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Abstract

This paper concerns special redundant systems, namely, incoherent systems or sys-
tems with small coherence parameter. Simple greedy-type algorithms perform well
on these systems. For example, known results show that the smaller the coherence
parameter, the better the performance of the Orthogonal Greedy Algorithm. These
systems with small coherence parameter are also useful in the construction of com-
pressed sensing matrices. Therefore, it is very desirable to build dictionaries with

small coherence parameter.

We discuss the following problem for both R™ and C™: How large can a system
with coherence parameter not exceeding a fixed number u be? We obtain upper
and lower bounds for the maximal cardinality of such systems. Although the results
herein are either known or simple corollaries of known results, our objective is to
demonstrate how fundamental results from different areas of mathematics—linear al-
gebra, probability, and number theory—collaborate on this important approximation

theoretic problem.
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1 Introduction

The past decade has seen great successes in studying nonlinear approximation,
motivated by numerous applications (see the surveys [5,14,15]). The funda-
mental question of nonlinear approximation is how to devise good construc-
tive methods (algorithms) of nonlinear approximation. This problem has two
levels of nonlinearity. The first level of nonlinearity is m-term approximation
with regard to a basis. In this problem one can use the unique function ex-
pansion with regard to a given basis to build an approximant. Nonlinearity
enters by looking for m-term approximants with terms (i.e. basis elements
in approximant) allowed to depend on a given function. The second level of
nonlinearity replaces a basis with a more general system which is not necessar-
ily minimal (for example, a redundant system or a dictionary). This setting
is much more complicated than the first one (the basis case), however, the
importance of redundant systems arises in both theoretical questions and in

practical applications (see for instance [16,11,8]).

In this paper we study special redundant systems, namely, incoherent systems
or systems with small coherence parameter. We consider systems which have

become popular in signal processing. Let D = {¢*}1_, be a normalized (||g*|| =
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1, k=1,...,N) system of vectors in R” or C" equipped with the Euclidean

norm. Denote

(D) == sup|(g*, 4",
k£l

the coherence parameter of a system D. For an orthonormal basis B we have
w(B) = 0. It is clear that the smaller the p(D) the more the D resembles an
orthonormal system. However, in the case p(D) > 0 the D can be a redundant
system. We call D a dictionary if it spans the whole space. Dictionaries with
small coherence parameter p(D) are useful in signal processing because simple

greedy-type algorithms perform well on them. Denote

onlfD)i=

f=> agd*

keA

Y

the best m-term approximation of f with regard to D. It was proved in [10]
that for the residual f¢ of the Orthogonal Greedy Algorithm (Orthogonal

Matching Pursuit) one has

Ifoll < 8m'20,(f, D) for m <1/(32u(D)). (1)

The bound (1) was improved for small m in [9]:

S togmill < 240 (f. D) for m < 0.05u(D) />, (2)

The above results show that the smaller the coherence parameter p(D) the
better performance of the Orthogonal Greedy Algorithm. Therefore, it is very

desirable to build dictionaries with small coherence parameter (D).

It is known that the concept of Restricted Isometry Property (RIP) of the

matrix ® := ®(D) formed by column vectors g* of a dictionary D plays an



important role in Compressed Sensing (see [3,2,6]). Denote ®r a matrix con-
sisting of columns of ® with indices from 7. The RIP has been introduced
in [3]: 0 < 1 is the S-restricted isometry constant of & if it is the smallest

quantity such that

(1 =ds)llellz < [[@rell < (1 +s)llell3

for all subsets 7" with |T'| < S and all coefficient sequences {c;};er. It is
known (see, for instance, [9, Lemma 2.1]) that ®(D) has RIP for S < §/u(D)
with the RIP constant ¢. Thus, dictionaries D with small coherence parameter
(D) provide compressed sensing matrices (D) with RIP property (see [7]

for detailed discussion).

In this paper we discuss the following problem for both R™ and C". How large
can a system D with u(D) < p be? In other words, we want to estimate the

characteristics

N(n,p) :=sup{N : 3D such that #D > N, u(D) < u}.

It is known (see a discussion in Section 2) that for a system D with #D > 2n
one has u(D) > (2n)~'/2. Thus, a natural range for u is [(2n)/2,1]. We
establish in this paper that N(n,Cn~'/2) has polynomial in n growth. In

Section 2 we derive from N. Alon’s result the bound

N(n,p) < exp(Cinp® In(1/p)). (3)

In Section 3, using probabilistic technique, we complement (3) by the following

lower bound (for R")

N(n, u) > Cyexp(ny®/2).



A very interesting and difficult problem is to provide an explicit (deterministic)
construction of a large system with small coherence. We address this problem
in Section 4. In Section 4 we use Weil’'s sums to construct a system D in
C" with u(D) < u of cardinality of order exp(un'/?Inn). We note that B.S.
Kashin [12] constructed a system D in R™ with u(D) < p of cardinality of

1/2

order exp(C'un'/*1Inn) using symbols of Legendre. Similar results have been

obtained by R. DeVore [7]. He used the finite fields technique.

We note that results of the paper are either known or simple corollaries of
known results. The objective of the paper is to demonstrate how fundamental
results from different areas of mathematics—linear algebra, probability, number
theory—can be used in studying an important problem from approximation
theory. Also, we want to attract attention to the problem of finding the right

order of growth of the quantity N(n, u).

2 Upper bounds

We begin this section with an argument that establishes that for big dictio-
naries D (#(D) > 2n) the coherence parameter p(D) is always bounded from
below by con™ 2, ¢y > 0 is an absolute constant. This argument is an elemen-
tary linear algebra argument that works for both R™ and C”. The argument
is well known (see [17] and references therein). We present this proof here for

completeness.

Let D := {¢’ }5\7:1 be a normalized system of vectors in R”, ¢ = (¢7,...,¢7)7.

Denote by



a n x N matrix formed by column vectors {g’}. Consider the transposed
matrix ®7 that is formed by the row vectors (g{, oy 90),5=1,...,N, or by
the column vectors h; := (gi,...,gN)%, i =1,...,n. Then the Gramm matrix

1

G of the system {g’}), can be written as

G = dTP.

It is well known and easy to understand that rank G < n (indeed, the columns
of G are linear combinations of n columns h;, i = 1,...,n). Therefore, the
positive (nonnegative) definite symmetric matrix G has at most n nonzero
eigenvalues \; > 0. By normalization assumption ||¢’|| =1, j =1,..., N, we

obtain from the property of traces of matrices that
S A= N,
k

By Hilbert-Schmidt theory for the Singular Value Decompositions we get

N

S (g, ¢))? Z%:Ai- (4)

ij=1
By Cauchy inequality

SRR (; /\k>2 _ N/,

Therefore, (4) gives

and



In particular, (5) implies for N > 2n that pu > (2n)~'/2.

The lower bound (5) has been derived from the property rank G < n of the
Gramm matrix of the system D. We now use a fundamental result of N. Alon

[1] to derive an upper bound for N(n, ) from the property rank G < n.

Theorem 1 (N. Alon) Let A = |la;;||N;—, be a square matriz of the form

ai;=1,i=1,...,N; |a;;| <e <1, i#j. Then

min(N, (In N)(e?In(1/¢)) ™) < C) rank A (6)

with an absolute constant C;.

We apply this theorem with A = G and ¢ = . For N > Cynln(n + 1) with

large enough C, the inequality x> (2n)~/? implies that

N > (InN)(e®In(1/¢))~".

Therefore, (6) gives the inequality

(InN)(*In(1/p) ™" < Cin

and

N < exp(Cinpi In(1/11). (7)

2

In particular, in the case p = Csn~'/2? inequality (7) gives the polynomial

bound N < n®.



3 Lower bounds via Probabilistic approach

In this section we prove existence of large systems with small coherence. The

proof is based on Hoeffding’s inequality.

Theorem 2 (Hoeffding’s inequality) Let &; be real random variables on (X, %, p)
such that |§ — E&;| < b;, i = 1,...,m, almost surely. Consider a new random

variable ¢ on (X™,X™ p™) defined as

m

((w) = Zfz(wz), w= (w1, ,Wn).

=1

Then fort >0

242
P 1) — BC| > mi} < 2exp (‘M;) | ®)

Theorem 2 implies the following inequality in the case of complex random
variables. If z = a + ib then |z| > ¢ implies that either |a| > 272t or |b| >
2-1/2¢. Therefore, in the complex case we have the following inequality instead

of (8)

m2 2
oo s 1Cw) — EC| = mt} < dexp (—M) . ©)

Let us begin with a construction in the C". Consider random variables &, =
e? ke 4 € [0,1], k = —N,...,—1,1,...,N. Let p be the Lebesgue measure

on [0,1]. Then by (9) with ¢t = u we get for each k

> p} < dexp(—np’/4). (10)

n
nfl Z ezQﬂ’k‘zj

=1

P {(xy, ... )




Therefore, for any N satisfying

N < 8 texp(nu®/4)

there exists a set of points yi, ..., y, such that for all |k| < N, k # 0 we have

n
n—l Z 6127Tky]' S /,L

j=1

We now define a system Dy = {¢'}I¥, by

l —1/2(ei27rly1,‘ )

¢ :=n ez?ﬂlyn))T'

It is a normalized system with the property
n

n—l Z 67,27r(l—m)yj

j=1

1(g', g™)| = <pu

provided [ # m. Thus, we have built a normalized system of N vectors with
coherence < u with N of the order of exp(nu?/4) that is very close to the

corresponding upper bound (see (7)) N < exp(Cinu?In(1/u)).

We proceed to a construction in R™. This construction is similar to the above

2wkx

one with the exponential functions e replaced by the Walsh functions

wg(z). We recall the definition of the Walsh system of functions (see, for

instance, [13]). Let
ri(x) := signsin(2"rz), x€[0,1], k=1,2,...,

be the Rademacher system. We define wy,(z) for m = 1,2, ... in the following

way. Let

l
m=>Y a2, a;=0,1, j=0,1,...,L
7=0



Denote J,, :== {j : a; = 1}. Define

Wi () =[] ().

J€JIm

Then {w,,(x)}2_, forms an orthonormal system on [0, 1]. It has the following

property convenient for us. Let

! ! !
m=>Y a;2, k=Y b2, s(m,k):=> |a;—b;|2.
=0 =0 =0

Then for all x, except maybe dyadic rationals, one has

Wi (L)W (X) = W) ().

It is clear that s(m, k) < m + k.

Consider real random variables & = wg(z), z € [0,1], k = 1,...,2N. Let p
be the Lebesgue measure on [0,1]. Then by Hoeffding’s inequality, (8) with
t = u, we get for each k =1,...,2N,

n! zn:wk(azl)

=1

p{(z1, . wn) > p} < 2exp(—np?/2).

Therefore, for any N < 47! exp(nu?/2) there exists a set of points v, ..., Yn

that are not dyadic rationals such that for all k£ € [1,2N] we have

n
nt Z wi(z;)
i=1

< .

Consider the following system Wy = {¢'}/¥, in R"

g =0 ), wi(ya)T

10



It is a normalized system satisfying for [ # m

|<gl7gm>| — Zwl yz Wy, yz

=1

Zwslm) yz

< p.

Thus, the above system Wy with N = [47exp(nu?/2)] — 1 provides an ex-

ample of a large system with coherence parameter < p.

4 Lower bounds. Deterministic construction

In this section we present a deterministic construction of large systems with
small coherence. The construction is based on the following variant of the A.

Weil theorem (see [4]).

Theorem 3 Let r > 2 be a natural number and let p > r be a prime number.

Denote for a := (a1, ...,a,), a; are integers,

F(a,u) :=au" + ...+ aju.

Then for a # (0,...,0) mod p one has

15(a)| < (r — 1)p2, = 3 emiFlan) ()

u=1

Clearly, in a particular case r = 2 the inequality (11) gives the classical result
for the magnitude of Gaussian sums. Consider the following set W (r,p) of

vectors in CP:

P p—1/2(€27riF(a,1)/p 627r7jF(a,p)/p)T

g e e ey

11



for a; € [1,p], j =1,...,r. It is clear that this is a set of normalized vectors.
The size of this set is p”. Now, it remains to find the magnitude of the coherence
parameter. If we consider v* and v* where a # a’, we may use the above

Theorem 3 to bound the required inner product directly:

p
|<va7 va’>| :p—l Z 627ri(F(a,u)—F(a’,u))/p
u=1
p A ,
:p—l Z 627rzF(a—a u)/p < (T . 1)p—1/2' (12)
u=1

For given n and p > (2/n)"/? we set p to be the biggest prime not exceeding
n. Then n/2 < p < n. We specify r to be the biggest natural number such
that (r —1)p~%/2 < . Then by (12) u(W (r,p)) < p. For the cardinality of the

W (r,p) we have

W(rp)| =" = &0 = e,
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