisotropy. Obviously,
it is natural to apply the wave atoms for characterization of
surfaces with oriented textures.

Let us define wave atoms as ϕμ(x), with the sub-
script μ = (j,m, n) = (j,m1,m2, n1, n2) indexing a phase-
space point (xμ, ωμ) by xμ = 2−jn, ωμ = π2jm, C12j ≤
maxi=1,2 |mi| ≤ C22j , where C1 and C2 are two positive
constants. Then, the elements of a frame of wave packets ϕμ

are called wave atoms when

|ϕ̃μ(ω)| ≤CM · 2−j
(
1 + 2−j |ω − ωμ|

)−M

+ CM · 2−j
(
1 + 2−j |ω + ωμ|

)−M
(10)

|ϕμ(x)| ≤CM · 2j
(
1 + 2j |x− xμ|

)−M
, M > 0. (11)

The oscillations within the envelope of a wave atom in x have
a wavelength ∼ 2−2j .

Let g be a real-valued continuous function with support
included in [−7π/6, 5π/6] and such that for |ω| ≤ π/3,
g((π/2) − ω)2 + g((π/2) + ω)2 = 1 and g(−(π/2) − 2ω) =
g((π/2) + ω). Define v as the inverse Fourier transform
v(t) = (2π)−1

∫
g(ω)eiωtdω, and

ψ0
m(t) = 2Re

{
eiπ(m+ 1

2 )tv

(
(−1)n

(
t− 1

2

))}
. (12)
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The Fourier transform of ψ0
m is given by [17], [49]

ψ̂0
m(ω) = e−iω/2

[
eiαmg

(
εm

(
ω − π

(
m+

1
2

)))

+e−iαmg

(
εm+1

(
ω + π

(
m+

1
2

)))]
. (13)

Here, εm = (−1)m, αm = (π/2)(m+ (1/2)), and∑
m |ψ̂0

m(ω)|2 = 1.
Write basis functions as ψj

m,n(x) = ψj
m(x− 2−jn) =

2j/2ψ0
m(2jx− n). Then, coefficients of the transform can be

obtained by

cj,m,n =
∫
ψj

m,n(x)f(x)dx =
1
2π

∫
ei2−jnωψ̂j

m(ω)f̂(ω)dω.

(14)

Assuming that the function is discretized at xk = kh, h = 1/N ,
k = 1, . . . , N , we have

cj,m,n � 1
2π

∑
k=2π(−N/2+1:1:N/2)

ei2−jnkψ̂j
m(k)f̂(k). (15)

The 2-D extension can be formed by the following products:

ϕ+
μ (x1, x2) =ψk

m1

(
x1 − 2−jn1

)
ψk

m2

(
x2 − 2−jn2

)
ϕ−

μ(x1, x2) =Hψk
m1

(
x1 − 2−jn1

)
Hψk

m2

(
x2 − 2−jn2

)
where H is the Hilbert transform. The combinations ϕ(1)

μ =
(ϕ+

μ + ϕ−
μ)/2 and ϕ

(2)
μ = (ϕ+

μ − ϕ−
μ)/2 form the wave atom

frame and be denoted jointly as ϕμ [17].
The algorithm can be implemented by the following three

steps: 1) Apply 2-D FFT for f(xk); 2) wrap the product ψ̂j
mf̂ by

periodicity inside the interval [−2jπ, 2jπ] for each (j,m); and
3) perform the inverse 2-D FFT. The computational complexity
of wave atom transform is O(N2 logN).

IV. DECODE: NONLINEAR SPARSE RECOVERY

In the last two years, a few iterative algorithms, e.g., or-
thogonal matching pursuit [48], gradient projection [24], and
iterative thresholding algorithms [3], [15], [16], [25], [42], have
been proposed by mathematicians to exactly reconstruct the
x in (1) or ϑ in (2). In this paper, we follow the way of
iterative thresholding since this methodology is considerably
robust and simple to be implemented. In particular, the iterative
curvelet thresholding and wave atom thresholding are applied
for surfaces with scratches and textures, respectively.

Related algorithms on iterative thresholding have been pre-
sented for constrained optimization problems by a few re-
searchers (see, e.g., [15], [16], [25], and [42]). For instance,
Daubechies et al. [15] presented an iterative thresholding al-
gorithm for wavelet regularization (i.e., inverse problem with
wavelet sparse constrains). However, in this seminal paper,
the problems of undersampling or partial measuring were not
considered. Peyré [42] proposed iterative thresholding with best

basis constrains for CS to recover images. We observed that
the iterative thresholding is quite related to nonlinear inverse
diffusion or the so-called inverse scale space method [51]. We
will describe the connections between our proposed method
with the inverse diffusion equation elsewhere.

Let us have a look at the motivation of the iterative thresh-
olding for recovery of linear inverse problems. If without
undersampling (i.e., Φ ∈ CN,N ), one can recover x by x =
Φ−1y − Φ−1ε. Very frequently, Φ corresponds to a low-pass
filtering so that Φ−1ε magnifies the noises, which leads to an
ill-posed inverse problem. The iterative thresholding essentially
deals with the inverse problem as an iterative denoising. In
fact, the iterative thresholding was initially presented as an
expectation–maximization algorithm for image deconvolution
[24]. Convergence of iterative thresholding algorithm can be
found in [15]. The algorithm only requires matrix–vector mul-
tiplications of Φ and ΦT , and it is based on bounding the
matrix ΦT Φ by a diagonal matrix D (i.e., D − ΦT Φ is positive
semidefinite), and thus, the solution of (3) can be obtained by a
sequence of simpler denoising. A wide-angle review of iterative
thresholding algorithms involving denoising, deconvolution,
and CS can be found in [23].

Define the following thresholding function:

Sτ (f,Ψ) =
∑

μ

τ (cμ(f))ϕμ (16)

where τ can be taken as a soft-thresholding function defined by
a fixed threshold σ > 0, i.e.,

τs(x) =

{x− σ, x ≥ σ
0, |x| < σ
x+ σ, x ≤ −σ

or a hard-thresholding function, i.e.,

τh(x) =
{
x, |x| ≥ σ
0, |x| < σ

or the continuous garrote thresholding, i.e.,

τg(x) :=
{
x− σ2

x , |x| ≥ σ
0, |x| < σ

which may be a good choice where large coefficients nearly
remain unaltered.

By solving a minimization of surrogate function [15], [42],
one can obtain the solution by iterating the thresholding func-
tion, i.e.,

Sτ

(
x+ ΦT (y − Φx),Ψ

)
. (17)

Outline the algorithm as follows.

1) Initialization: set the iterative number p = 0 and initial
value x0 = 0 or a zero-filling reconstruction by interpo-
lating zeros for missed samples [30].

2) Update the estimation

x̃p = xp + ΦT (y − Φxp).
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3) Apply curvelet/wave atom thresholding for the estimation

xp+1 = Sτ (x̃p,Ψ).

4) Iteration: if ‖xp+1 − xp‖ > ε, then set p+ 1 to p and go
to step 2; otherwise, stop iterations.

5) Alternatively, in the last several iterations or after all
iterations, one can apply total variation (TV)-synthesis
y curvelet/wave atom thresholding [35], [38], which
can suppress the pseudo-Gibbs artifacts (small high-
frequency oscillatory due to false reconstruction of fine-
scale coefficient components) and element-like artifacts
while preserving the discontinuous edges and features.
Here, the TV of a function f with |∇f ∈ L1(Ω)| is de-
fined by TV(f) =

∫
Ω |∇f(ζ)|dζ [45]. The thresholding

is posed as an optimization problem involving the total
variation norm and a constraint on the curvelet space. It
can be interpreted as a projected iterative thresholding.
Essentially, the TV minimization keeps the significant
coefficients unchanged and does not set the insignificant
coefficients to zero as conventional shrinkage does but
typically makes it optimal small to eliminate the artifacts.

The threshold value σ is dependent on practical problems.
The question on how to choose the σ optimally for specific
metrology is open. Normally, one can use a uniform threshold
value or an updating threshold value through iterations. Re-
cently, the iterative curvelet thresholding has also been applied
to deblurring problems with highly incomplete measurements
in the field of remote sensing [41].

The iterative thresholding produces a sequence of inverse
scale space, which starts from the measurement data (or an
initial value with zeros) and approaches the real surfaces as iter-
ation increases. If we use linear decaying threshold values, the
produced recovery sequence changes from smooth space to fine
space. If the iteration is stopped at a suitable time, large-scale
features may already be incorporated into the reconstruction,
while fine-scale features are still missing.

It should be noted that one can apply orthogonal wavelets
in this framework for surfaces with point features. A nonlinear
conjugate gradient has been used for such a wavelet case in
medical magnetic resonance imaging [30].

V. NUMERICAL EXPERIMENTS

Real surfaces are naturally compressible by suitable coding
in an appropriate transform domain. For example, surfaces
with peaks/pits are sparse in the wavelet domain, and sur-
faces with straight scratches are compressible in the ridgelet
domain [34], while surfaces with curve scratches have better
compressible in the curvelet domain. So far, the sparse repre-
sentation and decomposition of engineering surfaces has been
addressed much in the literature (see, e.g., [13], [28], [29],
[32], [34]–[36], and [44]). Fig. 5(a) shows a typical example: a
worn metallic femoral head of biomedical orthopedic implant.
This surface has a sparse representation in the wavelet frame
domain. Fig. 5(b) and (c) presents the partial reconstruction
using the largest 1% wavelet and curvelet coefficients. The

Fig. 5. Partially sparse reconstruction of a raw surface topography measured
from a metallic joint head implant. (a) Original surface. (b) Reconstructed
surface by 1% largest wavelet coefficients. (c) Reconstructed surface by 1%
largest curvelet coefficients.
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Fig. 6. Compressed measurement for a standard textural data. (a) Original data. (b) Zero-filling reconstruction. (c) Wavelet-TV recovery. (d) Recovery by the
proposed method. (e) and (f) Removed components by (c) and (d). (g) and (h) SNR and recovery errors versus number of iterations. The horizontal coordinate in
(g) and (h) denotes the number of iterations, and the vertical coordinate denotes SNR in (g) and recovery errors in (h).

curvelet partial reconstruction has better performance than
wavelet reconstruction. Curvelet transform preserves the edges
of scratches, while the wavelet transform results in oscillation
artifacts along the edges. The good compressibility of surfaces

in the directional wavelet domain makes it possible to apply the
CS for surface metrology.

In the first example, we apply the proposed compressed
measurement method for a “Lena” image that is a standard
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Fig. 7. Compressed measurement for a raw joint surface. (a) Original surface. (b) Zero-filling reconstruction. (c) l1 − TV recovery. (d) recovery by the proposed
method.

textural data. Fig. 6(a) shows the original data. We consider
the 25% partial random measurement in the Fourier space
[30]. The measurement sampling strategy will be emphasized
at the end of this section. Fig. 6(b) is a zero-filling recon-
struction from the incomplete K-space measurement. Fig. 6(c)
is obtained using wavelet-TV recovery, i.e., solving minimiza-
tion of ‖ϑ‖l1 + TV(x), subject to ‖Ãϑ− y‖ ≤ ε by a nonlin-
ear conjugate gradient method [30]. The signal-to-noise ratio
(SNR) achieved is 28.84 dB. Fig. 6(d) is the recovery data
using our iterative curvelet thresholding, where we take the
zero-filling reconstruction as an initial data and use a linear
decaying threshold value σ0(1 − n/M), in which M = 70 is
the total number of iterations, n is an index of iterations,
and the initial threshold σ0 = 0.05. The SNR of the recov-
ered image is 41.21 dB. Fig. 6(e) shows the lost components
(i.e., the difference between the recovery and original data)
by the wavelet-TV method. Fig. 6(f) shows the lost compo-
nents by the proposed method. It can clearly be seen that
the proposed method recovers the edges and textures much
better than other methods. Fig. 6(g) shows the changes in
the SNR as the number of iterations increases, and Fig. 6(h)
shows the changes of l1-norm errors between the recovery

and original data (i.e., ‖x− x0‖l1 ) as the number of iterations
increases.

After the encouraging results on modeling examples, we
show the abilities of the proposed method to extract and recover
scratches from microscalar surfaces of biomedical implanted
joints. The metrology of the surfaces is related to biological
compatibility and life expectancy of joints. Fig. 7(a) displays
a raw surface topography from a worn metallic joint head
with morphological structures consisting of roughness and
deep scratches. The sampling interval in the horizontal x- and
y-directions of the surface is 0.952 and 0.817 μm, and that in
the vertical direction is 1 μm. The number of sampling points
is 240 × 368. We again use the K-space random measurement
matrix. Fig. 7(b) is the zero-filling reconstruction, and Fig. 7(c)
is the l1-TV reconstruction, i.e., solving the minimization of
‖x‖l1 + TV(x), subject to ‖Φx− y‖ ≤ ε [6], [30]. Fig. 7(d) is
the recovery by our iterative curvelet thresholding. Again, we
show the performance of the proposed method for a surface
measured from another worn femoral head of orthopedic im-
plant shown in Fig. 8(a). Fig. 8(b)–(d) is obtained by zero-filling
reconstruction, l1-TV, and our iterative curvelet thresholding,
respectively. Our method recovers the scratches very well. It
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Fig. 8. (a) original surface. (b) zero-filling reconstruction. (c) l1-TV recovery. (d) Recovery by the proposed method.

should be noted that a K-space measurement noise (produced
by 0.05 times of random numbers) is considered in the two tests
above.

Other engineering surfaces are also considered. Fig. 9(a)
shows a honed surface of an automotive engine cylinder. The
sampling interval in the horizontal x- and y-directions of the
surface is 16 and 16 μm, and that in the vertical direction
is 5.3 μm. The surface including the form, waviness, and
roughness components that almost submerge the main features
of the deep valleys or pits. Usually, the most important features
that affect the performance of the cylinder are deep valleys
whose distribution and amplitude will considerably influence
the flow of gas or air in a pressure balance of an engine.
Detection of these features is also useful for online manufacture
monitoring. Fig. 9(b) and (c) is recovered by zero-filling re-
construction and iterative curvelet thresholding. We see that the
proposed method can recover the surfaces almost exactly from
the incomplete measurement. Fig. 9(d) is obtained to extract
the deep valleys directly from compressed measurement for
morphological assessment by the iterative curvelet thresholding
using an experiential threshold value. Here, we want to show
that it is also possible to directly extract scratched features (e.g.,
by using suitable thresholding) for metrology from the highly
incomplete random measurements without the need to recover
the full original surface first.

Now, we show the ability of the compressed measurement
based on the wave atom transform. Fig. 10(a) shows a very

noise surface. We consider measurement noises at the same
time. The sampling interval in the horizontal x- and y-directions
of the surface is 6.6 and 7.7 μm, and that in the vertical direction
is 1.2 μm. The number of sampling points is 256 × 256.
Fig. 10(b) is the wavelet-TV recovery. Fig. 10(c) and (d) shows
the surface with extracted scratches by curvelet thresholding
with 30 iterations and wave atom thresholding with five iter-
ations. Wave atoms are more sparse for such a textural surface.
The proposed compressed measurement methods are robust for
surfaces with noise and measurement errors.

Finally, it should be emphasized that random point under-
sampling with a factor of 0.25 (i.e., 25% measurements) from a
Cartesian grid in Fourier measurement space has been applied
in the above experiments. The Fourier measurements can eas-
ily be implemented by existing optical imaging instruments.
Fig. 11 shows an example for the sampling pattern with its
sampling probability density function. Various measurement
numbers would result in different accuracy and convergence to
some extent. Taking the honed surface (shown in Fig. 9) as an
example, Fig. 12 shows the comparisons of SNR and l1-norm
recovery errors as the number of iterations increases by using
undersampling measurement with a factor of 0.25 (shown as a
real line) and with a factor of 0.1 (shown as a dashed line).

Furthermore, Fig. 13 is an example showing how the accu-
racy of the retrieved surface is influenced, depending on the
number of samples, and showing when the proposed method
fails. Fig. 13 shows the changes of SNR and recovery errors
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Fig. 9. Compressed measurement for a honed surface of the automotive engine cylinder. (a) Original surface. (b) Zero-filling reconstruction. (c) Iterative curvelet
thresholding using linear decaying threshold values from the maximum value to zero. (d) Iterative curvelet thresholding using a suitable threshold values that does
not tend to zero.

as the number of measurements increases from 10% samples to
55% samples. The upper row shows the results by using the iter-
ative curvelet thresholding with 30 iterations and σ0 = 0.06. It
can be seen clearly that the minimum number of measurements
for this case is 30% of the samples so as to obtain a satisfying
recovery sequence. The lower row shows the results by using
50 iterations, where the case with 20% measurements is also
a satisfying point. Results are mainly related to measurement
matrices in the encoding step and parameters of the recovery al-
gorithm in the decoding step. Because the random measurement
strategy is used in our experiments, the measurement matrix is
different for each implementation, which also leads to a slight
different recovery to some extent. Normally, one can use less
iterative times for a case with more measurements. Once a
safe or quality-guaranteed number of measurements is used, the
proposed method can balance the cost of encode and decode
according to our practical requirements.

Other sampling trajectories, such as parallel-line, radial-line,
or spiral sampling, can also be applied for the compressed
measurement [31]. Furthermore, variable-density sampling can
be used to match the nonuniform energy distribution of surfaces
in the Fourier space. These complex sampling trajectories are
irregular in a non-Cartesian grid, which involves nonequispaced

Fourier transform. The choice of trajectory is application de-
pendent, where one has to consider surface characteristics
and instrumental considerations. In practice, we can choose
the sampling trajectories or measurement strategy obeying the
following rule: 1) There should be lower coherence to sparse
basis; 2) it should be easily implemented by measurement
instruments; and 3) a fast nonlinear recovery algorithm can be
applied for this sampling trajectory.

VI. CONCLUSION

This paper has considered a problem of surface metrology
with highly incomplete measurements. The novelty of this
paper includes the following two aspects.

1) A compressed measurement mechanism for surface
metrology was proposed, inspired by a new concept
named compressive sampling from information theorem,
which is used to solve undetermined ill-posed inverse
problems. The compressed metrology enables us to accu-
rately and robustly recover surfaces from an incomplete
set of measurements dictated by geometric and structured
features, rather than its Fourier bandwidth limited by the
Shannon sampling theorem. In particular, one only needs
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Fig. 10. Compressed metrology for a noise microscalar engineering surface. (a) Original surface. (b) Wavelet-TV recovery. (c) Iterative curvelet thresholding
with 30 iterations. (d) Iterative wave atom thresholding with five iterations.

Fig. 11. Random point undersampling with a factor of 0.25 from a Cartesian grid in the Fourier measurement space. (a) Sampling pattern (the white points
denotes sampling points). (b) Sampling probability density function (the upper subfigure is its 2-D density function and the lower subfigure is its 1-D center
profile, and the horizontal coordinate denotes the sample).
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Fig. 12. Comparisons of (a) SNR and (b) l1-norm errors as iterative number increases using different undersampling factors for the honed surface of an
automotive engine cylinder. The real line denotes the case using 25% measurements, and the dashed line denotes 10% measurements. The horizontal coordinate
denotes the number of iterations. The vertical coordinate denotes the value of SNR in (a) and recovery errors in (b).

Fig. 13. (a) and (c) SNR versus number of measurements (or sampling points). (b) and (d) Recovery errors versus number of measurements. The horizontal
coordinate denotes the ratio of number of measurements. The vertical coordinate denotes the value of SNR in (a) and (c) and recovery errors in (b) and (d). The
iterative curvelet thresholding with 30 iterations has been used for recovery in the upper row and with 50 iterations in the lower row.

O(S · log(N/S)) random measurement to recover an
S-sparse N ×N surface.

2) A convex-optimization solution with multiscale and mul-
tidirectional sparse constrains was provided for non-
linear recovery of the compressed measurements using
iterative curvelet/wave atom thresholding methods. The
proposed methods are particularly suitable for surfaces
with scratches and textures.

The CS makes us to rethink sensing mechanisms for surface
metrology. If surfaces are compressible in an appropriate trans-
form domain, we can design a sensing mechanism that are low
incoherent to this transform to sparsely measure the surfaces.
The technique can be applied to various instruments, such as
the stylus, CT, and SEM, and would be significant for ongo-
ing applications for precision engineering involving metrology,
tribology, physics, and medical and biological engineering.
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Finally, we present the following new directions and open
problems for compressed measurements in future research.

1) How can we design an optimal sampling scheme with
low-rate incoherent measurements for numerous real
surfaces?

2) How can we design CS measurement devices (e.g., an
optical imaging system) according the sampling scheme
that directly records compressed patterns for practical
applications?

3) Can we implement the wavelet transform or curvelet
transform by an optical measurement system? Can we
consider the sparse measurement in wavelet domain in-
stead of Fourier domain?

4) How can we speed up the decoding recovery algorithm?
5) How can we estimate roughness parameters (Ra,Rq,Rv,

etc.) directly from the compressed measurements while
do not need to recover full surface first?
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Compressed Sensing for Surface
Characterization and Metrology

Jianwei Ma

Abstract—Surface metrology is the science of measuring small-
scale features on surfaces. In this paper, a novel compressed
sensing (CS) theory is introduced for the surface metrology to
reduce data acquisition. We first describe that the CS is natu-
rally fit to surface measurement and analysis. Then, a geometric-
wavelet-based recovery algorithm is proposed for scratched and
textural surfaces by solving a convex optimal problem with sparse
constrained by curvelet transform and wave atom transform.
In the framework of compressed measurement, one can stably
recover compressible surfaces from incomplete and inaccurate
random measurements by using the recovery algorithm. The nec-
essary number of measurements is far fewer than those required
by traditional methods that have to obey the Shannon sampling
theorem. The compressed metrology essentially shifts online mea-
surement cost to computational cost of offline nonlinear recovery.
By combining the idea of sampling, sparsity, and compression, the
proposed method indicates a new acquisition protocol and leads to
building new measurement instruments. It is very significant for
measurements limited by physical constraints, or is extremely ex-
pensive. Experiments on engineering and bioengineering surfaces
demonstrate good performances of the proposed method.

Index Terms—Compressed sensing (CS)/compressive sampling,
curvelets, incomplete measurement, sparse recovery, surface char-
acterization, surface metrology, wave atoms.

I. INTRODUCTION

ENGINEERING surfaces are composed of multiscale
topographies, e.g., roughness, waviness, form errors, ran-

dom ridges/valleys, and peaks/pits. The functional topograph-
ical features impact directly on the mechanical and physical
properties of the whole system, such as wear, friction, lubri-
cation, corrosion, fatigue, coating, and paintability in many
disciplines, including tribology, fluid mechanics, optics, semi-
conductors, microelectronics, manufacturing, biology, and
medicine. For instance, during the functional operation of in-
teracting surfaces, peaks and ridges act as sites of high contact
stress and abrasion, whereas the pits, valleys, and scratches
(i.e., polish line or line-like wear) affect the lubrication and
fluid retention properties. Surfaces also play a vital role in
biology and medicine with most biological reactions occurring

Manuscript received March 5, 2008; revised May 4, 2009. This work was
supported by the National Natural Science Foundation of China under Contract
40704019 and the Tsinghua Basic Research Fund under Contract JC2007030.
The Associate Editor coordinating the review process for this paper was
Dr. Emil Petriu.

The author is with the School of Aerospace, Tsinghua University, Beijing
100084, China, and also with the Centre de Geosciences, Ecole des Mines de
Paris, 77305 Fontainebleau, France (e-mail: jma@tsinghua.edu.cn).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIM.2009.2027744

on surfaces and interfaces, in vivo. Surface metrology has also
been used to support scientific discoveries in a variety of fields,
including anthropology, archeology, geology, and biochemistry.
Therefore, a highly accurate measurement, characterization,
and metrology is an important issue for corresponding func-
tional analysis [28], [29], [32], [33], [50].

Multiple methods were implemented to measure different
characteristics, including engineering surfaces [50]. Methods
including scan, ultrasonics, and scatter have also been devel-
oped. For instance, the metrological freak diffractometer based
on the scattering method images the source in the Fourier trans-
form plane: speckle techniques and holographic techniques for
roughness measurement. Recent instruments including scan-
ning electron microscope (SEM), scanning tunneling micro-
scope, atomic force microscope, magnetic force microscopy,
computer tomography (CT), and magnetic resonance imaging
(MRI) have largely improved part of restrictions of conven-
tional methods for different physical and medical applications.
The versatility of instruments has allowed many different sur-
face experiments to be carried out. These include the mea-
surement and detection of growth in biological specimens,
the initiation of some chemical reactions, the machining of
substrates, and the microfabrication and movement of material
around the surface.

All the aforementioned methods fall into direct measuring
(e.g., stylus methods measure the roughness in space domain)
and indirect measuring (e.g., CT and MRI collect data in the
radon and Fourier transform domains, respectively). We pro-
pose here another approach named compressed measurement.

The traditional strategy of surface characterization (denois-
ing, compression, feature extraction, etc.) and metrology re-
quires exact measurements of full surface, computation of the
complete set of filtering coefficients, selection of the significant
coefficients, and reconstruction of these coefficients to get a
required surface [28], [29], [32], [33]. Most existing methods
for surface characterization and metrology follow this rule.
However, very often, the number of measuring sensors may
be limited by physical constraints, the measurements may be
extremely expensive, or the sensing process may be slow so that
one can only measure the object for a few times. The traditional
strategy is extremely wasteful of the massive data acquisition
and measuring time. Therefore, many researchers are seeking
for methods of how one can reduce the amount of acquired data
without degrading the metrology quality.

A novel theory named compressed sensing (CS) or com-
pressive sampling has been proposed by Candès et al. [5]–[8]
and Donoho [20] to answer the question of data acquisition.
The basic principle of CS is that sparse or compressible

0018-9456/$26.00 © 2009 IEEE
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signals can be reconstructed from a surprisingly small set
of measurements. Different from the classical Shannon sam-
pling theorem or Nyquist rate, the sampling rate must be at
least twice the maximum frequency presented in the signals;
the CS says that one can recover certain signals from far
fewer measurements than traditional methods use if the signals
themselves are compressible. The term “compressible” means
that the signals are sparse or transformed sparse, i.e., there
are only very limited pixels or transformed coefficients with
nonzero values. Actually, most natural and real-life surfaces are
compressible in some fixed transforms such as discrete cosine
transform, wavelet transform [14], [26], curvelet transform
[11], [12], and wave atom transform [17]. A few potential
applications of the CS theorem have been made in compres-
sive imaging, wireless sensing networks, analog-to-information
conversion, biosensing for deoxyribonucleic acid microarrays,
etc. For details, we refer readers to several review papers
[2], [9], [10].

Roughly speaking, if surfaces exhibit transform sparsity, and
if incomplete measurements result in incoherent artifacts in the
transform domain, then the surfaces can be recovered from
the incomplete measurement by appropriate nonlinear recovery
methods. In particular, if one measures linear combinations of
Fourier coefficients (called K-space measurement blow), CS
claims that the real surfaces can be accurately reconstructed
from a small measured subset of K-space, rather than an entire
K-space. In this paper, based on directional wavelet frames,
we apply the idea of CS to surface metrology, renamed com-
pressed measurement or compressed metrology, which directly
concerns geometric and structural features instead of pixel’s
information of surfaces.

The CS theory requires the following three aspects.

1) The desired surfaces are compressible, i.e., they have
sparse representation in a known transform domain. In
fact, real surfaces are naturally compressible in an appro-
priate transform. Here, we mainly care about the surfaces
with scratches that are sparse in the curvelet transform
domain and the surfaces with textures that are sparse in
the wave atom domain.

2) The measurement matrices should be noise-like
incoherent/uncorrelative to the sparse transforms.
Normally, the measurement matrices can be taken
as random matrices that are incoherent to almost all
sparse transforms. CS combines the idea of sampling
and compression, which can lead to build simpler and
cheaper measurement instruments for metrology in many
fields. How the measuring matrices are designed would
indicate a design of new measurement instruments.

3) A nonlinear CS recovery algorithm, particularly an
iterative curvelet/wave atom thresholding, is applied
by solving a convex-optimization problem with sparse
constrains.

It should be emphasized that the theme in this paper is totally
different from our previous work in [32], [33], [35], and [36].
In previous work, we focus on surface sparse representation
and feature extraction using sparse transforms. In this paper,
we focus on imaging or measurement mechanism by apply-

ing a new mathematical theory named CS. The compressed-
sensing measurement includes the following two steps: 1) on-
line encoding measurement and 2) offline decoding recovery.
In the offline recovery step, we also need to use some sparse
transforms to build a sparse-promoting nonlinear recovery al-
gorithm. In this paper, the sparse transforms are hired by an
iterative thresholding framework for compressed-sensing re-
covery, instead of feature extraction. The sparse representation
by curvelets and wave atoms addressed in previous papers [35],
[36] can be seen as prior knowledge in the compressed-sensing
measurement.

In the remainder of this paper, we first introduce the CS
theory from the point of view of mathematics in Section II. In
Section III, we describe that the curvelet transform and wave
atom transform naturally fit for sparse representation of textural
surfaces. Surfaces can be recovered stably by the proposed
iterative curvelet and wave atom thresholding described in
Section IV. Experiments on the compressed measurement for
various surfaces are given in Section V. Finally, conclusions
and a few new directions are drawn in Section VI.

II. ENCODE: COMPRESSED MEASUREMENT

CS handles a fundamental problem of recovering a finite sig-
nal x from a limited set of random measurements y. This theory
indicates that one can only do part of random measurements
of engineering surfaces, instead of high-density measurements
limited by the Shannon sampling theorem, to carry out highly
accurate metrology. Let Φ ∈ CK,N , K � N be a so-called
CS measurement matrix. Typical examples of the measure-
ment matrices are Fourier transform F followed by a random
undersampling operator R. The problem can be described as
[6], [8]

y = Φx+ ε = RFx+ ε. (1)

Here, ε denotes the possible measurement errors or noise. Most
of the time, x is not sparse in the space domain but is sparse in
the transform domain by a basis Ψ (i.e., x is transform sparse
or compressible if the most coefficients concentrate near zeros).
In this case, one can write (1) as

y = ΦΨϑ+ ε. (2)

To recover the sparse coefficient ϑ, one solves an optimiza-
tion problem by constructing the following cost function to be
minimized:

min
ϑ

{
‖y − Ãϑ‖2 + λ

N∑
i

p (|ϑi|)
}
, Ã = ΦΨ. (3)

Here, the first term denotes preserving information by measur-
ing how close the decoding solution is to the input information.
The second term is a regularization that represents a priori
sparse information of original signals. The p is a function of ϑ,
and λ is a positive constant that determines the importance
of the regularization term. This problem can also be solved
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Fig. 1. One-dimensional sample for compressed sensing. (a) Original unknown signal. (b) Randomly measured signal. (c) Recovered signal by compressed
sensing. The horizontal coordinate denotes sampling point, and the vertical coordinate denotes amplitude of the signal.

by l1-minimization, which is also known as basis pursuit with
inequality constraints and is described by [6]

min
ϑ

‖ϑ‖l1 , subject to ‖Ãϑ− y‖l2 ≤ ε. (4)

If without considering the noise ε, the convex optimization
problem is a linear programming known as basis pursuit [5],
which is given by

min
ϑ

‖ϑ‖l1 , subject to Ãϑ = y. (5)

It seems hopeless to solving the underdetermined equations
since the rows are much fewer than the columns in Ã. However,
the CS has told us that if the signal x is sparse or compressible,
the underdetermined system of equations can be exactly solved.
Supposing that there are S nonzero coefficients (i.e., so-called
S-sparse, ‖ϑ‖l0 = S � N ), one just needs measurement num-
bers K in Fourier space with frequencies selected randomly,
satisfying

K ≥ C · S · logN. (6)

Let us first look at a 1-D example to understand the idea of
CS. Assume that one has an unknown signal with N = 128
sampling points and S = 16 nonzero values, as shown in

Fig. 1(a). The numbers, positions, and values of the nonzero
values are unknown in our experiment. One cannot use such
information but can discover this information by the example
algorithm. The a priori knowledge used is that the signal is
sparse in the space domain. For instance, one considers a
64 × 128 measurement matrix Φ (i.e., K = 64) assembled
by random numbers to measure the 1-D original unknown
signal shown in Fig. 1(a). Each measurement, mathematically
speaking, equals to an inner product of a row of the measure-
ment matrix and the unknown signal. The measurements can
be repeated up to 64 times using the different rows of the
measurement matrix. Fig. 1(b) shows the measurement results.
The CS says that one can exactly recover the unknown signal
from these randomly measurements using nonlinear recovery
methods. Fig. 1(c) displays a recovered signal from the incom-
plete measurements by using a so-called gradient projection
for sparse reconstruction (GPSR) method proposed in [24].
The recovered signal is almost the same as original signal (the
mean-square error MSE = 9.087e − 006). Of course, for most
applications, the usable a priori knowledge is the sparsity of
signals in the transform domain instead of in the space domain.
The surfaces that we handle in this paper are sparse in the
curvelet and wave atom domains.
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Naturally, the following two basic questions arise: 1) What
are good CS matrices and how may measurements are required
for successful reconstruction and 2) what are the most efficient
decoder or recovery algorithm to solve the optimal problem?

To answer the first question, Candès et al. [5], [6] proposed
a sufficient condition named restricted isometry property (RIP)
for CS matrices. A measurement matrix Φ satisfies the RIP of
order S with constant δS ∈ (0, 1), if

(1 − δS)‖x‖2
l2
≤ ‖ΦTx‖2

l2 ≤ (1 + δS)‖x‖2
l2
,

x ∈ RN ; ‖T | ≤ S. (7)

Here, ΦT , T ⊂ 1, . . . , N , denotes the K × |T | submatrix ob-
tained by extracting the columns of Φ corresponding to the
indices in T . The RIP says that the mapping Φ acts like an isom-
etry on S-space vectors. It requires that every set of columns
with cardinality less than S approximately behaves like an
orthonormal system. A measurement matrix Φ satisfying the
RIP ensures the exact and unique recovery to be obtained.

Furthermore, for compressible signals, a good measurement
matrix should also be incoherent in the sparse basis. The greater
incoherence of the measurement/sparsity pair (Φ,Ψ) there is,
the smaller the number of measurements will be needed. Sup-
posing that Φ is obtained by selecting K rows uniformly at
random from anN ×N orthonormal matrix and renormalizing
the columns so that they are unit normed, one has

S ≤ C · 1
υ2

· K

(logN)4
(8)

where υ :=
√
N max1≤i,j≤N |〈φi, ϕj〉|(φi ∈ Φ, ϕj ∈ Ψ) is re-

ferred to as the mutual coherent between the measurement
basis Φ and the sparsity basis Ψ. Generally, υ(Φ,Ψ) ∈
[1,

√
N ]. In particular, υ = 1 when Φ is the canonical or

spike basis φm(t) = δ(t−m) and Ψ is the Fourier basis
ϕj = N−1/2ei2πjt/N . That is to say, if Φ is a partial Fourier
matrix obtained by selecting K rows uniformly at random,
we have S ≤ C ·K/(logN)4. It has been known that noiselet
measurement Φ and Haar wavelets Ψ have mutual coherent υ =√

2; noiselet measurement and Daubechies DB4 wavelets have
υ =

√
2.2 [9]. Normally, one can choose random measurement

matrices, which are largely incoherent to any fixed basis Ψ.
The known CS measurement matrices Φ satisfying the RIP are
random matrices, including Gaussian, Bernoulli, and random
partial bounded orthogonal matrices. Recently, how a determin-
istic and explicit measurement matrix is constructed has been
concerned by De Vore [18] and Indyk [27]. How the design
of the measurement matrices that need fewer measurement is
optimized was also emphasized by Elad [22].

Assuming that the measurement matrix Φ is an identity
matrix I (i.e., without undersampling) and Ψ is a wavelet
transform, the problem in (3) degenerates to the well-known
wavelet regularization (see, e.g., [1]). This regularization is
closely related to wavelet thresholding. Specifically, if the
penalty function is taken as l1 penalty p(|ϑ|) = |ϑ|, the solution
is a wavelet soft-thresholding rule; if the penalty function is
given by pλ(|ϑ|) = λ2 − (|ϑ| − λ)2I(|ϑ| < λ), the solution is
a hard-thresholding rule.

In addition to satisfying the RIP condition, the choice of Φ
depends on the physics of measurement problem. For example,
in the case of scattered field, the electric field integral equa-
tions (operator Φ) are used for recovering the scatter geometry
(signal x) from the randomly incomplete measured scattered
field (signal y). In this paper, we consider an optical mea-
surement system for frequency K-space measurements. The
prior knowledge that we used in the framework of compressed
measurement is that most scratched and textural surfaces can be
sparsely represented by a Ψ called curvelet or wave atom trans-
form. We proposed an iterative curvelet or wave atom thresh-
olding as a nonlinear recovery algorithm for the compressed
measurements. Now, the measurement matrix Φ is a random
sampling of Fourier coefficients of engineering surfaces, and
original unknown surfaces or features x can be recovered from
the measurements y by using the offline iterative thresholding
methods. It is also possible to directly reconstruct the wanted
features for metrology without the need to recover the full
surface. The compressed measurement is a simple and efficient
signal acquisition protocol with samples at a low rate and later
uses computational power for optimal reconstruction from the
incomplete set of measurements. The compressed measurement
essentially shifts online measuring cost into offline computa-
tional cost of nonlinear recovery. Therefore, this metrology
strategy can be called as computational metrology. Many ex-
isting sparse transforms and nonlinear optimal algorithms can
be incorporated into the compressed measurement for various
engineering surfaces.

III. SPARSITY IN CURVELET AND WAVE ATOM DOMAINS

Sparse transforms have successfully been applied for surface
metrology. An early method to be used as a filter is a Gaussian
or spline filter. Although it has been widely used in surface
metrology, the technique is insufficient in addressing the non-
stationary and multiscale nature of rough surfaces. Applications
of wavelets on surfaces analysis have become an increasing
interest (see, e.g., [13], [28], [29], and [44] among a vast amount
of current literature). The main advantages of wavelet-based
methods are space–frequency localization and multiscale view
of the features of surfaces. Unfortunately, traditional wavelets
are not optimal to analyze surfaces with scratches or textures
because wavelets ignore geometric properties of edges and
textures, which leads to strong oscillating artifacts along the
scratches of roughness (see [32]). Recently, Ma et al. [32]–
[36] proposed a series of so-called artifact-free characteristic
methods based on geometric wavelets. In particular, ridgelets,
curvelets, and wave atoms have been applied to extract straight
scratches, curve scratches, and textures from surfaces, re-
spectively. It should also be noted that from another way,
Brown et al. [4] considers the multiscale metrology by using
a so-called scale-sensitive fractal analysis, which was recently
used to characterize dental microwear textures in fossil hominid
to understand the diets and evolution of our lineages [46]. How-
ever, the use of sparsity in inverse problems on data recovery is
the most recent step.

Following the previous work on sparse representation of
surfaces based on curvelets and wave atoms, we extend these
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Fig. 2. (left) Window U0(ξ). (right) Its support.

sparse transforms to compressed measurement, which is a
special inverse problem on recovery of incomplete data.

A. Curvelets for Surfaces With Scratches

Curvelet transform allows an optimal sparse representation
of objects with C2 singularities. The needle-shape elements
of this transform own very high directional sensitivity and
anisotropy. For a smooth object f with discontinuities along
smooth curves, the best m-term approximation f̃m by curvelet
thresholding obeys ‖f − f̃m‖2

2 ≤ Cm−2(logm)3, while for
wavelets, the decay rate is only m−1. Surprising performance
has been shown in the fields of image processing, see, e.g.,
[35], [37], [38], [47]. It essentially obeys a parabolic scaling
law between the width and length of an element (width ≈
length2) and directional sensitivity (orientations = 1/

√
scale).

See Fig. 1 (left) for an example of curvelet elements. Thus, it
is good to characterize surfaces with general scratches. Several
curvelet-like geometric multiscale transform, e.g., bandlets [43]
and contourlets [19], have also been proposed to restore the
curve singularities in a different way.

In the following, we give an outline for the second-generation
discrete curvelet transform (DCuT) [11], [12], which is
considerably simpler to use than the original first-generation
formulation based on the block ridgelet transform. The
second-generation DCuT is implemented by means of special
frequency-window partitions. For details on curvelets, we refer
to recent review papers [39], [40].

Let V (t) and W (r) be a pair of smooth nonnegative real-
valued window functions such that V is supported on [−1, 1]
and W on [1/2, 2]. The windows satisfy the admissibility con-
ditions

∑∞
l=−∞ V 2(t− l) = 1, t ∈ R,

∑∞
j=−∞W 2(2−jr) = 1,

r > 0. These conditions are satisfied, taking, e.g., the scaled
Meyer windows [38], i.e.,

V (t) =

⎧⎨⎩ 1, |t| ≤ 1/3
cos

[
π
2 ν (3|t| − 1)

]
, 1/3 ≤ |t| ≤ 2/3

0, else

W (r) =

⎧⎪⎨⎪⎩
1, 5/6 ≤ r ≤ 4/3
cos

[
π
2 ν(5 − 6r)

]
, 2/3 ≤ r ≤ 5/6

cos
[

π
2 ν(3r − 4)

]
, 4/3 ≤ r ≤ 5/3

0, else

where ν is a smooth function satisfying

ν(x) =
{

0, x ≤ 0
1, x ≥ 1 , ν(x) + ν(1 − x) = 1; x ∈ R.

Let the Fourier transform of f ∈ L2(R2) be defined by
f̂(ξ) := (1/2π)

∫
R2 f(x)e−i〈x,ξ〉dx. Now, for j ≥ 0, let the

window Uj(ξ), ξ = (ξ1, ξ2) ∈ R
2 in the frequency domain be

given by

Uj(ξ) = 2−3j/4W
(
2−j |ξ|)V (2
j/2�θ), ξ ∈ R

2

where (|ξ|, θ) denotes the polar coordinates correspond-
ing to ξ. The support of Uj is a polar wedge deter-
mined by supp W (2−j ·) = [2j−1, 2j+1] and supp V (2
j/2�·) =
[−2−
j/2�, 2−
j/2�]. Fig. 2 shows an example of the window U0

and its support [38].
The system of curvelets is now indexed by the follow-

ing three parameters: 1) a scale 2−j , j ∈ N0; 2) an equi-
spaced sequence of rotation angles θj,l = 2πl · 2−
j/2�, 0 ≤ l ≤
2
j/2� − 1; and 3) a position x(j,l)

k = R−1
θj,l

(k12−j , k22−
j/2�)T ,

(k1, k2) ∈ Z
2, where Rθj,l

denotes the rotation matrix with
angle θj,l. The curvelets are defined by

ϕj,l,k(x) := ϕj

(
Rθj,l

(
x− x

(j,l)
k

))
, x = (x1, x2) ∈ R

2

where ϕ̂j(ξ) := Uj(ξ), i.e., Uj is the Fourier transform of ϕj .
Observe that in the spatial domain, ϕj,l,k rapidly decays outside

of a 2−j by 2−j/2 rectangle with center x(j,l)
k and orientation

θj,l with respect to the vertical axis (see Fig. 3). Fig. 4 shows
the support of windows at different scales and orientations. The
wedges are longer and thinner with growing j. Corresponding
to the time domain, curvelets have a well-localized needle-
shaped form.

For simplification, let μ = (j, l, k) be the collection of the
triple index. The system of curvelets (ϕμ) forms a tight
frame in L2(R2), i.e., each function f ∈ L2(R2) can be repre-
sented by

f =
∑

μ

cμ(f)ϕμ.
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Fig. 3. Elements of (left) curvelets and (right) wave atoms in the spatial domain.

Fig. 4. Supports of frequency windows for (dark grey) ϕ2,0,k and ϕ2,5,k ,
(light grey) ϕ3,3,k , ϕ3,6,k and ϕ3,13,k , and (grey) ϕ4,0,k and ϕ4,11,k .

Using Parseval’s identity, the curvelet coefficients are given by

cμ(f) := 〈f, ϕμ〉 =
∫
R2

f̂(ξ)ϕ̂μ(ξ)dξ

=
∫
R2

f̂(ξ)Uj

(
Rθj,l

ξ
)
e
i
〈

x
(j,l)
k

,ξ
〉
dξ. (9)

The algorithm of forward 2-D DCuT is given as follows.
1) Apply a 2-D fast Fourier transform (FFT) to compute the

Fourier coefficients f̂ of f .
2) Compute the product f̂Uj .
3) Apply the inverse 2-D FFT to obtain the discrete coeffi-

cients cμ(f).
The forward and inverse DCuTs have the same computa-

tional cost of O(N2 logN) for an (N ×N) image. The redun-
dancy of the curvelet transform is about 2.8 when wavelets are
chosen at the finest scale, and 7.2 otherwise (see, e.g., [12]).

B. Wave Atoms for Surfaces With Oriented Textures

However, curvelets are not optimal for oscillatory textures;
thus, they are not good to characterize surfaces with oriented

textures, e.g., engineering surfaces by grinding, milling, polish-
ing, and honing.

Very recently, Demanet and Ying [17] introduced the so-
called wave atoms, which are a variant of 2-D wavelet packets
and obey the parabolic scaling of curvelets (see Fig. 3, right).
The warped oscillatory functions or oriented textures have a
significantly sparser expansion in wave atoms than in other
fixed standard representations like Gabor filters, wavelets, and
curvelets. The texture-shape elements of wave atoms capture
not only the coherence of the pattern along the oscillations like
curvelets, but also the pattern across the oscillations. Fig. 3
shows the difference between the elements of the curvelets and
wave atoms. The texture-shape elements of wave atoms also
own very high directional sensitivity and anisotropy. Obviously,
it is natural to apply the wave atoms for characterization of
surfaces with oriented textures.

Let us define wave atoms as ϕμ(x), with the sub-
script μ = (j,m, n) = (j,m1,m2, n1, n2) indexing a phase-
space point (xμ, ωμ) by xμ = 2−jn, ωμ = π2jm, C12j ≤
maxi=1,2 |mi| ≤ C22j , where C1 and C2 are two positive
constants. Then, the elements of a frame of wave packets ϕμ

are called wave atoms when

|ϕ̃μ(ω)| ≤CM · 2−j
(
1 + 2−j |ω − ωμ|

)−M

+ CM · 2−j
(
1 + 2−j |ω + ωμ|

)−M
(10)

|ϕμ(x)| ≤CM · 2j
(
1 + 2j |x− xμ|

)−M
, M > 0. (11)

The oscillations within the envelope of a wave atom in x have
a wavelength ∼ 2−2j .

Let g be a real-valued continuous function with support
included in [−7π/6, 5π/6] and such that for |ω| ≤ π/3,
g((π/2) − ω)2 + g((π/2) + ω)2 = 1 and g(−(π/2) − 2ω) =
g((π/2) + ω). Define v as the inverse Fourier transform
v(t) = (2π)−1

∫
g(ω)eiωtdω, and

ψ0
m(t) = 2Re

{
eiπ(m+ 1

2 )tv

(
(−1)n

(
t− 1

2

))}
. (12)



MA: COMPRESSED SENSING FOR SURFACE CHARACTERIZATION AND METROLOGY 7

The Fourier transform of ψ0
m is given by [17], [49]

ψ̂0
m(ω) = e−iω/2

[
eiαmg

(
εm

(
ω − π

(
m+

1
2

)))

+e−iαmg

(
εm+1

(
ω + π

(
m+

1
2

)))]
. (13)

Here, εm = (−1)m, αm = (π/2)(m+ (1/2)), and∑
m |ψ̂0

m(ω)|2 = 1.
Write basis functions as ψj

m,n(x) = ψj
m(x− 2−jn) =

2j/2ψ0
m(2jx− n). Then, coefficients of the transform can be

obtained by

cj,m,n =
∫
ψj

m,n(x)f(x)dx =
1
2π

∫
ei2−jnωψ̂j

m(ω)f̂(ω)dω.

(14)

Assuming that the function is discretized at xk = kh, h = 1/N ,
k = 1, . . . , N , we have

cj,m,n � 1
2π

∑
k=2π(−N/2+1:1:N/2)

ei2−jnkψ̂j
m(k)f̂(k). (15)

The 2-D extension can be formed by the following products:

ϕ+
μ (x1, x2) =ψk

m1

(
x1 − 2−jn1

)
ψk

m2

(
x2 − 2−jn2

)
ϕ−

μ(x1, x2) =Hψk
m1

(
x1 − 2−jn1

)
Hψk

m2

(
x2 − 2−jn2

)
where H is the Hilbert transform. The combinations ϕ(1)

μ =
(ϕ+

μ + ϕ−
μ)/2 and ϕ

(2)
μ = (ϕ+

μ − ϕ−
μ)/2 form the wave atom

frame and be denoted jointly as ϕμ [17].
The algorithm can be implemented by the following three

steps: 1) Apply 2-D FFT for f(xk); 2) wrap the product ψ̂j
mf̂ by

periodicity inside the interval [−2jπ, 2jπ] for each (j,m); and
3) perform the inverse 2-D FFT. The computational complexity
of wave atom transform is O(N2 logN).

IV. DECODE: NONLINEAR SPARSE RECOVERY

In the last two years, a few iterative algorithms, e.g., or-
thogonal matching pursuit [48], gradient projection [24], and
iterative thresholding algorithms [3], [15], [16], [25], [42], have
been proposed by mathematicians to exactly reconstruct the
x in (1) or ϑ in (2). In this paper, we follow the way of
iterative thresholding since this methodology is considerably
robust and simple to be implemented. In particular, the iterative
curvelet thresholding and wave atom thresholding are applied
for surfaces with scratches and textures, respectively.

Related algorithms on iterative thresholding have been pre-
sented for constrained optimization problems by a few re-
searchers (see, e.g., [15], [16], [25], and [42]). For instance,
Daubechies et al. [15] presented an iterative thresholding al-
gorithm for wavelet regularization (i.e., inverse problem with
wavelet sparse constrains). However, in this seminal paper,
the problems of undersampling or partial measuring were not
considered. Peyré [42] proposed iterative thresholding with best

basis constrains for CS to recover images. We observed that
the iterative thresholding is quite related to nonlinear inverse
diffusion or the so-called inverse scale space method [51]. We
will describe the connections between our proposed method
with the inverse diffusion equation elsewhere.

Let us have a look at the motivation of the iterative thresh-
olding for recovery of linear inverse problems. If without
undersampling (i.e., Φ ∈ CN,N ), one can recover x by x =
Φ−1y − Φ−1ε. Very frequently, Φ corresponds to a low-pass
filtering so that Φ−1ε magnifies the noises, which leads to an
ill-posed inverse problem. The iterative thresholding essentially
deals with the inverse problem as an iterative denoising. In
fact, the iterative thresholding was initially presented as an
expectation–maximization algorithm for image deconvolution
[24]. Convergence of iterative thresholding algorithm can be
found in [15]. The algorithm only requires matrix–vector mul-
tiplications of Φ and ΦT , and it is based on bounding the
matrix ΦT Φ by a diagonal matrix D (i.e., D − ΦT Φ is positive
semidefinite), and thus, the solution of (3) can be obtained by a
sequence of simpler denoising. A wide-angle review of iterative
thresholding algorithms involving denoising, deconvolution,
and CS can be found in [23].

Define the following thresholding function:

Sτ (f,Ψ) =
∑

μ

τ (cμ(f))ϕμ (16)

where τ can be taken as a soft-thresholding function defined by
a fixed threshold σ > 0, i.e.,

τs(x) =

{x− σ, x ≥ σ
0, |x| < σ
x+ σ, x ≤ −σ

or a hard-thresholding function, i.e.,

τh(x) =
{
x, |x| ≥ σ
0, |x| < σ

or the continuous garrote thresholding, i.e.,

τg(x) :=
{
x− σ2

x , |x| ≥ σ
0, |x| < σ

which may be a good choice where large coefficients nearly
remain unaltered.

By solving a minimization of surrogate function [15], [42],
one can obtain the solution by iterating the thresholding func-
tion, i.e.,

Sτ

(
x+ ΦT (y − Φx),Ψ

)
. (17)

Outline the algorithm as follows.

1) Initialization: set the iterative number p = 0 and initial
value x0 = 0 or a zero-filling reconstruction by interpo-
lating zeros for missed samples [30].

2) Update the estimation

x̃p = xp + ΦT (y − Φxp).
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3) Apply curvelet/wave atom thresholding for the estimation

xp+1 = Sτ (x̃p,Ψ).

4) Iteration: if ‖xp+1 − xp‖ > ε, then set p+ 1 to p and go
to step 2; otherwise, stop iterations.

5) Alternatively, in the last several iterations or after all
iterations, one can apply total variation (TV)-synthesis
y curvelet/wave atom thresholding [35], [38], which
can suppress the pseudo-Gibbs artifacts (small high-
frequency oscillatory due to false reconstruction of fine-
scale coefficient components) and element-like artifacts
while preserving the discontinuous edges and features.
Here, the TV of a function f with |∇f ∈ L1(Ω)| is de-
fined by TV(f) =

∫
Ω |∇f(ζ)|dζ [45]. The thresholding

is posed as an optimization problem involving the total
variation norm and a constraint on the curvelet space. It
can be interpreted as a projected iterative thresholding.
Essentially, the TV minimization keeps the significant
coefficients unchanged and does not set the insignificant
coefficients to zero as conventional shrinkage does but
typically makes it optimal small to eliminate the artifacts.

The threshold value σ is dependent on practical problems.
The question on how to choose the σ optimally for specific
metrology is open. Normally, one can use a uniform threshold
value or an updating threshold value through iterations. Re-
cently, the iterative curvelet thresholding has also been applied
to deblurring problems with highly incomplete measurements
in the field of remote sensing [41].

The iterative thresholding produces a sequence of inverse
scale space, which starts from the measurement data (or an
initial value with zeros) and approaches the real surfaces as iter-
ation increases. If we use linear decaying threshold values, the
produced recovery sequence changes from smooth space to fine
space. If the iteration is stopped at a suitable time, large-scale
features may already be incorporated into the reconstruction,
while fine-scale features are still missing.

It should be noted that one can apply orthogonal wavelets
in this framework for surfaces with point features. A nonlinear
conjugate gradient has been used for such a wavelet case in
medical magnetic resonance imaging [30].

V. NUMERICAL EXPERIMENTS

Real surfaces are naturally compressible by suitable coding
in an appropriate transform domain. For example, surfaces
with peaks/pits are sparse in the wavelet domain, and sur-
faces with straight scratches are compressible in the ridgelet
domain [34], while surfaces with curve scratches have better
compressible in the curvelet domain. So far, the sparse repre-
sentation and decomposition of engineering surfaces has been
addressed much in the literature (see, e.g., [13], [28], [29],
[32], [34]–[36], and [44]). Fig. 5(a) shows a typical example: a
worn metallic femoral head of biomedical orthopedic implant.
This surface has a sparse representation in the wavelet frame
domain. Fig. 5(b) and (c) presents the partial reconstruction
using the largest 1% wavelet and curvelet coefficients. The

Fig. 5. Partially sparse reconstruction of a raw surface topography measured
from a metallic joint head implant. (a) Original surface. (b) Reconstructed
surface by 1% largest wavelet coefficients. (c) Reconstructed surface by 1%
largest curvelet coefficients.
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Fig. 6. Compressed measurement for a standard textural data. (a) Original data. (b) Zero-filling reconstruction. (c) Wavelet-TV recovery. (d) Recovery by the
proposed method. (e) and (f) Removed components by (c) and (d). (g) and (h) SNR and recovery errors versus number of iterations. The horizontal coordinate in
(g) and (h) denotes the number of iterations, and the vertical coordinate denotes SNR in (g) and recovery errors in (h).

curvelet partial reconstruction has better performance than
wavelet reconstruction. Curvelet transform preserves the edges
of scratches, while the wavelet transform results in oscillation
artifacts along the edges. The good compressibility of surfaces

in the directional wavelet domain makes it possible to apply the
CS for surface metrology.

In the first example, we apply the proposed compressed
measurement method for a “Lena” image that is a standard
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Fig. 7. Compressed measurement for a raw joint surface. (a) Original surface. (b) Zero-filling reconstruction. (c) l1 − TV recovery. (d) recovery by the proposed
method.

textural data. Fig. 6(a) shows the original data. We consider
the 25% partial random measurement in the Fourier space
[30]. The measurement sampling strategy will be emphasized
at the end of this section. Fig. 6(b) is a zero-filling recon-
struction from the incomplete K-space measurement. Fig. 6(c)
is obtained using wavelet-TV recovery, i.e., solving minimiza-
tion of ‖ϑ‖l1 + TV(x), subject to ‖Ãϑ− y‖ ≤ ε by a nonlin-
ear conjugate gradient method [30]. The signal-to-noise ratio
(SNR) achieved is 28.84 dB. Fig. 6(d) is the recovery data
using our iterative curvelet thresholding, where we take the
zero-filling reconstruction as an initial data and use a linear
decaying threshold value σ0(1 − n/M), in which M = 70 is
the total number of iterations, n is an index of iterations,
and the initial threshold σ0 = 0.05. The SNR of the recov-
ered image is 41.21 dB. Fig. 6(e) shows the lost components
(i.e., the difference between the recovery and original data)
by the wavelet-TV method. Fig. 6(f) shows the lost compo-
nents by the proposed method. It can clearly be seen that
the proposed method recovers the edges and textures much
better than other methods. Fig. 6(g) shows the changes in
the SNR as the number of iterations increases, and Fig. 6(h)
shows the changes of l1-norm errors between the recovery

and original data (i.e., ‖x− x0‖l1 ) as the number of iterations
increases.

After the encouraging results on modeling examples, we
show the abilities of the proposed method to extract and recover
scratches from microscalar surfaces of biomedical implanted
joints. The metrology of the surfaces is related to biological
compatibility and life expectancy of joints. Fig. 7(a) displays
a raw surface topography from a worn metallic joint head
with morphological structures consisting of roughness and
deep scratches. The sampling interval in the horizontal x- and
y-directions of the surface is 0.952 and 0.817 μm, and that in
the vertical direction is 1 μm. The number of sampling points
is 240 × 368. We again use the K-space random measurement
matrix. Fig. 7(b) is the zero-filling reconstruction, and Fig. 7(c)
is the l1-TV reconstruction, i.e., solving the minimization of
‖x‖l1 + TV(x), subject to ‖Φx− y‖ ≤ ε [6], [30]. Fig. 7(d) is
the recovery by our iterative curvelet thresholding. Again, we
show the performance of the proposed method for a surface
measured from another worn femoral head of orthopedic im-
plant shown in Fig. 8(a). Fig. 8(b)–(d) is obtained by zero-filling
reconstruction, l1-TV, and our iterative curvelet thresholding,
respectively. Our method recovers the scratches very well. It
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Fig. 8. (a) original surface. (b) zero-filling reconstruction. (c) l1-TV recovery. (d) Recovery by the proposed method.

should be noted that a K-space measurement noise (produced
by 0.05 times of random numbers) is considered in the two tests
above.

Other engineering surfaces are also considered. Fig. 9(a)
shows a honed surface of an automotive engine cylinder. The
sampling interval in the horizontal x- and y-directions of the
surface is 16 and 16 μm, and that in the vertical direction
is 5.3 μm. The surface including the form, waviness, and
roughness components that almost submerge the main features
of the deep valleys or pits. Usually, the most important features
that affect the performance of the cylinder are deep valleys
whose distribution and amplitude will considerably influence
the flow of gas or air in a pressure balance of an engine.
Detection of these features is also useful for online manufacture
monitoring. Fig. 9(b) and (c) is recovered by zero-filling re-
construction and iterative curvelet thresholding. We see that the
proposed method can recover the surfaces almost exactly from
the incomplete measurement. Fig. 9(d) is obtained to extract
the deep valleys directly from compressed measurement for
morphological assessment by the iterative curvelet thresholding
using an experiential threshold value. Here, we want to show
that it is also possible to directly extract scratched features (e.g.,
by using suitable thresholding) for metrology from the highly
incomplete random measurements without the need to recover
the full original surface first.

Now, we show the ability of the compressed measurement
based on the wave atom transform. Fig. 10(a) shows a very

noise surface. We consider measurement noises at the same
time. The sampling interval in the horizontal x- and y-directions
of the surface is 6.6 and 7.7 μm, and that in the vertical direction
is 1.2 μm. The number of sampling points is 256 × 256.
Fig. 10(b) is the wavelet-TV recovery. Fig. 10(c) and (d) shows
the surface with extracted scratches by curvelet thresholding
with 30 iterations and wave atom thresholding with five iter-
ations. Wave atoms are more sparse for such a textural surface.
The proposed compressed measurement methods are robust for
surfaces with noise and measurement errors.

Finally, it should be emphasized that random point under-
sampling with a factor of 0.25 (i.e., 25% measurements) from a
Cartesian grid in Fourier measurement space has been applied
in the above experiments. The Fourier measurements can eas-
ily be implemented by existing optical imaging instruments.
Fig. 11 shows an example for the sampling pattern with its
sampling probability density function. Various measurement
numbers would result in different accuracy and convergence to
some extent. Taking the honed surface (shown in Fig. 9) as an
example, Fig. 12 shows the comparisons of SNR and l1-norm
recovery errors as the number of iterations increases by using
undersampling measurement with a factor of 0.25 (shown as a
real line) and with a factor of 0.1 (shown as a dashed line).

Furthermore, Fig. 13 is an example showing how the accu-
racy of the retrieved surface is influenced, depending on the
number of samples, and showing when the proposed method
fails. Fig. 13 shows the changes of SNR and recovery errors
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Fig. 9. Compressed measurement for a honed surface of the automotive engine cylinder. (a) Original surface. (b) Zero-filling reconstruction. (c) Iterative curvelet
thresholding using linear decaying threshold values from the maximum value to zero. (d) Iterative curvelet thresholding using a suitable threshold values that does
not tend to zero.

as the number of measurements increases from 10% samples to
55% samples. The upper row shows the results by using the iter-
ative curvelet thresholding with 30 iterations and σ0 = 0.06. It
can be seen clearly that the minimum number of measurements
for this case is 30% of the samples so as to obtain a satisfying
recovery sequence. The lower row shows the results by using
50 iterations, where the case with 20% measurements is also
a satisfying point. Results are mainly related to measurement
matrices in the encoding step and parameters of the recovery al-
gorithm in the decoding step. Because the random measurement
strategy is used in our experiments, the measurement matrix is
different for each implementation, which also leads to a slight
different recovery to some extent. Normally, one can use less
iterative times for a case with more measurements. Once a
safe or quality-guaranteed number of measurements is used, the
proposed method can balance the cost of encode and decode
according to our practical requirements.

Other sampling trajectories, such as parallel-line, radial-line,
or spiral sampling, can also be applied for the compressed
measurement [31]. Furthermore, variable-density sampling can
be used to match the nonuniform energy distribution of surfaces
in the Fourier space. These complex sampling trajectories are
irregular in a non-Cartesian grid, which involves nonequispaced

Fourier transform. The choice of trajectory is application de-
pendent, where one has to consider surface characteristics
and instrumental considerations. In practice, we can choose
the sampling trajectories or measurement strategy obeying the
following rule: 1) There should be lower coherence to sparse
basis; 2) it should be easily implemented by measurement
instruments; and 3) a fast nonlinear recovery algorithm can be
applied for this sampling trajectory.

VI. CONCLUSION

This paper has considered a problem of surface metrology
with highly incomplete measurements. The novelty of this
paper includes the following two aspects.

1) A compressed measurement mechanism for surface
metrology was proposed, inspired by a new concept
named compressive sampling from information theorem,
which is used to solve undetermined ill-posed inverse
problems. The compressed metrology enables us to accu-
rately and robustly recover surfaces from an incomplete
set of measurements dictated by geometric and structured
features, rather than its Fourier bandwidth limited by the
Shannon sampling theorem. In particular, one only needs
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Fig. 10. Compressed metrology for a noise microscalar engineering surface. (a) Original surface. (b) Wavelet-TV recovery. (c) Iterative curvelet thresholding
with 30 iterations. (d) Iterative wave atom thresholding with five iterations.

Fig. 11. Random point undersampling with a factor of 0.25 from a Cartesian grid in the Fourier measurement space. (a) Sampling pattern (the white points
denotes sampling points). (b) Sampling probability density function (the upper subfigure is its 2-D density function and the lower subfigure is its 1-D center
profile, and the horizontal coordinate denotes the sample).
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Fig. 12. Comparisons of (a) SNR and (b) l1-norm errors as iterative number increases using different undersampling factors for the honed surface of an
automotive engine cylinder. The real line denotes the case using 25% measurements, and the dashed line denotes 10% measurements. The horizontal coordinate
denotes the number of iterations. The vertical coordinate denotes the value of SNR in (a) and recovery errors in (b).

Fig. 13. (a) and (c) SNR versus number of measurements (or sampling points). (b) and (d) Recovery errors versus number of measurements. The horizontal
coordinate denotes the ratio of number of measurements. The vertical coordinate denotes the value of SNR in (a) and (c) and recovery errors in (b) and (d). The
iterative curvelet thresholding with 30 iterations has been used for recovery in the upper row and with 50 iterations in the lower row.

O(S · log(N/S)) random measurement to recover an
S-sparse N ×N surface.

2) A convex-optimization solution with multiscale and mul-
tidirectional sparse constrains was provided for non-
linear recovery of the compressed measurements using
iterative curvelet/wave atom thresholding methods. The
proposed methods are particularly suitable for surfaces
with scratches and textures.

The CS makes us to rethink sensing mechanisms for surface
metrology. If surfaces are compressible in an appropriate trans-
form domain, we can design a sensing mechanism that are low
incoherent to this transform to sparsely measure the surfaces.
The technique can be applied to various instruments, such as
the stylus, CT, and SEM, and would be significant for ongo-
ing applications for precision engineering involving metrology,
tribology, physics, and medical and biological engineering.
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Finally, we present the following new directions and open
problems for compressed measurements in future research.

1) How can we design an optimal sampling scheme with
low-rate incoherent measurements for numerous real
surfaces?

2) How can we design CS measurement devices (e.g., an
optical imaging system) according the sampling scheme
that directly records compressed patterns for practical
applications?

3) Can we implement the wavelet transform or curvelet
transform by an optical measurement system? Can we
consider the sparse measurement in wavelet domain in-
stead of Fourier domain?

4) How can we speed up the decoding recovery algorithm?
5) How can we estimate roughness parameters (Ra,Rq,Rv,

etc.) directly from the compressed measurements while
do not need to recover full surface first?
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