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Abstract— Statistical restricted isometry property (STRIP) Candes and Tao [5] formulated a sufficient condition called

was recently formulated by Calderbank et al. to analyze the the restricted isometry propertyRIP). Simply speaking, the
performance of deterministic sampling matrices for compressed RIP implies that thel, norms ofall K-sparse vectors are

sensing. In this paper, we study the STRIP by taking advantage . o
of concentration inequalities using Stein’s method. In particular, preserved under the linear transform &f However, it is

we derive the STRIP performance bound in terms of the mutual Often computationally infeasible to verify the RIP for a given
coherence of the sampling matrix and the sparsity level of the ®. Besides, most known families of sampling operators are
input signal. Based on such connections, we show that a largerandom matrices, including the random i.i.d Gaussian or

class of deterministic matrices can satisfy the STRIP with high Bernoulli matrices and partial Fourier or Walsh-Hadamard
probability provided that they can nearly meet the Welch bound.

Such matrices include many classical spreading codes in code-matrlces [6]. But these operators usually rgq_uwe h“ge memory
division multiple access (CDMA) such as the Kasami code, the for storage and some of them are even difficult to implement
Gold code, the Frank-Zadoff-Chu code, and the more recent in the hardware. Deterministic matrices with the RIP have
partial FFT matrices based on difference sets etc. Simulation pbeen proposed in [7], [8]. However, their guaranteed RIP
results shoyv that these dete_rm_lnlsnc sensing matrices can offer performance is not comparable to that of random operators.
reconstruction performance similar to that of random operators. . .

Recently, the statistical versions of the RIP have been

developed in [9], [10], where a deterministicis required to
|. INTRODUCTION preserve thd, norm for any K-sparse input vectox within

o h f here h b . di a small fraction. Using elementary proof, the performance
: ver the past few years, there ave been increase INCTEY®nd of statistical TRIP (STRIP) has been developed and
in the study of compressed sensing (CS) [1]-[4], a ne

f K f imult i q . e construction of a large class of deterministic matrices was
ramework 1or simultaneous sampling and COMPression ffq, ,roposed [10]. But it was noted in [10] that the empirical

s!gnals: The CS th_eory is based on th(_e assumptlon thfa &Hormance of some deterministic matrices are much better
signal is compressible or sparse. Consider a discrete-ti an the derived theoretical bounds

length-V' signalx that can pe. representgd (or appr.oximate In this paper, we investigate the STRIP of deterministic
by only X' (K < N) coefficients. CS is accomplished bymatrices by exploiting Stein’'s method. In particular, we show

qomputlng a measurement vectgr through the foliowing that a normalized\/ x N deterministic sensing operator has
linear transformation [1], [2]: the STRIP with high probability if its mutual coherence is
y = ox, (1) on the order ofO(1/VM). Examples of these deterministic
matrices include the Kasami and Gold codes [11], the Frank-
where y represents anM/ x 1 sampled vector andpP is Zadoff-Chu (FZC) code [12] and the deterministic partial FFT
an M x N measurement matrix. It was proved in [1], [2]matrices based on the difference sets [13]. Empirical results
that under certain conditions, can be well recovered from show that these deterministic matrices can provide similar
only M = O(K log(N/K)) measurements througion-linear reconstruction performance to that of the random ones despite
optimization. their low storage requirement.
One fundamental question in CS is how to construct The rest of this paper is organized as follows. In Section I,
® so that the number of measurements is (near) minimale briefly review the concepts of the RIP and the STRIP



and introduce Stein’s method for concentration inequalities.e The columns ofd form a group under point-wise multi-
Section |l presents our theoretical analysis of the STRIP plication;

performance bound. Several examples deterministic operators The rows of® are orthogonal and all row sums are equal
were also provided. Simulation results are given in Section IV, to zero, i.e.,>" | ¢; = 0.

followed by conclusions in Section V. Let x be aK-sparse signal where the positions of tkienon-
zero entries are equiprobable. Then, L < § < 1, the

Il. REVIEW following inequality holds:

A. The RIP and the STRIP

. The RIP [5] given b(_elow is an important sufficient con_dl- F (|||¢>x||2 B ”X”2| < 5HXH2) >1— (
ion to provide theoretical guarantee for exact sparse signa ( 5 K-1 )
recovery. N-1
Definition 1 (RIP [5]): Let (2 denote the set of all length- Note that the restrictions in Theorem 1 are rather weak.
vectors withK non-zero coefficients. Al x N measurement For example, almost all linear codes [11] and partial FFT
matrix ¢ has the restricted isometry property (RIP) withmatrices (excluding the first row) meet the conditions in
parametersk, d) for § € (0,1) if it satisfies [5] Theorem 1. However, not all of them have good performance
(1= 8)|x|I2 < [|®x]|2 < (1 +8)||x]%, for all x € ©. for compressed sensing. Besides, (4) implies that

K
Note that the RIP implies that fall N x K sub-matrices P (||®x|* — Ix[|*| > o|x||*) < O <M<52> . (5
of @, the eigenvalues of their Gram matrices lie in the interval ) ) o

of [1 — 6,1+ 4]. This is a very restrictive condition and theS Pointed out by Remark 2 in [10], empirical results sug-
currently known measurement matrices satisfying the Rrested that the actual bound of some deterministic matrices

with (near) optimal number of measurements fall into twg€cays much faster with/ than that predicted by (5).
categories [6]: i) Random matrices with i.i.d. sub-Gaussian The above analysis suggests that in order to construct deter-

variables, e.g., normalized i.i.d. Gaussian or Bernoulli m&Rinistic operators satisfying the STRIP with high probability,
trices; i) Random partial bounded orthogonal matrices iR(fONger restrictions need to be imposed @nlt is also
which the sensing operators are obtained by chooingws desirable to derive a better performance bound than (5). We
uniformly at random from a normalize? x N Fourier or will address these issues in Section Il by exploiting Stein’s

Walsh-Hadamard transform matrices. method for concentration inequality.
In some applications, deterministic sensing operators a@e Concentration inequality based on Stein's method
highly desirable due to storage limitations. However, the giein’s method is a powerful tool to obtain bounds on the

construction of deterministic RIP matrices still remains as dstance between two probability distributions with respect to

challenging task. As an alternative, statistical versions of t'&eprobability metric. One significant idea in Stein’s method is

restricted isometry property were proposed for deterministige exchangeable pairTwo random variablesZ and Z' are

sensing operators [9], [10]. In this paper, we follow the STRIE,i§ to form an exchangeable pair if the probability density
formulation given by Calderbanét al.in [10]. _ function of (Z, Z') is equal to that of Z’, Z). In [14], Stein’s

Let @ be a normalizedV x N deterministic matrix and ethod was used to derive measure concentration, as stated in
denoteg; (1 <14 < N) as itsi-th column. In [10], the input 4 following theorem:
signalx is modelled as d(-sparse random vector with non-  Theorem 2 ( [14]): Suppose thatZ, Z') is an exchange-

zero coefficientsry, z2,--- ,7x and the positions of these jpe pair of random variables. LeF(Z,Z') be an an-
coefficients are chosen uniformly at random. Under SUChtié‘ymmetric function, i.e.F(Z,2') = —F(Z',Z) with

model, the measurement vector can be expressed as [10] E(F(2,2")|Z) = f(Z). Define A(Z) as

2K 2K+7>
M T N-3
5 (4)

N
() = ®x = driiyi, @) A(Z) = %E (1(/(2) = f(Z2)F(2.2')|2).
i=1

) . o Then,E(f(Z)) = 0 and if there exist non-negative constants
wherer is drawn from the uniform distribution over the se{,  andq, such thatA(Z) < ag + a1 f(Z) almost surely, then

of all permutations of{1,--- ,N}. ® is said to have the ¢y, anyt > 0, we have
STRIP provided that the following inequality holds with high N 2
probabiliy PUD 20 <o (~gtg) O
[y (m)11* = lIx]1*] < 81> @) . 2a + 2a1t
The STRIP defined above is a much weaker condition thgrq 2
the RIP. Through elementary proof, the STRIP performance P(f(Z) < —t) <exp (‘2(10 : ()

bound has been derived in [10] for a large class of determin-As the STRIP is based on the permutation operatothe
istic matrices, as summarized by the following theorem: next section will derive new probability performance bound

Theorem 1 (STRIP [10])Let ® be a deterministid/ x N of (3) by applying Theorem 2 to concentration inequality of
sensing matrix satisfying the following properties: random permutation (i.e., whes = ).



TABLE |

IIl. ANALYSIS OF THESTRIPOF DETERMINISTIC
EXAMPLES OF DETERMINISTIC MATRICES SATISFYING THESTRIPWITH

MATRICES
o . . HIGH PROBABILITY
For anM x N deterministic sensing matri® whose row
sums are equal to zero, we derived the performance bound of M x N Sampling Relations of Mutual
. . . . Operator® M and N coherenceu
its STRIP in terms of its mutual coherence, as presented—in N a8
. = 2
Theorem 3 below: Kasami Codes [11] Mo 22p(_ 1+p)€ - 1+\/N1y+1’
Theorem 3:Letx be a length®, K-sparse signal with non- M—2 —1peczt DIV ES)
zero coefficientssy, z2, o3, - - x. ASsume thak has zero- | Gold/Gold-like Codes [11] N = (M4 1)2 o I SSGITT)
mean (i.e.,ZiK:1 z; = 0) and the positions of thé{ non- N =12 .
zero entries are equiprobable. L&t= [¢1,¢2, -+, dn] be FZC Codes [12] M prime s
an M x N deterministic normalized sensing matrix, where Partial FFT Codes based Nf 2PM +1 IR
each column has unit norm, Idldhll -1 (1 <i< N). on the difference sets [13] p € Z™ and N prime

Assume further that all row sums @f are equal to zero (i.e.

N . .
. ¢; = 0), and lety denote its mutual coherence, i.e., . ) o
2z 9= 0) H if the sparsity levelx satisfies

M:m%?(|<¢i7¢j>|' (8)
! K < co(6)——, (14)
Then, ol )logN
1 2
B (loxl?) = (1+ 5= ) Il (9 in which c(8) = 2.
Recall that for i.i.d Gaussian and Bernoulli matrices, the
Besides, the following inequality holds for> ﬁ: RIP holds with high probability when
P ([[lox]|* — [|x[1?] < &]|=[|*) < M
- )2 K < @) (15)
>1 — 2exp _1671\;;{1 ) (10) where ¢;(§) is a function depending only od. One can
0!

observe that (14) takes a similar form to (15). Note that there
Remark The restriction thak has zero mean is needed only t@re¢ no existing solutions of deterministi/ x N sensing
simplify the derivation so thaE(||®x]?) is fixed. In practice, Operators that could achieve the RIP bound of (15). But
for x with non-zero mean, we can add an all-ones row vectBfoposition 1 suggests that whén is on the similar order,

[1 1 --- ]_} to measure the DC Component of the Signathe STRIP can be satisfied with hlgh probablllty
The proof of the above theorem is outlined in the Appendix. In fact, there are many families of deterministic matrices
Note that fory in (8), its lower-bound is given by [15] that can achieve the bound in (14). Table | lists some of these
operators along with their mutual coherence and size limita-
0> N-M . (11) tions. All these operators have zero row sums. Note that the
“V(N-1)M construction of® nearly meeting the Welch bound has been

extensively studied in code-division multiple access (CDMA),
such as the Kasami, Gold/Gold-like codes [11] (these binary
operators have hardware friendly implementation), and the

When the equality holdsp is said to meet th&Velch bound
[15]. Next, if we further requires

1< ——, for some constant, (12) FZC codes [12]. It is worth mentioning that many codes in

VM [10] also satisfy the condition (12). For example, the dual BCH

we can derive from (10) that codes are closely related to Gold/Gold-like codes, while chirp
Ms2 codes have the same mutual coherence as FZC codes. The last

P (‘H‘I’XW - HXHQ‘ > 5||$H2) < 2exp (—O ( K )) class in Table | is the deterministic partial FFTs (PFFTs) that

(13) can exactly meet the Welch bound [13]. It includes the family

One can see that (13) decagsponentiallywith 3£, while of equiangular tight frames [16] as a special case. The row
the bound in (5) only decays linearly Wiﬂ%_ Thus, (13) indexes of these PFFT are selected according to the difference
approaches 0 much faster with the increase %f The setin combinatorial design theory.
improvement mainly comes from two fact {he restriction
of mutual coherence in (12) and)(the use of exponential
concentration inequalities in (6) and (7). Extensive simulations have been carried out to compare the

From (13), we can easily arrive at the following propositiorfeconstruction performance of different random and determin-

Proposition 1: Suppose thak and ® follow the same def- istic sampling operators. For illustration purposes, we only
initions in Theorem 3 withb’s mutual coherencg satisfying Present here some results fi#x 512 and169 x 677 sampling
(12). Then, we have operators as follows:

1 1) 63 x 512 binary-coefficient matricesThese sampling
P ([llox]|* — [1x]*] < él|z[*) > 1~ N operators include the random i.i.d. Bernouf-1,—1}

IV. SIMULATION RESULTS



Simulation Results using the OMP

matrix, the random partial Walsh-Hadamard matrix and
the deterministic Kasami code;

2) 169 x 677 complex-coefficient sampling operato&am-
pling operators under comparison are the random com-
plex i.i.d. Gaussian matrix, the random PFFT matrix and
the deterministic PFFT based on the quartic difference
sets (PFFT-DS) [13].

The reconstruction algorithms are based on the orthogonal
matching pursuit (OMP) [18] and the subspace pursuit (SP)
[19], respectively. In particular, for the OMP, the non-zero
coefficientsz; (i = 1,--- K) of the input signal have the
Gaussian distribution; while for the SB; (: = 1,--- K) s m " = p %
follow the Bernoulli distributions. No. of Non-zero coefficients K

Fig. 1 and Fig. 2 depict the empirical frequencies of exact (a)
reconstruction for63 x 512 binary-coefficient matrices and
169 x 677 complex-coefficient matrices, respectively. In these
simulations, 1000 trials were run for each sparsity levednd
the positions of non-zero elements are selected uniformly at
random. Besides, we assume that the exact reconstruction is
achieved if the signal to noise ratio is greater than 50 dB.

From these figures, one can observe that the performance
of deterministic matrices are quite similar to those of the ran-
dom matrices. These results imply the promising application
of deterministic compressed sensing. They also suggest that
construction of deterministi® satisfying the STRIP with high
probability may be an interesting research direction.
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This paper investigates the STRIP for deterministic sam- (b)
pling operators in compressed sensing. Specifically, Theo-
rem 3 derives the concentration inequalities of the STRH®. 1. Simulation results for differerfi3 x 512 binary sampling operators,
performance bound by eprOItIng Steln’s method. Based (ij'ﬁ:ludlng the i.i.d Bernoulli matr?X, the random partlal Walsh-Hadamal’d

h 3 how that there exists a large class of detransform (PWHT) and the Kasami code [11]. (a) Results using the orthogonal
T.elor_em » we show th: largt d Wkiching pursuit (OMP) [18] algorithm with Gaussian sparse signal. (b)
ministic matrices satisfying the STRIP with high probabilityResults using the subspace pursuit (SP) [19] algorithm Vith-1) binary
Examples of such matrices include the FZC codes, Gotggrse signal.
codes, Kasami codes, partial deterministic FFT matrices based
on the difference sets etc. Experimental results show that
these deterministic operators compare favorably with existi@a
random operators in reconstruction performance.

o

V. CONCLUSIONS ANDFUTURE WORK

exchangeable pair a8 = = o (I,J) [14], wherel and
are chosen uniformly and independently at random from

There are many intriguing questions that future work shouH’ s N (I ;]) denotes the tr?n_spositipnf dea_md J,ie.,
consider. First, the noise resilience of these determinisficl!) = (/). 7'(J) = n(I) and'(i) = 77(/’) ori# I, J.
operators needs to be analyzed and evaluated. Secondly, 42€fine the antisymmetric functio(r, 7') as follows:

indicated in Table |, existing deterministic matrices nearly , N2 ) o

meeting the Welch bound have certain restrictions 8n F(m,m') = AN -1 (y (@I = lly (=)1I*)

and M. The construction of deterministic sensing operators N2 (16)
with arbitrary sizes will be an interesting question. Thirdly, = TR 2y (m)r(m) — |xe(m)]?)

new reconstruction algorithms for deterministic compressed
sensing need to be developed. Furthermore, it is interestingerey(x) is given by (2) and:(r) is the difference between
to consider the statistical model of the input signal in STRIP(7) andy(n’) that can be expressed as

formulation.
r(T) = on() 21 + Gn(1)T7 — Sr()Ts — Ornyr- (A7)
APPENDIX

OUTLINE OF PROOF OFTHEOREM 3 Next, according to Theorem 2, we need to find

Here, we only provide an outline for the proof of Theorem 3. f(m) =E(F(r,7")|T)
Details will be presented in the journal version of this paper. . N? o 9
For the random permutation operatorin (2), we can define T AN - 1)ELJ 2y (m)r(m) = Ir(m)])



Simulation Results using the OMP

0.9
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0.7

Using Cauchy-Schwartz inequality and (8), we can derive that
2
2y (m)r(m) — [[e(m)]*)” < 167 (K = 2)|[x|)* (x1 — x.)*.

As a result,A(r) can be bounded as follows

g
S
B
& 08f N? H 2)2
Am) = goy =y B (@ = elP) )
w
5 04r 2 2 2 2
oo < sy =gy O P = 2)B (e — )" I
;‘;0.27 — i.i.d Gaussian matrix < 4/},2NK ||X||4
= o :E:?;;TnZECFLFFT—DS - N-1
% 20 20 60 a0 100 130 < 8#2K||X||4.
No. of Non-zero coefficients K . . .
(@) Finally, based on the above result, (10) can be easily obtained
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Frequency of Exact Reconstruction
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o

No. of Non-zero coefficients K
[7]
(b)

(8]
Fig. 2. Simulation results for different69 x 677 complex sampling
operators, including the complex i.i.d Gaussian matrix, the random partial
FFT (PFFT) matrix and the deterministic PFFT based on the difference sef8]
(PFFT-DS) [13]. (a) Results using the orthogonal matching pursuit (OMP)
[18] algorithm with Gaussian sparse signal. (b) Results using the subspace
pursuit (SP) [19] algorithm witf{1, —1) binary sparse signal. [10]

From the expression of(7) in (17), by summing over all

11
choices ofl < 1,J < N, we have -

2 [12]
By mem) = DL g
2 T 2
By, (Ie(m)?) = 1 AL )

(14]
where we have used the assumptions @eﬁil ¢; = 0 and
vazl x; = 0. Substituting the above results infdn) yields
£(m) = Iy (o) = ) = X
N-1

By Theorem 2, we know thaE(f(x)) = 0, which implies

that (9) holds.

To get the concentration inequality in (10), we thus need !
bound [19]

A(m)

[15]

(16]

(20) [17]

%E (I(f(m) = f (&) F(m,a")] |)
N? . 2 (21)
s == (@) @) |r)

from (6) and (7) in Theorem 2.
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